Existence of the local solution of the fluid
equation in non-uniform space-time

By

Masaru Yasukawa
Department of Mathematical and Computing Sciences
' Tokyo Institute of Technology

1 Introduction

If we consider, together, time t and the physics phenomenon (z,y, z) in the
following way (ct,z,y,2) = (2°,2',2% %) = z, we are able to handle both
the time and the the phenomenon geometrically. This space is referred to as
the space-time, where ¢ denotes the speed of light. By the general theory of
relativity, space-time depends on material. The metric is given by
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where g;(z),%,k = 0,1,2,3 is a metric tensor which depends on z, and this
shows the nature of the gravity place. The metric tensor gix(z) is governed
by the Einstein equation.

Simultaneity space-time is given by
(2) Joa = Jao = 07 a = 1,2, 3.

It is known that the optional gravity place can be changed into the simul-
taneity space-time.
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When g;x(z) is known, we considered the motion of the macroscopic fluid.
Though it was stated first, we may suppose gix(x) to satisfy (2). The velocity
of the fluid particle v* is repersented as,

t(axl dz? az3)

ot’ ot
the mass-energy density of the fluid as p, and the speed of sound as a. The
motion of a ma,croscopic fluid in the simultaneity space-time is governed by

@) 20 Z—f” S(p,0").

Where
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Hgo+y) 1 gty
so that S(p,v*) doesn’t contain the differential term of p and v. Thus, it can
be changed to S = S(w) by the implicit function theorem.

1=

0
Putting A" (w) = a—ﬁ(w),v =1,2,3, system (4) can then be written as
w

ow 3 ow
i V(w) e =
(6) 5 +) A (w)af’ S(w, z,1).

=1
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It is well known that this system can be transformed to a symmetric hy-
perbolic system to which the Friedrichs-Lax-Kato existence theory of lo-
cal smooth solutions is applicable, see, for example, Majda [2]. A°(w) and

Av(w) = A%(w)AY(w),y = 1,2,3, exists when the following conditions are
satisfied

(7)' (i) /i"(w) and A7(w), are all real symmetric and smooth w.
(i) A°(w) is positive definite.

A scalar function 7 = 5(w) is called an entropy function to (6) if there exist
scalar functions, ¢7(w),vy = 1,2, 3, satisfying

(8) Dyn(w)Dy fY(w) = Dyq"(w).
Here and in the sequal, Dyh is taken as a row vector in case h is a scalar

function and is the Jacobi matrix case h is a vector valued function.

According to Godunov [5] ,(see also Kawashima-Shizuta [6]), if a strictly
convex entropy function exists, then the transformation

(9) w— u = Dun(w),

is well-defined and reduces the system (4) to a symmetric hyperbolic system
of the form '

(10) u)at+ZA’V ———-_S(uzt),

=1
whose coefficients

fio(u) = Dyw = (Din)7?,
(1) { Az

satisty the condition (7).

The space-time whose Metric tensor is given as
(12) goo = —g11 = —9gn=—g3=1,0u =0 (i £ k)

and is referred to as the Minkowski space-time. The existence of entropy
function with in Minkowski space-time is known by Makino-Ukai [1]. In this
paper, the existence of entropy function in simultaneity space-time could be
shown. The main result is given in the following,
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Theorem 1 System (4) has an entropy pair (1,¢"),7 = 1,2,3, and thus we
can make the symmetrizer A°(w) when condition (7) is satisfied.

2 Existence of entropy function

Makino-Ukai [1] assumed that entropy pair (7, ¢7) is of the Minkowski space-
time form of

(13) n=H(py), ¢ =Q(py)v", v=12,3.

When I considered the entropy pair as the simulated space-time, the above
form also resulted. Remembering that z = (p,v) can be solved in the way of
system (4), then it can be understood that,

M3 M4 t’U,.
(14) DwZ = * * 1, % * 3
v v*ty G
Ms— —Mg + M;
p p
oo Mav” gooM2p8™ — Mgp tv,.07
(18) D.f" = _
~Myv,0" + a?8" Mgptv,w? — Map(v?' G — '0,67)
Here 2l 2 )
ZC(Cgoo—y) M, =— 2¢"go0
cigoo + a?y ’ ctgoo + a?y’
M — __62(02900 + y) Ms - 20(C2g00 + y)
° c*goo + a%y ’ ctgoo + a?y ’
(16) ) M. = gty M. = 2goo(a® + )
7 a2+’ 8 (2900 + y)? )
gn 912 913 g1 G122 G13
G* = 921 922 923 yGe=| 921 922 923 |,
¢ ¢ ¢® gs1 g2 gss
and
a?
(1) 0= prapl
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Then by putting

(18) (6%) = Dw2zD.f", 1,j=0,1,2,3,
we obtain

bgO = BIU’Y’

bgﬁ = B2p577
(19)

bao = Bap™ v + Byp~lg™,

bZﬁ = _Bs'l)a&g + ‘075;,

\

with
( (c? — a®)gmo c*goo(a?® + c?)
Bl - 4 2 ] B2 = 4 2 )
c*goo + a*y c*goo + a*y
20,2 _ 2\( 2 2( A2
(20) B3 - _a (C a )(C 900+y) , = ___a' (C 900+y)

(0.2 + Cz)(C4goo + aZy) ’ a? + c2 ’
_az(czgoo +y)

Bs = .
? c*goo + a%y

We shall solve (8) assuming that our entropy pair (7, ¢") is of the form (13).
The condition (13) reduces to the following set of equations for the functions

H and Q.

(21) H,=Q,,

(22) BiH, +2(B3y + B4)%Hy =Q,,

(23) BupH, + 2BsyH, = Q.

From (21), there should exist a function U = U(p) of p only such that
(24) H(p,y) = Qlp,y) + U(p)-

On the other hand, eliminating pH, from (22) and (21) and using (21), we
have

(25) pHp = Bl*pop - 2B1—1(B3y + B4)Qy-

151



This and (22) then yield’

ooty o, Comty
%900 7 (a? + ¢*)goo

(26) pU, =
or putting g(p,¥) = (c*900 + y)Q(p, v);

(27) c*900pU, = (1 = 6)q — pg,.

Since the left hand side is a function of p only, ¢ must be the form
(28) a(p,y) = P °lg(p) + h(w)],

where g and h are arbitrary functions. Substituting (28) into (25) or
(29) pg, — 4= —20(c*go0 + )4y,

we get, with a constant K,

(30) pg'(p) — 69(p) = 0{h(y) — 2(c*go0 + y)1'(y)} = —0Ko,

K;’s being arbitrary constants. Now, substitution of (30) into (28) and then
into (27) yields

(31) | CU=-

2 K2p+K3 :
€"goo

Thus we get

K, 1 4
32) 0= H(py) = Zmm==p'" + K - K
(32) n (#,9) c*goo + yp 5 (‘32900 +y 02900> P

and
Kl 1-8

K,
33 s = =+
(33) Qle.) g0ty VIgmty

3 Symmetrization
The change of variable, w — u is given by

(34) u= Dwﬂ(w),
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and Ay(u) becomes 3
(35) Ao(u) = (Dy2n(w))™.

System (4) is changed by arrarging the equation with the right side containing
no differential terms of u,

. 3
(36) Ao(u)ue + Y Ap(u)ug, = S(u, z,t).
k=1
Thus, we can compute
_ goo(a® +¢%) Pt (a® +c*)? __pltity
(37) D a?K1v/cgoo + y a?K1/c%goo + y '
ue = I
(a® 4+ c?)? Py, — (¢® 4+ )V Pgoo + ypol
a2 K1/ g +y K,
and .
- M, Myptv
0 . _ 9 10 Ux
A(u) = Dyu = ( Miov. Myv,to. + MG ) ’
M, = Joole? + €)*(3a’y — o)™
ac?K1(ctgoo + y)?
(38) My, = (& (e 00 — a%y + 2a7Cgoo) 1
10 — Y

a%c? K, (c%goo + y)%
a® + ¢?)?(3a? + c?)p't?
a?Ki(c2goo + y)%

Moo = (a? + ) p*t?
A 1 KivVtgeo+y

Mg =

b
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If Ky < 0, then Ao(u) becomes a positive definite. When the same calculation
is done, it is understood easily that it becomes

( A,y( ) _ v M13'0_Y Mlq t’l.),,,‘l)'Y + M15 t&'
w= My + Mys87  Migv, o0 + My, V )7

V=_§"t, +v,8 + G,

Mon = (a® + *)*goo( =24 goo — c*goo + a’y)p't?
(39) e a2 Ky (cgoo + y)F ’
M = (@) g0(@Ba? + )™ (a® + ¢ 2goop™™?
4= ) 5— 7
! azl{l(c"’goo+y)% ! KivVgwo +y
M @B A) (@4 )P
\ e a?K,(c2goo + y)% ’ Y KivV/goo +y
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