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Abstract

We shall consider the cores of transferable utility games in this
paper. The concept of core is one of the solutions in the game theory,
and nonemptiness of the core ensures the stability of the grand coali-
tion of games. A condition of the nonemptiness of cores of transferable
utility games with finite players is known and it is related to balanced
families of the coalitions. The purpose of this paper is to generalize
the: known result for games with finite players and obtain a condi-
tion for nonemptiness of cores of games with infinite players which is
analogous to the corresponding condition to games of finite players.
Moreover, we apply the obtained result to market games and prove
that market games has nonempty cores when the production functions
of agents or players are concave functions even if the number of the
agents is infinite.

1 Introduction

We express transferable utility games mathematically as follows: Let a finite
P = {1,...,p} and each element of P denotes players and each nonempty
subset of P denotes a coalition in the game. We denote by P the family of
all nonempty subset of P, or the family of all coalitions. Under this setting,
we define a transferable utility game with the players P by the function v
of PU {0} to the real numbers R such that v(@) = 0. We call the number
v(S) the wvalue of the coalition of S. The value of a coalition represents the
maximal value obtained by the formation of the coalition of S.
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We have a kind of solutions for transferable utility games which guaran-
tees the grand coalition, that is, the coalition of all the players. We call it the
core of the game. The mathematical definition of the core of a transferable
utility game v is the set of all elements z = (z!,...,2?) of the Euclidean
space R™ such that

d o =u(S), SeP;

jes

Z 7! = v(P).

jeP
If there is an element z in the core of the game, then the allocation z is feasible
by the second equation above and the first inequalities above denotes that
the allocation gives the best allocation to every coalition in P. Therefore,
The nonemptiness of cores of games assures the stability of the games and
leads the game to the grand coalition.

From the definition above, investing whether cores are empty or not is the
fundamental problem of game theory. The problem is solved in the games
with finite players and a necessary and sufficient condition for the nonempti-
ness of cores is obtained in the relation to the concept of balancedness of the
family of coalitions.

Generally speaking, given a finite set P, a family {S;} of the subsets of
P is said to be balanced if there are corresponding nonnegative numbers §;

such that the inequality
Z bixs, = xp

holds, where x7 denotes the characteristic vector of the subset T of P, that
is, it is an element of RP defined by xJ. = 1if j € T and X}, = 0if j ¢ T.
The nonnegative numbers §; are called the balancing weights for the balanced
family {S;}. The following is the fundamental theorem in the theory of cores
of transferable utility games with finite number of players and we can, for
example, find its proof in [3]:

Theorem 1.1 The transferable utility game v has the nonempty core if and
only if we have the inequality

Z@U(Si) < v(P)

for any balanced family {S;} in P and the corresponding balancing weights
5;.

We shall generalize the result above to the case that the transferable
utility game has infinite number of players in the next section.
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2 Definition of Games with Infinite Players

We consider countably infinite number of players and denote the individual
player by a natural number. Let N be the set of all players or natural numbers
1,2,3,.... We restrict the coalitions to ones consisting of finite number of
players in this paper. Let F be the family of all coalitions or finite subsets of
N. Next, we define a transferable utility game on this coalition structure. A
transferable utility game is a real-valued function v on F with the properties

v(0) = 0;
v(S) >0, SelF.

The definition of the transferable utility game with infinite players above
seems to be restrictive comparing with that with finite players by virtue of the
second inequalities. However, it has no restriction. The second inequalities
can be obtained if a sufliciently large common number is added to the value
v(S) for every S € F in case the game is of finite players.

Next we proceed to the definition of balanced families in the coalition
structure of infinite players. A subfamily {S;} of F is said to be a balanced
family if

1. for each j € N, the number of S;’s which contain j is finite.

2. there are nonnegative numbers 6; such that

Z Sixs, = XN- (1)

The sum of the equation (1) means ), 5in';",~ =x4, =1forallj€ N, andis
a finite sum for all 7 € N by the definition of balanced families mentioned
above. Balanced families contain infinite number of sets because the sets in
the family are finite sets.

Next we define the core for a transferable utility game with infinite play-
ers. It is same as that of finite players formally. The core of a transferable
utility game v with infinite players is the set of all elements z = (z!,22,...)
of #4; such that

NS> u(s), Ser

icS

> 2t =),

iEN

We shall prove the fundamental theorem for the existence of the core of
a transferable utility game with infinite players in the next section.
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3 Nonemptiness of Cores

We consider a transferable utility game v with infinite players and simply
say ‘a game’ instead of a transferable utility game with infinite players in the
sequel. '

We give a few remarks before stating our main theorem and its proof. A
game v is said to be 0-1 normalized if v({j}) = Oforall j € N and v(N) = 1.
We can derive a 0-1 normalized game v’ from a game v as follows if the game
v has the property v(N) > ) .y v({J}). Define a game v' by
U(S 2163 ({7'})
(V) = 3o v({1)’
from the original game v. It is easily seen that the game v’ is 0-1 normalized.

If we can find an element z’ of the core of the game v/, we can define an
element = € ¢; by

V'(9) = SeF

= (W(N) = S u({i)e” + ({5}
=1
On the other hand, if the inequality

Z@-U(Si) < v(N)

holds for each balanced family {S;} with the balanced weights §; in the
original game, then we can show that the similar inequality holds for the 0-1
normalized game v’ as follows:

Z 6iv(Si) — Z b; Z]esi v({s})
2 8) = =TT oD
_VV) = Fje Dosy 504D
T u(N) =2 v v
=1=1'(N)

Now we show the main theorem of this section.

Theorem 3.1 A game has a nonempty core if and only if
S 60(S8:) < v(N) (2)

holds for any balanced family {S;} with balanced weights 6;.
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Proof We can show that if the core of the game v is nonempty, then the
inequalities (2) hold for any balanced family in Theorem 3.1 as follows: Let
T be an element in the core of the game and let {S;} be a balanced family
with the balancing weights ;. Then we have

Z 6v(S;) < Z b; Z T
% i JES;
Yy
JEN S;3j
— Z 7
JEN

=v(N)

Hence we only need to show that the inequalities (2) for balanced families
are a sufficient condition for the nonemptiness of the core. Moreover, the
inequality ..y v({7}) > v(IV) never true if we assume the inequalities (2)
for balanced family {S;} because the family { {j} | 7 € N }is balanced with
balancing weights 1 for all {j}. If 3 . yv({j}) = v(N), then define an

element z of ¢1by 27 = v({j}). For any S € F, consider a balanced family
{S}U{{j} |7 ¢S}, then we have

o(S) + 3 u({i}) < vV = S u({h).

i¢S JEN

Hence we have

w(8) < S0},
JES
and z belongs to the core of v. Therefore we can assume that 3 sen V({7}) <
v(N) without loss of generality. Now we only need to prove the following

lemma in order to prove Theorem 3.1 according to the remarks mentioned
just before Theorem 3.1. O

Lemma 3.1 A 0-1 normalized game has a nonempty core if

holds for any balanced family {S;} with balanced weights &;.
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Proof Note that the Banach space #; is the dual space of the Banach space
¢, and endow ¢; with the weak-star topology. We always regard ¢; as the
linear topological space endowed with the weak-star topology in the sequel.
Note that the subset X = {z € 4 |2 > 0,3, vz’ <1} of £ is compact.
Define a real-valued weak-star continuous affine functions fs on X by

fs(z) =" & —v(S)

€S

for each S € F with |S| > 2, where |S| denotes the cardinality of S. Now we
shall show that, for any finite elements .S; of F and for any corresponding
finite nonnegative numbers A;, there is an element z of X such that

For any S;, its characteristic vector xg, is obviously an element of ¢y and we

have
Z )"ifSi (23) - <Z AiXSiJ 33> - Z Aﬂ}(Sz)

for any € X. The bracket (,-) denotes the dual pair between ¢y and ;.
Set a = max; y_; AiX%,, and note that 0 < a. Then we have

Z Ag

—XS; < XN-

o

Set pu; = 13 g5 Ai/afor each j € N and consider the family B = { S;, {j} |

j € N}. Then B is a balanced family with balancing weights \;/a and p,.
Therefore we have

1

3 2a(S) + Y u ) <1

by hypothesis. Since we consider (-1 normalized game, the inequality above
becomes a simpler form

or
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Take the index jo where the maximum of the definition of « is attained, and
choose an element z of X such that 2% = 1 and 27 = 0 for j # jo. Then we
have a = (3, Aixs,,z) and hence

Therefore, there is an element z of X such that

fs(z) =0

for all S € F with |S| > 2 by virtue of the minimax theorem (cf. [2]). Since
v({j}) = 0 for all j € N and z belongs to the set X, we have =7 > v({j})
for any j € N. Therefore we have ) . ¢ 7 > v(S) for all S € F. Set
G = ZjGN z?. If § = 1, then z belongs to the core of the game v. On the
other hand, if 8 < 1,thenset Z' =z + 1 —~ B and 3 = 27 for j = 2,3,....
Then, Z belongs to the core of the game. O

4 Market Games

We shall apply the fundamental theorem of transferable utility games proved
in the previous section to the theory of market games. Market games with
finitely many players are found in [1] and our purpose of this section is to
generalize the finite market games to those with infinitely many players. We
shall consider an economic model consisting of infinitely many producers
who produce one kind of consumption goods from finitely many kinds of
production goods. We denote each producer by a natural number, and hence
N denotes the set of all producers. There are m kinds of production goods,
say 1,2,...,m. Bach producer j has an endowment e; € R™, where eg.
denotes the amount of goods [ given to the producer j. We assume that the
endowment e; is nonnegative in R™ and the series ) .\ e; converges. We
denote by u; the production function of the producer j. We assume that the
domain of u; is the nonnegative orthant of R™ and u; is nonnegative-valued.
We also denote by F the family of all finite subsets of N like Section 2 and
3. The sets in the family J represent coalitions of finitely many producers
in this model.

We define the value v(S) for a coalition S € F as follows:

v(S) = sup{ Y u;(z;) 7, 20, mi=> e}

jES jes JES
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Similarly define the value v(/N) for the grand coalition N by
w(N) = sup{ > us(z;) |2; >0, z;=> e}
_ jEN jEN jEN

We assume that v(N) < co. Then, it is easily seen that the function v is
a transferable utility game on the coalition structure F of N. We call this
game a market game because it is defined be virtue of a market model in
econormics.

Theorem 4.1 If all the production functions u; in the market game are
concave, then the core of the market game is nonempty.

Proof We shall show that the inequality >, §v(S;).< v(IV) holds for any
balanced family {S;} C F with balancing weights 6;. Fix € > 0. For each S;,
take elements z;; > 0 (j € 5;) in £; such that

u(S) <D uslmiy) + /2
' JES
and
IS
jeS; JjES;:
For each j € N, define an element z; in ¢; by
.’Ej = Z 521'1]
NEY

Then, these z;’s are redistribution of the total endowment as shown in the
following equation:

Zg;j = Z Z 8iTij = Z Z 0iT4j

jEN JEN S;€j i JES;
= E 61 E ﬂﬁij = E 61 E ej
1 JESS {2 JES;
P PILTEDIPILT
i JES; JEN S;3j5
= E €j E 61 = E ej.
JEN  S§;3j JEN
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Therefore we have the following inequalities.

w(N) 2 uiz) =D ui(d i)

jeN JEN  Sivg
> D Gauilwg) = D 6y us(zy)
JEN S;35 7 jES;

> " 6(w(S) —e/2) =) 6w(S) —e.
Since € > 0 is arbitrary, we have
v(N) 2 60(Sy).

Therefore, the market game v has the nonempty core by virtue of Theorem
3.1. 0
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