What is missing in the so called
Science of Complexities

By Masaya YAMAGUTI !

We are going to discuss the so-called Science about Complexities as a
mathematician. First I want summarize the history of mathematics in the
20-th century.

I think, there are classical mathematics and also romantics in mathemat-
ics. These two flows are usually intertwined each other. But, only the first
half of this century, they were separated each other.

The most important mathematician David Hilbert proposed Axiomatik
in Mathematic. This is really classical. At this period Henri Poincaré did a
romantic in mathematics.

Let me explain a little more. Axiomatik is classical because one expects
in advance the result or at least, a limitation of domain for which one is doing
his researches. But romantic study can not know about final results and we
can not fix the domain before the researches. In this sense, we classify Hibert
and Von Neumann as classical and Henri Poincaré and Norbert Wiener as
romantic.

At the last half century of the 20-th century, this situation has been
changed greatly. The big advances of computer for the mathematical science.
They forced to convert the classical mathematics to the romantic one. Also
they forced to change the romantic mathematics to the classical math.

One example is the following: at the end of the 19-th century, Weierstrafl
found nowhere differentiable continuous function. Henri Poincaré detested
this function because he thought that this has no meaning and no use. On
the other hand, Poincaré was a founder of chaos theory. But in 1983, M.
Yamaguti and M. Hata proved that this Weierstrafl function is a kind of
generating function for a chaotic dynamical system. Our research was based
on the experiment by computer. We can say, the most classical result was
combined with the most romantic researches(chaos theory).

We emphasize a crossing point of above two flows is very important for
the science of complexities.

!Department of Applied Mathematics and Informatics, Faculty of Science and Tech-
nology, Ryukoku University, Japan.
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At this point, a mathematical notion called self-reference is very impor-
tant. A very simple example of self-reference is an algebraic equation of
second degree. For example, 22 — 5z + 6 = 0 can be written the form self-
referential,

6
rT=5—— .
T

We also consider another example: self-similarity in Fractal set. This set X
satisfies the following self-referential equation:

X =h1(X) Utho(X) Uths(X)

1)1, 49,93 are 3 contractions with different centers.

These mathematics contain classical and romantic.

Finally, we explained Semiotics by C. S. Peirce and René Thom which
will be very important for complexities.
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Kinetic Formulations of the compressible Euler equation
with spherical symmetry

Kiyoshi Mizohata
(September, 1997)

Department of Mathematics, Josai University, Saitama, JAPAN

1. Introduction

One of the most important nonlinear PDEs in both physics and mathematics is the
compressible Euler equation for an isentropic gas. It is given by, in R3,

3.0
p‘+.28:1:- (puj) =01
(11 P
(pui)e + ) P (puiu; + &i5p) =0, (1=1,2,3).

=1 7

with the equation of state

Here, the density p, velocity u =! (uj,uz,us) and pressure p are functions of z € R
and t > 0 and C > 0 and v > 1 are given constants. Besides its physical meaning, it is
well-known as a typical example of conservation laws and nonlinear hyperbolic system.
In fact, many interesting theories have been discovered by studying this equation.

Let us briefly recall the history of (1.1). In one dimensional case, T. Nishida [18] has
first discovered global weak solution by using Glimm’s Theory [5] for the case ¥ = 1. The
key point of his success is deriving uniform estimates of the total variation of approximate
solutions by considering the variation of Riemann invariants. But unfortunately, for the
case v > 1, this method can not be applied. Indeed, we can not obtain uniform estimates
of the total variation in this case. This lack of uniform estimates of the total variation
caused, in fact, many difficulties and the existence of global weak solution had been an
important open problem. In 1982, this problem is finally solved by R. DiPerna [4]. By
only using uniform L™ estimates, he has showed the existence of global weak solution
by applying compensated compactness ( L. Tartar[20]) and the notion of entropy( P. D.
Lax [7} ) for the case y =1+ n—i—2 (n : integer and odd). Later, Ding, Chen et Luo have
extended this result for the case 1 < v £ % by using Lax-Friedrichs scheme ([2]).

In 1992 P.L.Lions, B. Perthame and E. Tadmor [8] proposed the so-called kinetic
formulation which is based on the Lax’s notion of entropy. In [8] they showed the existence
of global weak solution in more clear way by using this method for the case v > 3. In [9]
they extended this result to the case v < 3. '

But for the multi-dimensional case, only local classical solutions are known to exist.(see
[10] ). Only for the spherically symmetric case, there are several results for the weak

109



solutions. Assuming that solutions are of the form
z

(1.3) p=p(tle]), i=
Then, denoting r = |z, (1.1) becomes

2— +i( u)-’rzu—ﬂ
(1.4) %tp Grg PPeET 0
a(pu)+5(pu2+lj(p))+;pu2=0.

In this case global weak solutions are known to exist for the case y =1 (see [12], [13], [14],
[15] and [16]) outside a solid ball at the origin. In [11], T. Makino et Takeno have obtained
local weak solutions for the case ¥ > 1 But they can not obtain global weak solutions
mainly due to the fact that they can not obtain uniform L™ estimates for the approximate
solutions constructed by the Lax-Friedrichs scheme. For the one dimensional case, this
problem is solved (see [2],[22]) for the approximate solutions with little viscosity. Recently,
G. Q. Chen [1] had succeeded to overcome this difficulty by using another approximate
solutions constructed by the Godunov scheme.

In this paper we shall show another approach for this problem (1.4). By using kinetic
formulations for (1.4), we succeeded to obtain new estimates. This estimate is very
interesting one because it holds for the case that the domain contains the origin.
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2. Kinetic formulations of (1.4)

In this section we shall define the kinetic formulation of (1.4). Consider (1.4) in the
domain r > Ry with the initial boundary condition

(2'1) u(O,r) = uO(T) ’ P(O’r) = PO(T) ’ (7‘ 2 RO)

(2‘2) u’r=Ro = 0.

Here, we restrict ourselves to the case where the pressure p is given by
B 02 * _

(23) P=’€an"=‘,7*79=’7_2}';

where v > 1 is a given constant.

Remark 1. From (1.4), we have

1 1 1 v
2 (> 2, * 2 {24 T —
{T <2pu +7—1p)}t ! {T (2pu +7—1p) u}r °

So we shall say that (p, pu) has a finite kinetic energy if it satisfies

Y MY R W S
(2.4) E(,o,pu)—/Ro T <2pu +7_1p dr < oo.

The homogeneous part of (1.4) is given by
0 0

(2.5)
5 (ow) + % (pu? + P(p)) = 0.

(n(p, pu), H(p, pu)) is called an entropy pair if 7 is convex and satisfies

6} 0
(2.6) 2espu) + o-Hp,pu) =0,
for smooth solutions of (2.5). To be more precisely, (n, H) satisfies

Pp
szunp""%)nu) Hu=P77p +un, .

It is well-known that an entropy pair (9, H) for (2.5) is given by, for any convex function

9(6), ) - _
ne,ou) = [ g(O)x(pi — w)de

H(p,pu) = /m g(O)[0¢ + (1 = O)u]x(p; & — u)dt,

X(pi € —u)= (""" = (€~ u)),

N = 3=

(" -1

where (z), = maz(z,0). Note that n is convex in (p, pu)-plane. For the detail, see [4]
and [8].

(2.7)




Remark 2. Note that 1 is not convex in (p, u)-plane.

Remark 3. If we choose g(£) = ¢?/2, then the entropy becomes

1 + 1 e 1 + 1
NE 2P” 117, E= 2/)“ 117

In this case we obtain the energy. See Remark 1.

Now we are ready to give the kinetic formulation for (1.4). Put

o= () o= (B ) o0 = | e |

Then (1.4) becomes
Ui+ FU), + GU) = 0.

Multiplying both sides by Vn(U) (V = (3%, 3(‘:

=) we get

a 0 2 2
5710 20) + 5-H(p, pu) + ~pun,(p, pu) + ~pu*npu(p, pu) = 0

Definition 2.1. (p, pu) is an entropy solution of (1.4) if it satisfies

) ) 2 2
57710 ) + 5-H(p, pu) + —pun,(p, pu) + —punpu(p, pu) < 0

for all convex entropy pair (n, H) in the distribution sense.

(2.8)

Let us define the distribution m(t,r, ) by

0 2 2
(2.9) + 566+ (1= O)ulx} + —pux, + ;puzxpu = —mg.

EX
Then we derive, by (2.7),

) oo 0
" eomxdet [* g(&)-a—{[es + (1= Ol

(2.10) oo
+/ g(é) iPuXpdf"'/ P“ Xpudf = _Lm g(§)m§¢(t,r, £)

Choosing again g(¢) = 523, we have

21 Sxrtde [T 4 2 ttoe+ (- opirtdas — [ Sortiog + (1 - opuag

2 €
+ /;00 7(2rpux,, + 2rpu?x,,)dé = —/_oor —2—m§¢(t,r,§)

Thus we derive, using (ng, Hg),

3] 0 o o
at'r‘ ng + —8-—1'2[—]5 —2rHg + 2rpua—175 + 27‘pu a__nE

atT‘ 7]5’+ 5—T2HE = -—/ T —mff(t r f)
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Integrating (2.11) over [Ry, 00) x (0,7,

(2.12) /rnE(Tr)—rnEOr =—/// r2dm(t,r, €)

If (p,pu) has a finite energy, the left-hand side of (2.12) is finite. Now the definition
of entropy solutions become more simple way by the following theorem. Suppose that
(p, pu) € L®(Ry; L*(Ry, 00)) is a weak solution with finite energy.

Theorem 2.2. (p,pu) is an entropy solution of (1.4) if and only if there exists a positive
bounded measure m which satisfies

8 2
{[05 + (1 - O)ulx} + —puxp + pu Xpu = —Mege

(2.13)
/ / / ridm(t,r,€) < 0o ; m : positive measure.

Remark 4. If (p, pu) is a classical solution in the domain Q, m(t,r,€) =0 for
(t,r,&) € Q x (—00,0). .

Remark 5. (2.12) means that in case (p, pu) is not smooth, the energy [§ r’ng(t,r)dr
is monotone decreasing function with respect to ¢. In other words, the entropy ng is not
conserved.

Proof. Suppose that (p, pu) is an entropy solution. Let us define the distribution m(¢,r,¢)
by (2.9). Multiplying (2.9) by g(€) and integrating over £, we get

0

(2.14) ot

9 2 2
0+ —&H+ =pur, + =putn
= —ng(f)mgg(t,r,f) = _Lw g”(f)dm(tmf)

Since (2.8) holds for any convex function g(¢), m(t,r,€) is a positive measure. If we
consider the case g(¢) = &, we derive the second equation of (2.13) by(2.12). The
sufficiency of (2.13) can be proved in the same way. m|
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3. Estimates for entropy solution

For simplicity, we assume y = 3 in this section. In this case (2.13) becomes very simple
one. First, observe that

X= (P'Y—l - (¢~ U)Q)i = 1[u—p,u+p](£) :

Thus an entropy becomes, by (2.6)

Then we have

2 4 2
—Putl, + —pun.
2 17 U
= —pu (g(u +p)+g(u—p)- ;g(u +0)+ ;g(u - p))

+ %pu’ (%g(u +0) - %g(u - p)>
= —pu(g(u+p) +9(u~p)).

Thus we have 9 9 9
u
—PuXs + =X = = () + Bur ()]

Now (2.13) becomes
| 9 .8 2
B €+ T [um(€) + Bua (6] = —mgg

(3.1)
///rzdm(t,r, £) < 0o ; m: positive measure.

Theorem 3.1. Suppose that (p,pu) is an entropy solution with finite energy. Then we
have

T
. sup/ (p* + plul’)r’dt < CE,
(3.2) r2Ro 70
Ey= -/Ro ran(O,r)dr < 00.

Proof. Since (p,pu) has a finite energy, we have
(3.3) /}: / Z 122 (t, v, €)dedr < 2E, for any ¢ € [0,T] .
0

Multiplying (3.1) by 7% x 1,5, x [€]€ (z > Ro) and integrating over [0,T] x [Ro, 0o] x
(—o00,00), we get '

(34{—0; /;0 rjflf(X(T, r,&) — x(0,r,&))drdf + /OT/_: L” r2'§|€;§i§ drocjfdt
_ +/0 /x ZPUT{|U+P|(U+/})+|u—p[(u—p)}drdt=—/0 /_OOL r2|€€ meg

Let us estimate the left-hand side of (3.4).



The first term of (3.4)

'/ |7 rHeleun,€) - xo, r’g))d”’f‘
<// P24 (T, 1, ¢ drd§+// 260 (0,1, )drde < AEs

The second term of (3.4)+The third term of (3.4)

/OT/Z I r2|£l§2%drd§dt+/()T/;m opur {|u + p|(u + p) + |u — p|(u — p)} drdt
—/T/w rlele’x]” dédt - /T/w/w or|€|€2xdédrdt

+// 20ur {|u + p|(u + p) + |u — p|(u — p)} drdt

=—/ [ alelextt,z €)ded+ [ [T 2our (hu+ pltut o)+ hu =l = o)} drd

_/o /I /_m27°|f|f2xdfdrdt

Put

P = — [ orlélgtxds + 2pur {u+ pl(u +p) + u = pl(u = )} -

Then we have
()0fu—p<u+tp

P=—27‘/:4:’§3d§+2pur{(u+p)2+(u—-p)2}
= —2r x % x {(u+p) = (u—p)*} + 2pur(2u® + 29*) = 0.
({)u—p<0<utp
P=—2r [ —&dt—2r [ &dt + 2pur {(u+p)? — (u— p)?
=_r(u2/“_",32)5560_ | e+ 20ur {(ut ) - (u - )}
(i)u—p<ut+p<O

ut
P= 2r/ pfsdf—2pur{(u+p)2+(u—p)2} =0.
u=p
Thus we obtain

/OT /_: 2?[€1€%x (¢, z, §)dEdt

)= | | PEEOAT €)= x(0,rE)irde+ [ [T Parde+ [ [ [ +*leleame
< [T 7 releldTne) = x(o,r,&)drde + [ [ [ leledme
< 3E,.

The following lemma can be proved very easily.
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Lemma 3.2. There ezists a constant § such that
00 u+p
(3.6) o lePxde = [“"lerde 2 sl + ),
Applying (3.6) to (3.5), we obtain (3.2).
Remark 6. For the more general case (y # 3), The following estimate also holds.
T 3y—1

. +p77 )rldt < CEy.

(3.7) ,52“,%’0/0 (plul® + p™F) 2dt < CEy

Remark 7. (3.2) and (3.7) also hold for the case Ry = 0.
Remark 8. In general, the following Lemma holds. For the proof, see [8].

Lemma 3.3. There exists a constant § depending on 7 such that

(3.8) uf” lelexds 2 Solul’(e + Iu)
(39) L 1eRxde > dpllul® + %),
(3.10) [ €€ =wlelxde 2 806 + o ul)
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