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Tracking 

l IntrOduCtiOn 
Conservation laws of physical quantities U = t (ul' u2, ' ' ' , u~) are expressed in 

terms of the system of PDE'S: 

Ut + F(U)x = O, (x,t) e R x R+' (1) 
If the conserved quantities U = U(x, t) are differentiable, the conservation laws 

(1) are equivalent to the system of quasilinear PDE'S: 

U + F (U)U* = O, (x,t) e R x R+' (2) 

We assume that the system of equations (2) is hyperbolic : the ergenvalues 
(characteristic speeds) are real and distinct 

Al(U) < A2(U) < ･ ･ ･ < An(U), (3) 
and each characteristic direction is gem/inely nonlinear. 

Rj(U) ･ VAj ~ O. (4) 
Here Rj(U) denotes a right eigenvector of FI(U) associated to the eigenvalue 

Aj(U) . We study solutions to the system (1) together with the initial condition 

at t = O: 

U(x,O) = Uo(x), x e R (5) 
In particular, if the initial data have the form: 

Uo(x) - UL, x<0 (6) ~ UR, x>0 
this initial value problem is called the the Riemann problem. 

We start with Lax's work [15]; he generalized various consepts from fluid 

dynamics to general hyperbolic conservation laws (4), and showed that the so-

lution to the Riemann problem exists provided each characteristic direction is 
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either　genuineIy　nonIine砒or　linear1y　degenerate　and　two　constant　statesσR，σム

are　su冊cient1y　c108e．For　gene制initia1data　with　smaH　tota．1varia－tion，αimm

［11］obtained　the　foIiowing　remarkab1e　existence　theorem（see　also　Lax［16］）．

Theo爬m1．1　λ舳me肪αe㏄んcわor㏄‘舳．8’｛c伽ecκ㎝ゐe舳εリ㎝〃加的一

n㎝1如鮒0r1加eα吻幼㎝em加．〃加’0fα～0n．0加㎝0〃18加拙01伽“T．γ．σO

｛8舳伽｛㎝吻舳0〃，眺㎝肋ε肥ε桃fMg10㎞㍑〃1mε80M｛㎝土0肋θ｛η舳～此e
〃oblθm（1），（5）。〃o・εooε・，ゲ肋θ榊1ε伽・伽伽“ω・・θ・・1伽・〃伽・’｛・η，〃肥

ωeσκ501ω｛㎝0肋α加e♂80ぬガω伽ε1一か0〃C0η棚0η。

This　is　a－single　existen㏄theorem　of　g1φa1so1utions　for　genera1hyperbolic

systems　of　conservation1aws，in　particu1ar　systems　ofmore　than3equations；if

the　system　is　composed　of2equations，the　method　ofcompensated　compactness

can　be　used　andムoo－existen㏄theorem　is　obta－ined（DiPema圧10］，Tartar［22】）．

Ghmm，s　approximateso1utions　involverandomsampling　points．Liuエ18】showed

that　these　approximate　so1utions　converge，if　the　random　samp1ing　points　are

equi－distribute（1．Later，DiPema［9］，Bressan－3】a．nd　Risebro［20］proposed　the

me曲odofωωe一介㎝㍑ηocた切，㎜a1temati・etotherandomchoicemeth◎d，
and　obta三ned　the　same　general　existen㏄theorem．Moreover，r㏄ent　remarkab1e

works　Bressan［4］，［5］show　tha－t　the1imit　of　approximate　solutions　is　unique．

　　　The　system　ofconsewation1洲s　is　inv肌iant　under　the　sca1e　transformation

　　　　　　　　　　　　　　　　　　　　　　　（o，｛）一今（αz，α｛）　（α＞0），

which　means：ifσ（z，｛）is　aso1ution　ofthe　conservation1a．ws（1），thenγ（z，｛）＝

σ（α8，α｛）is　aIso　a　solution．Now　assume　thatγ（o，｛）has　a1imitσ。。（”，t）as

α→oo．Thenσ＝σoo　is　a．soIution　to　the　Riemann　problem　with　initia．I　data

叱＝σ（・・o，O），σR＝σ（・o，0）・ndsatisies

　　　　　　　　　　　　　　　　　　　　　　　　　　σ（αz、α｛）＝σ（z，｛）．　　　　　　　　　　　　　　　　（7）

Aso1utionsatisfying（7）iscaIleda3e咋曲π北rso1ution，whichdefinesthe一
船ymptotic　beha－vior　of　the　weak　so1ution（Liu圧19］）．Similarly，if　the1imit

σo（”，｛）exists　asα→0，σo（”，｛）is　a1so　a　so1ution　to　the　Riema．nn　probIem

with　initi訓v劫ueσL：σ（一0，0），σR＝σ（十0，0）and　de而nes　its1ocal　beha－vior

（DiPemaエ8】）．These　works　by　Liu　and　DiPema　a－re　b鵠ed　on　the　GIimm・La－x

theory　deve1oped　in［12】which　is　one　of　the　most　d欄cuIt　papers　in　the　theory

of　conservation　laws．

　　　The　aim　of　this　short　report　is　to　r㏄onstruct　the　G1imm－La．x　theory　in　the

framework　ofthe　wave一£ront㍍ackingmethod．As　G1imm’s　proofofthe　existence

theorem　is　considera－bIy　simp1i丘ed　by　using　the　front　tracking　altema．tive，the

Glimm－L㎜theory　a－Iso　tums　out　to　be　more　intuitive．In　the　next　sect三〇n，we

review　the　wave－fr㎝t　tracki㎎method　fo11owi㎎main1y刷sebro［20］一We　sha11

see　how　the　theory　is　simpli丘ed　in　section3．These　theories　wm　be　a－pplied，in

the1a』st　section，to　study1ocaI　and　g1oba1beha－vior　of　a　phase　boundary．
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2 Wave-FrOnt TraCking 

2.1 Approximation of Solutions the Riemann Problem 

We begin with the fundamental existence theorem of solutions to the Riemann 

problem (Lax [15]). 

Theorem 2.1 Asstlme that each characteristic directiou is either genuiuely 
nonlinear or linearly deger]erate. If IUL - URI is sufficiently small, then there 

exists a self-similar solution which consists of (n + 1) constant regions UL = 

Uo,Ul' ' ' " U,1 = UF con;nected by rarefaction waves, contact discontinuities 

and shock waves. Moreover the soliltion of this form is unique provided the 

intermediate constant vectors are restricted to ~. 

We construct an approximation of the solution. If Uj-1 and Uj are connected by 

a contact discontinuity or a shock wave, we leave it as it is. Suppose that thcse 

constant state are connected by a rarefaction wave and denote by Uj(e; Uo) the 

j-rarefaction curve issuing from Uo. For any positive h, we choose an integer k 
such that kh ~ cj < (k + 1)h and define constant states UJ(1) (o ~ I ~ k) by 

(1 l) UJ(o) = UJ I U(1) U (lh UJ_1) = Uj(h;Uj ~ )' (8) 

The approximation Uh(x,t) is defined by 

Uh(x t) - U(1) Aj(UJ(1))t < x < A'(U )t (1 - 0,1, k) (9) ' - j ' ' ('1+1) _ ..., J J 
(UJfk+1) = Uj)' This approximation consists of constant states separated by dis-

continuities in the j-th characteristic direction. These discontinuities are simply 

called j-waves and the approximation Un is called the h-approximatiol]. Obr 

viously, Uh converges to U in uniform convergence. The truncation error as a 

weak solution is expressed, by assuming the support of c is contained in [O, T:1, 

ffRXR { } = ~ cj' (10) fR Uo(:c)c(x O) dx O(hT) Uhct + F(Uh)c:r dxdt + 

2.2 Construction of Approximate Solutions 

Now we construct an approximate solution for general initial data by using 

the h-approxi-mation of the Biemann problem; we follow Risebro [20] . Let us 

assume for simplicity Uo(x) - Uoo e Ll(R) ~BV(R), Uoo = Uo(:1:00). First, for 

any positive h, we choose a sequence {xj}j=1 m R so that the approximation 
of the initial data by step functions 

Uoo' x < xl, 
Uo/'(x) = Uo(x~), xn < x<x~+1, 

U=, x ~ 2:N. 
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satis丘es
　　　　　　　　　　　　　　　　　　　　　　　・・plσま（・）一σ。（・）1≦ん．

　　　　　　　　　　　　　　　　　　　　　　o≠～

At　e㏄h　point　of　discontinuityπ＝伽，we　so1ve　the　Riema．nn　prob1em　w舳the

initia1data叱：碓（伽＿0），σp：：σ6‘（伽十0）。We　deine　the　approximate

solution　by　combining　theん一approximations（2．1）of　these　so1utions．This　a．p－

proximate　so1ution，denoted　byσ’I（”，｛）and　ca11ed　a1so　theん一approximation，

is　de丘ned舶1ong　as　the　neighbo1・ing　waves　of　theん一approximations　co11ide　a－t

｛1〉0．A“：｛1，sin㏄the　a－pproxima．tionσ九（z，t1＿0）is　a－1so　a　step　function，

we　can　constmct　a＾一appmximation　by　solving　the則em㎜n　problem．Then　we

can　extend　the　approximation　to　the　next　co11ision　time　t：t2〉t1．Repeating

this　cons虹uction，we　obtain　the　approximate　solution．Le“m　denote　the㎜一th

co11ision　time　and

　　　　　　　　　　　　　　　　　　　　　　　　　　　T：1imオ㎜．

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　m■÷oo

IfT＝◎o，the　approximate　solution　is　deined　gIoba11y　in　time．However，this　is

not　a1wa－ys　the　case．If　r〈◎◎，we　s1ightly　change　the　de而nition　of　the　approxi－

mation　by　neg1ecting　sma11waves　which　are　produced　by　the　repeated　co1lision．

In　order　to　carry　out　this　process，we　have　to　show　interaction　estima－tes．

　　　Le㍑＝抑be　the　point　of　co11isi㎝a“＝一m，whereρwaves　co11ide．We
・…t・th・・・・・…b・αll），α；1），…，αll〕f・・m1・・tt・・i・ht・…t・・i・…11

・…th・tα1＝）i・i・・h・1た一th・h・・㏄t・・i・ti・di…ti・・．Si…th・・・・・・・…l1id・1

the　induces　satisfy

　　　　　　　　　　　　　　　　　　　　　　　　　1・≧1・≧＿≧｛ρ．　　　　　　（11）

We　de丘ne　the　amo㎜t　ofinteracti㎝at　the　point　ofco11isi㎝P’．m＝（仰，｛m）by

　　　　　　　　　　　　　　　　　　　　　　ρ（・1，。）・Σ1αll）α1：1）1　　　　（1・）

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　鳥≠μ

Then　we　have　the　fol1owing　interaction　estimates　whose　proof　is　carried　out　in

the　same　manner　as　Glimm〔111．

Lemma2．1（Loca1inte1・action　estimate）　4肋e　o岬1伽由oハηco㎜切
仙㎝ω｛・舳倣’C6㎝吻舳・〃，肋㎝〃0〃0ω8肋0ま

　　　　　　　　　　・FΣ・1ム）・Σαll〕・0（1）ρ（・1．。），1≦1≦…　（13）

　　　　　　　　　　　　　　　κ　　　　　κ：㍍：｛

∬舳伽3㏄㎝d舳md㎝0εe8伽舳肌m曲0η0ヅ加COm加g｛・ωωθ3－

Lemma2．2（G1oba1i鮎eraction　es砧mate）　∬肋ε‘o〃〃α〃1oε｛oηoμ加

加肋1伽0σO｛8舳伽｛㎝吻舳0〃，肪㎝〃0〃0ω5肋α‘

　　　　　　　　　　　　　　　　　　　　　　Σρ（Pl，。）≦2（T〃・）2　　　　（14）

　　　　　　　　　　　　　　　　　　　　　　’1㎜
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　　　Using　the　above　estim批es，we　can　extend　the　approximate　so1ution　beyond

T＝1imm→ooオm　in　the　fonowing　way．The　estimate（14）implies

　　　　　　　　　　　　　　　　　　　Σρ（Pl、〃、）・んf・…m・〃・・　　　（15）

　　　　　　　　　　　　　　　　　　　　　1

At　t＝T〃、，we　only　change　the　speeds　of　the　incoming　waves　in　the　way　that

we　so1ve　the　Riemann　problem　and　select　ofwaves1n　the　characteristic　direction

ofthe　incoming　waves；other　waves　are　removed　and　the　constant　state　a．t　either

side　of　the　wa．ve　is　extended．Repeating　this　argument，we　obtain　a　sequence　of

col1ision　times

　　　　　　　　　　　　　　l11〕，，槻，l12），，嶋，，tlκ），，漱，　　（16）

・hi・ht・・dt・i・五・it・（・…〕ゴ・1！1）、1≦ゴ≦〃・）．Si…th・1…li・一

teraction　estimate（13）hoIds　at　these　points，the　g1oba1interaction　estimate

（14）is　true　for　this　app正oximation．Hence　the　apI）roximate　so1utionsひ＾have

・・㎝…gi・g・・b・・q・㎝㏄（d…t・d・g・i・byσ＾）i・ムん、・・ん→O，P…id・d

T．γ．σo　is　su価cient1y　sma1l．Moreover，denoting　byσthe1imit　function，we
have　F（σ此）→F（σ）inムた、。Using　the　tmncation　estimate（10），we　can　see

easi1y　tha．tσ（z，｛）thus　obtained　is　a　weak　solution　of　t1－e　conserv批ion1a－ws．

3　G1imm－lLax　Theory

The　Glimm－Lax　theory　is　based　on　the1oca1intemction　estimates（13）and　the

globa1estimates（14）．Let　us　deineα十：max｛α，0｝，α一＝min｛0，α｝and　the

coηcθ〃o〃oηof…ncoming　waves

　　　　　　　　　　　　　　　　　岬1・）・圭（Σ1αll）1－1Σαll）1）

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　k1｛止：‘　　　　k：㍍＝｛

Then　the1oca1interaction　estimates（13）a－re　expressed　as

　　　　　　　　　・チΣαll）±干蝸、。）・0（1）ρ（・1，。），1≦1≦・・　（1・）

　　　　　　　　　　　　　　k：㌦；‘

3．1　GeneraIized　Characteristic　Curves

Let　us　deine，in　a．n　approximateso1ution，a　Lipschitz　continuous　curve”＝X’‘（｛）

issuing　from　an　arbitrary　point（”o，一〇）in　the介ch肌acteristic　direction　in　the

following　way：if（吻，｛o）is　in　a．constant　sta－te，Xんis　theゴーch汕a－cteristic　curve

issuing　this　point；if　iいs　a．point　of　inter㏄tion，X’1is　aゴーwave；when　the　curve

X1－just　de丘ned　gets　to　a．nother　wa－ve　or　a　point　of　interaction，we　extend　this

curve　according　to　the　following　mles．
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　　　1，If　a．ゴーch趾㏄teristic　cuwe　gets　to　a－nother　wa－ve（a．shock　wave　or　an　a．p－

　　　　　proximation　ofa　rarefacti◎n　wa；ve）orenterg　aゴーshock　wave，then　the　curve

　　　　　is　continued　as　aゴーcha－racteristic　curve　orゴーshock　wave，respective1y．

　　　2．If　a．ゴーwave（a　shock　wave　or　an　a－pproxima．tion　of　a　rarefaction　wave）gets．

　　　　　to　a　point　of　interaction　with　waves　of　another　ch趾acteristic　fami1y，then

　　　　　the　curve　is　continued　as　aゴーrarefaction　wave　oり一shock　wa．ve；when　more

　　　　　tha－n　twoゴーwave　are　produced鵬the　approximation　of　the　ra－refa．ction

　　　　　wa－ve，we　choose　the正ight　edge．

　　　3．If　aゴーwave三杣er㏄t6with　another　wave　of　the　same　famiIy　and　aゴーshock

　　　　　wave　is　produced，then　the　curve　is　continued　as　aゴーshock　wave　produced．

　　　4．If　aゴーwave　intera．cts　with　another　wa－ve　of　the　same　fami1y　a－nd　a一ゴー

　　　　　ra－refaction　wa－ve　is　produced，the　curve　is　so　de行ned　that　the　r趾efa－ction

　　　　　wave　does　not　cross　the　cuwe．More　precise1y：

　　　　　　（a）A1eftra－refa．ctionwaveanda．rightshockwaveinteract，thenthe
　　　　　　　　　　curve　is　cont…nued　as　tha．t　of　the　right　edge．

　　　　　　（b）A1eftshockwa．veandrighいa．refactioI1wavei砒era－ct，thenthecurve

　　　　　　　　　　is　continued　as　theゴ＿characteristic　curve　of　the1eft　edge．

We　obsewe　that　the　c閑e4一（b）is　not　impo池nt．

Proposition3．1　　　’アo　leカ5んocたωα〃ε　oηd｛9＾ε椚α肥∫bc’｛oηωo〃e　｛π比rocε，

肋εη挑θo㎜o〃〃oヅm㎎弛c〃oηωωθ〃o加6θ∂切肋θ加加㎜必oη…30（1）ρ（P）．

Pmof．Assume　that　the　state叱is　conn㏄ted　toσ〃by　aゴーshock　wave　and

the　sta．teσ〃is　conn㏄ted　toσ児by　an　a－pproxima．tion　of　a　ra－ref㏄tio早wave．

Since　two　discontinuities　interact，it　fonows　tha．t

　　　　　　　　　　　　　　　　　　　　　　　　　　　～（σL）〉～（ひR）．　　　　　　　（18）

Wed㎝otebyσゴー1，巧thestatesc㎝nected　bytheゴーraref㏄ti㎝waveproduced，
we　ha．ve

　　　　　　　　　　　　　　　　　　～（σゴ）一λゴ（σト・）

　　　　　　　　　　　　　　　：　．～（σR）一～（σL）十0（1）ρ（P）く0（1）ρ（P），

because　of（18）．Thus　we　proved　the　proposition．

The　continuous　cuweπ＝X＾（t）thus　constmcted　is　ca11ed　aゴー卯〃o加㎜αe

c加㎜c比桃‘｛c㎝㎜θissuing　from（zo，to）．

Propositiom3．2　　工αX此（｛）6εoηoρρm加肌ω6cんo㎜αe〃一8f‘ccω㎜eωわ08θ加壬

土｛・1ρ・棚（珊，｛π）f㎝必‘・（物，オo）．丁比㎝ωε・ε1・・‘“ぬ卵㎝cθ〃→0舳ゐ

舳Xパ（1）・㎝榊舳伽・脇伽・加・州1｛伽制的舳ψ・㎝ゴε州mε
1・’舳σ1．肋C〃㈹“：X（t）13C0〃e♂α卿舳11・ε〃1㎝㏄fε・鮎CC8㈹e｛・舳切
伽π（子・，1・）・
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Since the Lipschitz constant of XI'(t) is estimated by max~ IAj(U)1. The con-

vergence is obvious by Helly's theorem. 

Let A be a closed region in R2 surrounded by a generalized characteris-

tic and segments joining points of interaction. We use the following notation; 
L*(A) : the total amount of rarefactions (+) and shock waves (-) rcspectively 

leaving A (except for shock waves leaving x) . Ed: (A) : the total amount of 

rarefactions and shock waves entering A (except for shock waves entering X) , 

C(A) = ~peAC(P). Q(A) = ~peAQ(P). 

Lemma 3.1 (Approximate Conservation Laws) 

L+(A) = E+(A) -C(A) +0(1)Q(A), (19) 
L-(A) +L(X) = E-(A) + E(X) + C(A) +0(1)Q(A). (20) 

3.2 Properties of Weak Solutions 

The global interaction estimates (14)and ( 19) imply 

~Q(p) ~ O(1)(T.V.Uo)2, ~C(P) ~ O(1)T.V.Uo +0(1)(T.V.Uo)2. (21) 

Since the space of bounded Radon measure is compact with respect to the w*-

topology, there exist measures dQ, dC such that 

Ai~mo ~IJ Q (p) (22) = dQ, Ii4m0~JC(P) = d C 

P 

If the above measurcs are continuous at a point on a generalized characteristic 

curve, the limit U(X(t) d: O, t) exists. 

Theorem 3.1 The limit 

lim U(X(t) + 6,t) = U~(t) 
s~d:o 

exists on a 9eneralized j-characteristic curve e:cept for cour$table t. Denote 

[U(t)] = U+(t) _ U-(t). If [U(t)] ~ O, the Rankine-Hugoniot condition and 

the Lax entropy condition: 

X(t)[U(t)] [F(U(t))] A (U+(t)) < X(t) < A (U (t)) (23) 

hold, if [U(t)] = O. X(t) satisfies the eqtlation of the characteristic 

~(t) = Aj (U(t)). (24) 
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4　Phase　Bound．aries

4．1　The　Maxwe11Phase　Boundary
Let　us　consider　a2x2－system　of　conserva－tion　iaws：

　　　　　　　　　　　　　　　　　　　　αrσ（η）。＝O，ψ一・。：0・　　　　　（25）

Hereσ（リ）isa02＿functionandthereexistα，β（α〈β）suchtha－t

小）・／l1ll－llグ…（・）一／：1l；1：l1

　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　（26）

（σ’（α）＝σ’（β）＝0）．A　famous　example　is　theequati㎝s　ofv㎝der　Waa1snuid：

　　　　　　　　　　　　　　　　　　　　　　　　　　　　RT　　α

　　　　　　　　　　　　　　　　　　　　σ（η）＝一、一δ・7（・・ろ）・　　　（27）

Thesystemofequations　is～ρe紬o1｛c　forリ〈α，〃〉βand　e”似｛c　forαく〃くβ；

the　regionΩα＝｛（〃，り）；①くα｝is　ca三1ed　theα一ρ加5εandΩβ＝｛（α，〃）；”〉β｝

theβ一ψ08ε．The　jump　discontinuity　of　the　form：

（州，州・／l㌫；㍑1：簑：（、、，、、：、、、、、、。、）．（・・）

i…1l・d・帥・・ε6・㎜d㈹，ifth・・t・t・・（叫，・十）、（似一，・一）・・ti・fyth・肋η細・ε一

肋σ0n｛0圭C㎝棚㎝：

｛　　巾十1一）　　・（・十一①一）

and　belong　to　the　di価erent　pha－ses．

the　propagation　speed　is　non－zero．

σ（・二）＝σ（ψm），
也m＝αm1

＝一（σ（・十）一σ（・一）），

＿　　　　　　　　　　　　　　（29）
一一（叫一仙一）．

The〃oρo卯‘加gψωeわo〃η♂o～is　such　tha－t

St・t・・（・閉，ψ閉），（硲，略）・・ti・fyi㎎

　　　｝

　
∫　　　　m
　　　　　　σ（・）伽＝び（・m）（｝一砂m）　（30）

　　　m

a．re　ca』1ed〃o”ωε〃批of63；in　our　case，we　have　a　single　pa－ir　ofsuch　states　These

Ma．xwe11states　are　admissib1e　in　the　sense　that　they　minimize　the　entropy　rate

for〃close　to〃m（see　Dafermos〔7］）and　stationary　phase　boundaries　are　not

admissibleun1ess　L＝〃m（Hattori，s　theorem［13］）．This出missibi1ity　condition

is　genera』ized　by　Abeya閉tne－Knowles［1］in　ingenious　way　which　we　study中

the　next　subsection．
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4.2 Admissibility Criteria 

The system of conservation laws (25) Is endowed with the canonical entropy 

pair (total mechanical energy [16]): 

= u2 +J( cr(w)dw, q(U) = -ucr(v) 1
 

Let the interval [xl'x2] contain a finite number of jump discontinuities (28). 

The local entropy is given by 

~
"
 

H(t; Xl ' X2) = n(U(X' t))dX' 

'l 

(32) 

By direct computation, we find that the rate of decay of local entropy is ex-

pressed as 

dt =~ ~ sf(v+,v ) q(U)l 
x* 

i~mp' 

where q(U)1~~ is the entropy flux and 

v~ f(v+' v_) = fv- l If(v)dv - ~{a(v+) + cr(v )}(v+ ) (34) 

which is called the driving traction in [1]. We assume that the local entropy 

(32) is decreasing in time: 

sf(v+, v_) ~ O (35) 
holds at every discontinuity. At the shock waves, the Lax entropy condition 

implies the above inequality. At the phase boundary we adopt Abeyaratne-
Knowles' postulate that the speed of the discontinuity is the function of the 

driving traction: 

s = ~'(f), ~(O) = O, ~)/(f) > o (36) 
which they call the kinetic condition. They also assumed, and we also adopt, 

that no new phase occurs from any point in the interior of the a or P-phase, 

which is called the nucleation condition. Under these conditions, we obtain a 

unique admissible solution to the Riemann problem for (25). 

Theorern 4.1 Assume that ~) in (36) is a C2-function and satisfies ~F/(O) > 

O. If lv_ - vml, Iv+ ~ v~l, Iud: - uml are sufficiently small, then there exists 

a uniqtle admissible solution which consists of 4 constant regions connected by 

rarefaction waves, shock waves and a phase boundary. Moreover these constant 
states are differentiable with respect to the initial data (v:t , u:1: ) ' 
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4.3 Global Admissible Solutions 

Using the solution to the Riemann problem, we can construct a global in time 

solution to the initiai value problem whose initial data is a perturbation of the 

Maxwell states 

{
 
_ (u_(x),v-(x)), for x <0, 

(u(x,O),v(x,O))- (u+(x),v+(x)), for x > o. (37) 

Theoreln 4.2 Assume that the same conditions as Theorem 4.1 hold. If 

T.V.lc<0(1'- (x) - vm)' T.V.1*>0(v+(x) - v~), T.V.1*<0 or e>0(u:1: (x) - um) 

are sufficiently small, then there exists a global in time weak soltJtion . Moreover, 

there exists a single bouridary of two phases which propagates along a Lipschitz 

ct'rve. 

Proof is carried out in the same manner as Chern [6] . In order to prove that 

the solution obtained is admissible, we need the Glimm-Lax theory involving a 

phase boundary. Since the phase boundary is subsonic and almost stationary, 

the theory is easier. We obtain 

Theorem 4.3 The linat 

lim U(X(t) + 6,t) = U:1:(t) 
s~d:o 

exists on the single boundary x = X(t) of two phases exept for countable t. 

Denote [U(t)] = U+(t) _ U-(t). Moreover, the Rankine-Hugoniot condition 
and the following kinetic condition holds. 

~(t)[U(t)] = [F(U(t))], ~(t) = ~'(f(v+(t), v~(t))). (38) 
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