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Abstract

Our first purpose is to give a sufficient condition for modules over rings to
be expressed as a sum or a direct sum of submodules of the modules
without any special restriction for modules and rings. Then we will apply
the result to various cases of modules and rings.

For example, we will realize a generalization of the fact that an involutary
endomorphism of a module gives rise to a splitting of the module into a
direct sum of two submodules.

Also, we shall show that the existence of an idempotent linear
endomorphism in a wide meaning allows us to split the underlying
module.

1. Introduction

Let E be a module over a ring R. We wish to start our investigation of splitting
modules over rings under as weak condition as possible.

So, in our proposition which is the first result of our study, we will set no
assumption for the underlying ring R other than it is associative and unitary. Also, a
module E will be assumed to be neither free nor finitely generated.
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In this situation, in our proposition we shall show that the existence of two
distinguished elements a, b in R possessing a nice property gives us a splitting of E
as a sum or a direct sum of two submodules of E.

Then we will use the proposition to perform splittings of modules under various
conditions for modules and rings. Since the results will be stated and proved as
Theorems A to E in the next section, we will here just try to do a brief description of
the theorems.

In Theorem A, we shall show that if two endomorphisms f, g of a module M
satisfy some conditions, then we will have a splitting

M = ker f @ ker g.

Theorem B is a special case of Theorem A, where we will restrict ourselves to
the case R = S[c], a ring extension of a commutative ring S by an endomorphism o
of a module M over S, and show that the same result as Theorem A under weaker
conditions.

Theorem C is an application of the proposition to a vector space and have an
well-known result that a factorization of the minimal polynomial of an
endomorphism gives a splitting of the underlying module. However, in our proof,
we will not use the structure theorem of finitely generated module over PID.

A linear endomorphism f of a vector space V over a field k is called an

involution on V if f2 =1, the identity map on V. We know that if chark = 2 and f is

an involution on V, V is split into a direct sum of two subspaces V¢ = {x e V | f(x)
=x} and V_; ={x eV | f(x)=-x} of V. Theorem D is a generalization of this

fact.

Our main result is Theorem E, in which we choose a linear endomorphism f of a
module M and show that if f is an idempotent element in a wide meaning, that is, if f
satisfies f2 = &f for a central unit ¢ in the coefficient ring R of M, then M can be
expressed as a direct sum of two submodules.

Hahn and O’Meara [1] is an outstanding book on the theory of classical groups
and K-theory. Also, in Knus [5], we can see a modern conceptual approach to

classical groups. In McDonald [7], he established the theory of classical groups over
local rings. Ishibashi [3] is a graph theoretical treatment for generation of the
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symplectic groups and give a necessary and sufficient condition for a certain class
of subsets to generate the whole group. In Ishibashi [2, 3], we factorize linear
endomorphisms into a product of involutions or semiinvolutions and estimate the
small number of factors. Lang [6] is a standard text book in algebra and the reader
can consult it for concepts or materials seen in this paper.

2. Statements and Proofs of Proposition and Theorems
Now, in the present section, we will state our proposition and Theorems A, B, C

and D in the explicit form and prove them.

Proposition. Let R be a ring and E be a left module over R. Then the following
(@) and (b) hold:

(@) If two elements a, b in R satisfy
(i) abE = baE =0 and (ii) aR + bR = R,
then we have
(1) E=E; +Ey
for E; = {x e E|ax = 0} and E, = {y € E |by = 0}.
(b) Further, if an additional condition
(iii) a, b are central elements of R
is satisfied, then we have
(2) E = E, ® Ey,

Proof. First, we prove (a). By (ii), we have aR + bR = R. Hence, for somec, d
inR,

ac+bd =1
holds.

This implies that for any x in E,
acx + bdx = x.
Further, if we use (i), then we understand that

acx € E, and bdx € Eg,
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which gives us
(1) E = E; + Ep.

Next, we show (b). If not only (i) and (ii) but (iii) is also satisfied, for any x in
Es N E,, we get

X =acx +bdx =cax +dbx =0+0 = 0.

Hence
(2) E=E; @ Ep,
which was to be shown. O

Theorem A. Let S be a ring, M be a left module over S, EndgM be the
endomorphism ring of M, and f, g be elements in a subring R of EndgM. Then we

have the following (a) and (b):

(@) If

(i) fgM =gfM =0 and (ii) fR+ gR =R,
are satisfied, then we have

(1) M =ker f + kerg.

(b) If additionally

(iii) f, g are in the center of R
is satisfied, then we have

(2) M = ker f @ ker g.

Proof. Define an action - of R on M by

f.-x=1f(x) for feR and xe M.

Then M is endowed a left R-module structure. Therefore, applying (a) of the
proposition, we have
M =M + My

However, since M ¢ = ker f and Mgy = ker g, this shows that

M = ker f + ker g.
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Further, if (iii) of the theorem is satisfied, then by (b) of the proposition, we
have

M = ker f @ ker g. a

Theorem B. In Theorem A, let S be a commutative ring acting faithfully on M,
and R be an extension of S by an element ¢ in EndgM, thatis, R = S[c]. Then if f,

g in R satisfy
fg=0 and fR+gR =R,

we have
M = ker f @ ker g.

Proof. In our situation R is commutative, so the theorem is straightforward by
Theorem A. O

For aring S and an indeterminate t a formal power series

Z:aiti :a0+a1t+a2t2+~~-, aj €S
i

is called a polynomial in t with coefficients in S if ay =ay,=--=--=0 for
some N in {0,1, 2, ...}. For two polynomials f(t)= Zi at' and g(t) = Zi bit',
we define

(i) equality: f(t) = g(t) ifand only if a; = b;, foralli,

(if) addition: f(t)+ g(t) = >, (a +by)t',

and
(iii) multiplication: f(t)g(t) = zi (zi=p+q apbqjti'

Then the set of polynomials form a ring, which we call a polynomial ring in t
with coefficients in S, and denote it by S[t]. Since Ot' =0 for i =0,1, 2, ..., any
polynomial is expressed as a finite sum of terms.

Also, since S is embedded in S[t], we may assume that S is a subring of SJt],

and S[t] is generated by t over S. Clearly, if S is commutative, so is S[t].
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Theorem C. Let k be a field and k[t] be the polynomial ring in t over k. Let V
be finite dimensional vector space over k, and End,V be the endomorphism ring of
V over k. Further, for o € End,V let g(t) in k[t] be the monic minimal polynomial

of o with deg g(t) > 1. Then for a factorization

9(t) = py(0)T P22 ... pr(D)

with py, py, ..., py irreducible in k[t] and ey, e,, ..., &, natural numbers, we have
a splitting

V = ker pit(c) ® ker p52(c) @ --- @ ker p;' (o).

Proof. If we define an action of k[t] onV by

f(t)x = f(o)x for f(t)ek[t] and x eV,

V is regarded as a k[t]-module. Further, since k is a field, if we set in the proposition
R=k[t], E=V, a=p®)% and b= py(t)2 ... p(t)°,

then conditions (i), (ii) and (iii) in the proposition are all satisfied. Consequently, we
have

V=V @V .
PO T T pa(t)2 . pr(t)
Now, by induction in r, we obtain

V=V OV, g @@V

p(t (t) pr(D°r

= ker py(t)2 @ ker p,(t)*2 @ --- @ ker p,(1)°. O
Lemma 2.1. A polynomial f(t) = Zaiti in S[t] is central in S[t] if and only if
soiseach g inS.

Proof. Suppose that a coefficient a, of f(t) is not central. Then there is b in S
such that ayb = bay . Therefore, for g(t) = b, we have

fg = [Zaitin = Zaibti " Zbaiti = b(Zaiti] = gf,

which shows that f is not central in S[t]. Thus, if f is central, so are all a;s. The

converse is clear. O
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Theorem D. Let S be a ring with 2 a unit, M be a module over S, and EndgM

be the endomorphism ring of M over S. Then for ¢ in EndgM if czn =1, we have
a splitting

M=M;@M_,OM ,®-OM_ o,

where M, = {x e M |1x = 1} forany t in EndgM, i.e., the fixed module of t in M.

Proof. If n =0, then we have c =1 and M = M, hence the theorem holds.
So, we prove it by induction on n. Let R = S[t] be the polynomial ring in t over S.
Then as in the proof for Theorem C, M is a module over R by defining f(t)x =

-1 -1
f(o)x forxinMand f(t) in R. Since o2 =1, we have (czn +1)(62n -1)=0.

Therefore, if we write

2n—1 2n—1

f=t° +1 and g=t° -1

then we have
(i) fgM =gfM =0.

Since 2 is a unitin S, we have 271 f — 2‘1g =1, hence
(i) Rf + Rg = R.

Further, since the coefficients +1 of fand g are in the center of S, by the lemma,
we have

(i) f(t) and g(t) in the center of S[t].
So, applying the proposition, we obtain
M = Mczn*l (&) M_Gzn*l.

Now, the inductive hypothesis gives us the expression of M as in the
theorem. |

Theorem E. Let S be a ring, M be a left module over S, and EndgM be the

endomorphism ring of M. Further, for ¢ in EndgM assume that

6% = gc foreacentral unitin S.
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Then we have
(@) kero = Im(c — €l ), Imo = ker(c — €l ),
and
(b) M =kere® Imog,
where 1y, is the identity transformation on M.

Proof. Let R be the polynomial ring in t over S, i.e., R = S[t]. In the same way,

as the proof for Theorem C, if we define an action of R on M by
f(t)x = f(o)x for f(t)eR and xe M,

then M becomes a left module over R.

Further, if we set two elements f, g in R as

f=t and g=t-g,

then we have

(i) fgM =gfM =0.
Since f — g = ¢ isaunitinS, we also have

(i) fR+gR =R.

To show that f and g are central elements in R choose any h in R and write

hZZHiti, aieS.

Then it is easy to see that
1) fh= t(Zaiti) =Y gttt = (Zaitijt = hf,
hence f is central. Next, since ¢ is a central element in S, we have
eh = 8(2 aiti] = Zsaiti = Zaiati = [Z aitija = he.

Therefore,

(2) gh = (t—¢)h = h(t — &) = hg.
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So, we conclude that
(iii) f, g are central elements in R.
Then our proposition yields that
B)M=M; @My =kerc®ker(c—e-1y).
Therefore, if we have verified (a) of the theorem, then we will obtain (b).

2

Thus, the rest to be shown is (a) of the theorem. Since ¢“ = ec, we have

(o — €1y )o = 0, which gives us
4) Imo < ker(c — €ly ).
To show the converse, since ker(c — €1y, ) = M, we have
oker(c-¢ly) < oM = Imo.
Here, rearranging the left hand side of the inclusion, we have
oker(c —elyy) = (ely + (o —&ly ) ker(c — €1y )
= gker(c — el ).
Further, since € is a unit in S, we obtain
gker(c —ely ) = ker(o — €1y ).
So, we get the converse
(5) ker(c - €l ) < Imo,
and by (4), (5), we have the equality
(6) Imo = ker(c —€ly ).
In the same way
(7) kero = Im(c —€lyy)
is verified.

Thus, we have proved (a) of the theorem, which completes our proof for the
theorem. O
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