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ABsTracT. For the discrete models of the Boltzmann equations which take into
account not only the binary collisions but also the linear reflection at the inner wall
of an infinite thin tube, we discuss several classes of the initial data for which we
have the time-global existence of solutions under some suitable conditions.
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0. Introduction.

We study the discrete velocities models of the Boltzmann equations which take
into account not only the binary collisions of molecules, but also the linear reflection
of molecules at the inner wall of an infinite thin tube [7]. We denote by u;(zx,t)
(i € I : finite set) the distribution function of the molecules moving at the velocity
C; € R® where the £ — azis is the direction of the infinite thin tube and ¢; € R is
the z-component of C; € R3.

Remark : We always have C; # C; for i # j but we don’t have ¢; # ¢; for i # j
in general. Nevertheless we sometimes assume :

(Al) ' i;éj=>c,~7écj.

We investigate the following the initial value problem :

Ou; Ou; .
(01) —67 + 0179; = Qz(u) + L’L(u) 3
Uile—o = ui(z) , 1€,
where
(0.2) Qi(uw) = Y (Affurue — Afuiny)

gik.Lel
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(0.3) Li(u) = Z(afuk — b)) .
kel

The natural observation imposes
4= A=Al >0,
(0.4) AR, =0 if i=3j,
ap>0.
‘We consider, in this paper, two classes of the initial data : the first one is the
class of the positive, summable and bounded functions, and the second one is the

class of the functions with their entropy locally finite. We have already considered
other classes of the initial data [8].

For the first class of the initial data, we introduce the following conditions :

A?e750=>ci+6j=ck+0g,

(A2) VieI,Za}'c(ck—ci)=0-
kel

These conditions assure the conservation law of the momentum through the colli-
sions and the reflection, respectively :

Proposition 1.— Suppose the condition (A2) is satisfied. Let u = u(z,t) €
C' (R4, S (R)) be a solution of (0.1). Then, for any t € Ry, we have

(0.5) / Zui(x, t)dz =/ ZUE(:r)d:c
R er R er
(conservation law of the mass) ,
(0.6) / Zciui(a),t)dx =/ Zciug(w)dw
R er R jer
(conservation law of the momentum) .

For the second class of the initial data, we define the notion of (local-) entropy.

Definition.— Let f = (fi)ier be a set of positive measurable functions on R. We
call

©.7) |3 o) os fie)ie

i€l

their entropy. We say f = (fi)iecr is a set of functions with their entropy finite if
and only if their entropy is finite.

Furthermore, we say f = (fi)ier is a set of functions with their entropy locally
finite if and only if f -1 = (f;- 1k )ier is a set of functions with their entropy finite
for all compact set K in R, where 1k is the characteristic function of K .
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To make good use of the entropy, we recall the weak type of the microreversibility
condition or Stiickelberg condition (3] :

(A3) DAL= A¥ for Vijel.
k,lel ktel

Remark : It is clear to see that this weak type of the microreversibility condition
is weaker than the (usual) microreversibility condition :

(A4) Af, = A¥ for Vijktel.

Remark : We should pay attention to the fact that this condition (A3) is not
only a mathematical generalization of (A4), but also a product demanded by the
physical experiments. In fact, Hamilton and Peng [4] showed that the mesonic
process h, + P — N + ¢+ doesn’t fulfill the condition (A3) due to the breaking
effect, but the condition (A3).

To define the notion of the solutions for the initial data with their entropy locally
finite, we introduce a Banach space and the notion of “weak” solutions on the
assumption of (Al). We emphasize that this (Al) is crucial for the definition of
weak solutions. '

Definition.— We denote B(R x [0,T]) the Banach space of the class of the mea-
surable functions u = (u;(z,t));; defined on R x [0,T] (T < oo) such that the
following norm is finite :

(038) lullg = 3 | ess sup

ie1 /R t€0,T]

ug(x,t)l dz ,

where ug(a:, t) = u;(z + ity t) .
Definition.— Suppose the condition (A1) is satisfied. Let be u? € L}, _(R). We

Loc

say u € B(R x [0,T]) is a weak solution (or simply solution) of the initial value
problem (0.1) if and only if

(0.9) ug (z,t) = ud(z) +/0 {Qi1 (u)(z,s) + Lg (u)(z,s)}ds .

Remark : For u € B(R x [0, T]), we can show that the right-hand side of the above
equation belongs to B(R x [0, T]) if we assume the condition (A1).

Remark : For the bounded functions u;, u = (u;) is a weak solution of (0.1) if
and only if u is a solution (0.1) in the sense of distributions.
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1. Main Results.
We now state the results on the time-global existence of solutions for two class
of the initial data.

Theorem 1([ 9 ]).— Suppose the conditions (A2) is satisfied. For the initial data
u® = (u)) positive, summable and bounded, there exists an unique global bounded
solution u = (u;(z,t)) € L™ (R X R,) and we obtain the estimate

(1.1) lull poorxmy) < C1-exp(Ca2+ k) 5

where C; = C; (“u()”Loo) < C3 (1 + HuOIILM), Cs and C3 depends only on the
equations and p is the total mass

(1.2) fe. p= /R S @)z

i€l

Theorem 2([ 10 |).— Suppose the conditions (Al) and (A3) are satisfied. For

the initial data u® = (u?) with their entropy locally finite, there exists an unique

weak solution of (0.1) defined on R X [0,00) .
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