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Abstract 

We sho¥v that the set of real parameters ;d;~s for each of which the Julia set of f;~ 

is the ¥vhole complex plain has positive Lebesgue measure. 

1 Introduction and the reSult 

In this note, we consider a family of transcendental entire functions 

{fu(z) = zexp(z + /~) j kt e R}. 

We denote the Fatou set of f-;; and the Julia set of f~ by F(f4) and J(/t)~ respectively. It 

is easy to see that if /x < O, then z = O is an attracting fixed point of fu and therefore 

F(,4) ~ O. Conversely, as a classical problem, an existence of /'t for which F(~) = ~, or 

equivalently J(/4) = C, was considered. Baker ([1]) proved an existence of such /x. Further, 

Jang ([6]) showed that there are infinitely many such /4. Successively. Kuroda and Jang 

([7]) constructed a sequence {/t*} of such ~ with /4~ ~ oo as n ~ oo. In this note, we 

prove the following. 

Theorem I Let 
E = {u C R j J(u) C} 

Then the one-dimen3ional Lebesgue measure of E is positive. 

¥Ve now state briefly some properties of the iteration of transcendental entire functions. 

A cyclic component of the Fatou set is one of the following four components; 

(a) an attracting component 

(b) a parabolic component 

(c) the Siegel disk or 

(cl) the Baker domain. 
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　　Asingu1arva1ueofa虹ncもionisei七heracritica1va1ueofi七〇ranasy㎜ptoもicvah60fit．
Singu1＆r　va1ues　p1ay　i蛆portan七ro王es　of　thc　s七udy　of七he　i毛era毛ion　theory．The　i㎜ed－iate

basin　of　an　a．ttracting　cyc1e　contains　a．t　leas七〇ne　singu1ar　va1ue．Sanエe　is　true　for　a　para．bo1ic

cyc！e．The　boundary　of　a　Siege！disk　is　contained　h　th6c1osu蛇of　the　forward　orbits　of　the

singu1ar　va1ues．No　exis七ence　of　wan（丑ering　co㎜ponent　for　the量teration　of　rationa1functions

w・・p・…dbyS・111・狐（181）．王f沽狐…曲n七・1・曲・f…ti・・h・・丘・it・1y㎜・町・1・g・1・・

va1ues，玉t　is　ca1且ed　of丘nite　type．Ere皿enko　and　Lyubich（〔3］）ex七ended　a　Sunivanラs　resu1t

for　transcendenta1ent泣e　functio双s　of貧nite　typc．That　is，tb－e　Fatou　set　of　aもranscendenta｝

ent止e　function　of丘nite　type　contains　no　wandering　do狐ain－Further，毛hey　a｝so　proved　that

the　F＆七〇u　set　of訟むans㏄nde批a1ent三re虹nction　of舳ite　type　con毛ains　no　Baker　domain．

2　　Son肥proper砧es　of∫μ（z）＝z　exp（z＋μ）

The　singu1ar　vahes　of∫μare∫μ（一1）＝一exp（一！＋μ）aΩd0．Hence∫μis　of貧nite　type

＆nd　therefore　F（μ）conta．ins　nei七her　wand敬三ng　domain　nor　the　Baker　do皿三ain．Tbe五xed

P・int・・f∫μinR鵬O・nd一μ・工fμ＜0th・・0i・狐・tt…もing£・・dp・int．Ifμ＝0th・n

O　is　a　ra－tion＆11y　indi任erent丘xed　point．　Ifμ〉0then　O　is　a　repe！1三ng丘xed　point．Using

the　graphica1ana1ysis，we　s鎚tbat∫2（一1）→0asη→◎o　forμ＜0・Hence　ifμく0then

毛h…㎜p・n・nt・fF（μ）…t・ini・gOi・th・・n1y㎝・1nwi棚t・・狐p㎝・nt．W・・1・・…th・t

＿μis　a－n　at虹acting丘xed　point　for　O＜μ＜2＆nd七hat＿μis　a　rationa11y　indi迂erenも丘xed

pointforμ二2．HencewehaveJ（μ）≠Cforμ≦2－
　　Hereafteエ，we　consid鉗the　case　forμ＞2．Noteもh磁七he　orbi七〇f∫μ（＿1）is　c（）ntained　h

th・鵬g・ti・・撒1・xl・，fu・th・・㎜…

　　　　　　　　　　　　　　　　　　　　　　　　　　｛∫2（’1）｝もC［∫μ（一1），01・

H・n・・F（μ）d・・…t…t・1n・町Si・g・1di・k・

3　Un童㎜oda玉map
We　rec＆1ユtb－at∫μis　a　uni㎜oda1皿ap　on（＿oo，O］。There　is＆famous　Jakobs◎n，s　Theore㎜

㎝㎜in｝oda1㎜aps．

Th…㎝ユ2（［51）〃

　　　　　　　　　　　　　　　　　　　　　ん、（・）＝αα（1一・）　　（O＜α≦4）

幼棚・州，11α材

　　　　　　　　・一／α隻、㍑凧｝㍍：ば、1鴛1：o1utely／
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η泥狐抗ε五εろε3g鵬獅εα醐㍑o∫A｛3ρ08乞オ加ε。

　　Consid鉗ん、as＆co㎜pkx　v搬iabk　fuac毛io篶．亙fん、has　an＆tは＆cも出g　cyc1三c　point　or　a

p服＆boliccyc王icpohもinCラthc双theintcrsec毛1onof三もsbasi篶狐dもher跳王＆xisis双otc肌pty，

・i㏄・it・舳t…iti・・1w1ひ・i・i・R∴M・…附ラもh｛七・鵬・も1・巫・fit・b・・1・狐dlO，11i・狐

・p・皿狐dd・脳・・ti叩，11．H・…，i・七hi・・㈱，th㈱1・測1・w1狐毛皿…n・…　lO，11

wh三ch　is　n〇七＆bso1枇dy　co砒三双uoas　w批h　respec毛toもhc　Lcbcsg鵬狐畿sし江e．Thus，for餓ch

αεAラtheFatoひset（）fん、coincidewith　thei㎜ediateb鵬inofもhcs泌p欲一＆ttr＆cti孤g丘xed

poi批◎◎．

　　After　J＆kobson，毛here　h＆w　b舵a㎜狐y　wo夏ks　on　ge鵬rali脆尤io篶of　h三s蝸趾狐d　s1mp1i一

汽c＆ti㎝of　its　proof．We㈱㎝e　of毛hese　r舳1毛s　proved　by　Tsψ（［五〇］）。

　　L・tんルトーα父狐dα弍・p（一五十μ）．Sl・㏄μ＞2，w・h鮒α＞LS・毛

　　　　　　　　　　　　　　　　　　　　　9、（必）＝ん；ユ∫、た、（・）＝α…p（一α・十！）．

Th・・gαiH㎜i皿・ω肌・Pfm刈O，11も・it・・lf一脹n㏄w…n・id破gα・・㍑・・1犯1u・d

f㎜・ti・Hぺ0，王1．Th・・説・f毛h・由g・1・…1u…fgα1・｛O，！｝棚dth…毛・fth・貧・・d
pohもs　of　gαis｛o，（！＋1（）9α）／α｝。siace七he　schw狐zi狐d鉗iwtivc（》f　gαis

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　α2

　　　　　　　　　　　　　　　　　　　　3小ト・（王．、、）・｛（α卜2）2＋2｝・0ラ

9αis＆nS一㎜i㎜oω㎜ap．

　　F汀rth駆mo蛇，byi出uct1㎝，wεh㈱the董o11owi巫g；

州一伽・・／一暮ト・1（泌））／

（釧⑦）一小）汁一ユ叶伽））

（1）

（2）

　　Wcnow　prep鵬＆毛hco亙⑧㎜㎝㎜i皿od＆1篶仰s　w雌d　to　p至ove　Thco肥㎜1．Le川（”）二

．即，君），“［0，1〕ラ苫∈lO，ユ1・・d脱・hい・・0㍉出・ユ・ω肌・Pf・・剛0，ユlt・it・・1f．S・t

ん二ん。・ndlct・be・c曲c＆lpoi批・fパWec・鵬id舳h・f・11・wing・・aditi・鵬；

（ND）ん”（c）≠0。

（CE）The蛇＆肥co鵬t＆ntsαa双d6s皿ch　th＆もラfor　a1｝れ≧0，

（i）　1鮒（∫（・））1＞・・p（α卜6）

（ii）　1〃（・）1＞・・p（α犯一6）　f・㍑eポ帆（・）

（Hyp）Au七he　cyc！三c　poi桃s　ofん泌e舵pd1三ng．

至3



(W) Iiminf l ~ Iog Idh(h"(c))1 = O 
"~~ 

_ aH(h'('), t) (NVt) ~]j=0 dh~(h,(')) ~ O 

Further, we define 

A = {t I ht Satisfies the conditions (ND), (CE), (Hyp), (W) and (NVt) holds.}. 

Theorem 3 ([10]) Let A be the set above. Then the Lebesgue measure ofA is positive and, 

for each t e 1¥, ht has an invariant measure which is absolutely continuous with respect to 

the Lebesgue measure. 

In fact, Tsujii([lO]) proved not only families of unimodal maps but also families of more 

general functions. 

4 ProOf Of Theorern 1 

Using Theorem 3, we prove Theorem l. Let u be the maximal one satisfying that after 
three iteration of f*, the critical point l/u mapped to the fixed point (1 + Iog u)/u for the 

first time. That is, 

9~ I (1 + Iog u) and l
 (-) = ~ 
u u 

9i ~ ;(1 +10gu) (3 =0, l, 2) l
 (-) ~ 
u 

hold. In [7], it was proved the existence of such u and it satisfies u > 3. We investigate 

whether these conditions (ND), (CE), (Hyp), (W) and (NVt) are satisfied by this u. 

(ND) It is clear. 

(CE) First we sho~v (i). We have 

9~ _ I (1 + Iogu) l
 (-) -
u u 

for n ~ 3. Since 9~(1/te) = 1, by using (2), 

(9~)!(1 ) ; (1 + Iog u)9~(1 ) u"~1 _ g.(1)) "nl _ Iog u l
 (
-

9~(1 ) 
k=2 u u 

holds for n ~ 3. Easy calculation shows that (9~)/(1) ~ O, (9~)/(1) ~ O and (9~)/(1) ~ O. It 

follows that (i). F'acts that 9~ is S-unimodal and that (1) holds imply that (ii) holds. 
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(Hyp) Since the asymptotic value O is a repelling fixed point and the critical value -1 is 

preperiodic? it follo¥"'s that all the cyclic points are repelling. 

(W) Since g*(1/u) = (1 + Iogt4)/u for all n Z 3, the equality holds. 

(NVt) From the equations (1) and (9_)~ ~ve obtain 

aa9~e (g~ (~)) _ I I _~ 
~ _ ~ (- Iog u) n=0 ~ + u(1 u) *=0 dgu (1) ~ u 

~ 

l 1 Iog u = ~+u(1 u)1+10gu 
u 

Here) A fact tt > 3 implies that 

l I u < ; and O < Iogu < l 
l + Iog u 

IIence~ we have 
CQ aa9~ (9~ (~lu)) > o 

~ dgu ( l) ' 
n=0 I~ 

Therefore, all the conditions of Theorem 3 are satisfied for this u. Hence the set of the 

parameters p's for each of which fu has an invariant measure ~"'ith respect to Lebesgue 

measure has a positive measure. By the argument similar to that stated just after Theo-

rem 2) there is neither an attracting cycle nor a parabolic cycle concerning with the critical 

v'alue I . Further, asymptotic value O is a repelling flxed point of g* for a > l. IIence) our 

claim is obtained. 

5 Rernarks 
If we pa.v attention to the graphs of fu in (-oQ~ O], the Kuroda-Jang Theorem remind us a 

problem on bifurcations of real quadratic polynomials. We have a problem similar to one 

of real cluadratic polynomials. 

Problem I Is th,e set of ~ 's for each of which f;! is hyperbolic open and dense in R ~ 

It is easy to see that the set is open. In the case of the family of real quadratic polyno-

mials, Swi~tek'([9]) proved such set is dense. 

Similarities between the quadratic family and our family considered in this note let us 

think some problem in the case that /4 is complex. Set 

fA(z) = Az exp(z). 
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Drawing the set of A for which {fA"(-1)}nOO=1 rs a bounded set by a computer, we can see 

t~vo Mandelbrot-like sets stretched to the inflnity along the real axis adjoining at the origin. 

In fact, Fagella studied this family in [4]. 
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