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On Triangle of numbers

Masatoshi Iida

1 Introduction

The number series which is defined by the formula

Qg = zk:(—l)’“-i (f)z" (k=1,..,n)

i=0

is called triangle of numbers(]O]).

As will be mentioned in Section 2, the triangule of numbers are deeply related with Stirling
numbers of the second kind.

The goal of this article is to describe some properties of this number series and to study their
relationship with Bernoulli numbers.

Some of formulas about a,  in this paper has been already known in the context of Stirling
numbers, but we will describe their proofs from the viewpoint of triangle of numbers.

We define 0° = 1 below.

The author would like to express deep gratitude to Professor H. Tagawa for his useful com-

ments.

2 The recurrence relation

Lemma 2.1. For any k£ € N, the following equality holds.

k

Z(—l)’(?)if =0, (£=0,1,...,k—1).
i=0
Proof. In the case of k = 1, the left hand side of the equality is (—1)° (é) 0°+(-1)* (1) 1°=0
and the equality is correct.

In the case of k& > 2, we will prove the equality by the induction on ¢ for the fixed k.

If £ = 0, then the left hand side of the equality is the binomial expansion of (1 — 1)* and the
equality is correct.

Assume that

i(—l)i (f)z” =0 2.1

is correct for £=0,1,...,n (n < k — 2).
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Differentiating both sides of the equality of (1 — z)¥,
[k
(-2 =3 (}) o,
i=0

n + 1 times, we obtain the equality

n+1 k—n—1 ; 10 . k 1—n~—1
()" k(k—-1)---(k—n)(1 — z) = Z (-1) z(z—l)---(z—n)(z)a: .

i=n+1

(Note that £ —n — 1 > 1 since n < k — 2.) Substituting z = 1, we have

0= zkj (-G —1)---(i—n) (’:) = zz;(-l)ii(i 1) (i—mn) (';) (2.2)

i=n+1

We define integers a; (j = 0,1,..,n) by z(z —~1)---(z — n) = 2" + a,2™ + - -+ + ap. Then

the equation (2.2) can be calculated as
. k
0 = Z}(—l)’(i"“ + ani” + -+ + ag) (z>
=

_ [Vk:(__l)i,in—kl ({:) + i(—l)z(anin + -+ +ao) (];)

1=1 i=1
k n k
k) k 41 I3 k ¢
= R e ()
i=1 £=0 1=1
k
= Z(_ni(lz)inﬂ. (. (2.1)
=1
Thus we have proved the £ = n + 1 case. O

Corollary 2.2. We can extend the domain of k of anx from {1,2,..,n} (see Introduction) to
the set of positive integers Nand a, =0 if n < k.

Proof. For n < k, we have

Il

an g i(—nkﬂ(’;) i"

=0

k
k
R3S (B
> 0)
= 0. (. Lemma 2.1)

Il

We consider an,  for any n, k& € N hereafter.
Proposition 2.3. The number series {a, i} satisfies the following recurrence relation.

an1 = 1
Ont1,k = kan k-1 + kan i (k=2,3,...,n+1)
An | = 0 (7’L < k:)
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Proof. The first equality is easy to prove from the definition, and the last one is shown in
Corollary 2.2. The right hand side of the second one is calculated as

=0 1—0
k—1 —1
— ;( l)k 1—- z( . )2n+Z( l)k z( )1 + kM

= 2(-1)’” {— <k ; 1) + (lz) } i+ k"

k2

Sy (’f: 11>z" k"

=0

= i(q)k—i (’;__ 11>z”

=0

k— k
Using the relation k( B 11> = 2(1), we have

k
k)an,k—l + kan,k = Z(_l)kﬁz (k) in+1

Corollary 2.4. a,, =nl

Proof. From Lemma 2.2 and the third equality of the above proposition, we obtain an41,p41 =

(n+ 1)ann. Since ai,1 = 1 holds from the definition, an», = n! holds. O

From above discussions, we conclude that

. i 0 n=0,12,..k—1
Z(-l)k’(i)i" =S anp  n=kk+1,k+2,..
=0 k! n'= k (special cases of the second equality)

Remark 2.5. When the author first tried to solve this recurrence relation, he conjectured that

the general term is
—1

nk_kz e 1< i1>(i+1)"‘1

g

and proved it is true. Indeed it is easy to see an ik = bn x by using the relation
k(5 =@t .
i ) i+1)°
buj = kz e (BT g n
n, ’L
k—i—1 k - n—1
= Z( 1) E+1(,,,)0+D)

i=0
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= g(_l)k—i-l(iL) (i+1)"

= g(-nk-i (f) i"
= Gnk.

Definition 2.6. (Stirling numbers) Let n, k be positive integers.

Integers : defined by following recurrence relations are called Stirling numbers of the first

n n n n n '
:nlk}+ k_l}, [1]=(n—1)!, [0:‘:0, [k}:olfn<k'

This is the number of permutations on n letters having k cycles.

kind :

n+1
k

Integers Z defined by following recurrence relations are called Stirling numbers of the

second kind :

(bl G (i) (3]s

This is the number of way of partition a set of n elements into k nonempty disjoint subsets.

n
Ap i = k! .

Proof. Multiplied by k!, the recurrence relation of the Stirling numbers of the second kind

el i)

1
By this relation and 1! { ) } = 1, we can conclude

n
Qn k. = k! { k } .
The above equality is rewrited as

k!{ : } - \2(—1)’” (’:)z”

=1

Proposition 2.7.

becomes

Of course, this equality can be thought of a definition of the Stirling number of the second kind
(G, [GKP)).

From this proposition and the combinatorial meaning of the Stirling numbers, we can see that
the combinatorial meaning of a, , that is, it is a number of all surjections from a set having n

elements to a set having k elements.
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We obtain the following triangle derived from ay, , by the recurrence relation : a, x is the entry
of the k-th number of the n-th row.

1
)/X] \:x2
1 2
x/xl \:x2 x/x2 \1><3
1 6 6
1/><1 \xz \/xz \1><3 \/x:} \x4
1 14 36 24
\/xl \:x2 \/x2 \xa x/x3 \><4 \/x4 \xs
1 30 150 240 120

Corollary 2.8. For Vn > 2,

m o (_1)\k
Z( ’:) an,k:O.

k=1

Proof. From the recurrence relation of a, x, we can calculate as

ntl (1 k+1
Tan+1’k
k=1
ntl k+1
1
= Gny11+ Z = ———k(@n -1+ ank)
n+1 n+41
= Gn41,1 + z(fl)k—i_lan,k—l + Z(fl)kﬁ_lan,k

n+1

= an+11+Z( 1) ank+z k+1

= Gpyi1,1+ (*1) Qn,1 + (‘1) Gn,n+1
= 1-140=0.

=

The relationship between the above triangle and Corollary 2.8 corresponds to the relationship
between the Pascal’s triangle and the equality in Lemma 2.1 (£ = 0 case).
We don’t know there exist equalities with respect to anx which correspond to £ > 1 case of

Lemma 2.1.

3 Relationship with Bernoulli numbers

In the beginning of this section, we study the relationship of a, » and the generating function
Fo(z) =3 ,m™z™ of the number series 0%,1%,2", ....

Note that

Fy(z) Z n’z

n=0
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oo

zFl(z) = xzm"“xm‘l
m=1
oo

E :mn-i-lmm
m=0

Foii(z) (n€N) (3.1)

as formal power series.

Lemma 3.1. For any integer n > 1, the function F,(z) is a sum of rational functions as
n
F,(z) = Zan,kxk(l )
k=1

Proof. Put n = 0 in the equation (3.1), we have F(z) = 2F}(z) = z(1 - 2)™? = a,12(1 —z) 2.
If we assume that Fy,(z) = Y. 5_; @nkz"(1 —z)7*71, then, by using the equation (3.1), we can

calculate as follows.

Fopi(z) = =z Z ang {11 —2)F 1 + (k+ 1)z (1~ 2)7F 2}
= D kanizb(1-2)F Y (k + Danpet (1 - 2)F
k=1 k=1
n n+1
= Z kankz*(1—2)7F1 ¢ Z kan 1251 — z)7F1
k=1 k=2

= apz(l-2)2 + Z E(@n g+ @np_1)2F(1 —2) %1 4 (n 4+ Dap 2" (1 —z)™ 2
k=2
n

= 11281 —2) 2+ ) anp1 k2t (1 - 2) 7+ anprppaa™ (L - @)
k=2
(.- Proposition 2.3, Corollary 2.4)
n+1

= Z Qg1 ez (1 — ) F L
k=1
O

By the well known fact (see [GKP], [N] for example), Fo(z)F,(z) is the generating function of
the number series Z’:n:o m" .

oo
m=0

oo o0
5 z" E amz™
n=0

m=0

oo o0
DI

n=0m=0

el k
- Z(Zam>mk (k=m+n=k)

k=0 \m=0

In fact, for the generating function G(z) =3 amz™ of a number series {an},

Il

Fy(z)G(z)

holds, and Fy(z)G(z) is the generating function of an:o Q-

From this fact, we can prove the following proposition.



ON TRIANGLE OF NUMBERS 67

Proposition 3.2. For any positive integers £, n, the following equality holds.

2+1
(k + 1)anyk. (32)

> -

£ n
i=0 k=1
Proof. Since easy calculation shows

1 n+1 L
Fo(iE)Fn(fL') = iT.'ISE Cn,kxk(l_w) k-1
k=1

n
= Z an,kwk(l —z)7k2
k=1

n oo
ki
= E Zk—|—2Hjan,kx +I

k=1j=0

oo min{¢,n}

= Z Z ko Hr g pzt (we put £ =j+ k),

=1 k=1
we get
¢ min{¢,n}
Zi” = Z kroHe_xan k-
2=0 k=1

Here, ,H; denotes the number of combinations of n objects taken r at a time with repetition,

that is,
H, = (n+r—1> _ (n+k—l>‘
T k

By the above formula and (5 ) = ap 4 = 0 if p < g, we finally obtain

? min{¢,n} ¢ n
. CH1\ N1 N [f+1
S 3 (e =2 (10 1)eme = (o

=0 k=1 k=1

The equation in the following corollary is found in [Gr].

Corollary 3.3.

Proof.
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Example 3.4. In the case n = 5, the diagram in the previous section says as1 = 1,a52 =
30,as5,3 = 150, a5 4 = 240, a5 5 = 120, so we have

¢
. L+1 41 £+1 £+1 +1

Zs } 2 +12

_z (2)30(3)150(4)+40(5)10(6)

D) 6y goge— 1)+ 750~ 2)(€~ 1) +24(E - (-2~ 1)

+2(L - (-3l -2)(£-1)}
14e
_ X 1”; D2t 4 a5 4 21
(L4 1)2(202 +2¢0-1)
12 ’
Remark 3.5. We rewrite the formula in the above proposition with binomial coefficients as

gin B i(f;:) S5

_i<€+ 1) . (k>z"
k=11=1 k+1 ¢

Definition 3.6. (Bernoulli numbers)

Il
M=
M=
2

=

For a positive integer n, we define a rational number B,, by

" 1
Z(n+ )Bizo) B():la
1

1=0
which is called a Bernoulli number.

Some people use the following proposition as a definition of Bernoulli numbers.

Proposition 3.7. Bernoulli numbers are the coefficients in the following power series:

i

From this proposition and the fact that 1 + 5 = 3 coth—zT- is an even function of z, we
e J—

obtain the following proposition.
Proposition 3.8. Ba,41 =0 forn > 1.

Bernoulli numbers were originally found when Jacobi Bernoulli studied a summation formula

about Zz" His conclusion was the following formula.

Proposition 3.9.
¢

n = n+1 n+l—k
Zz n+1 (k )Bk(£+1) : (3.3)

¢
Since E 1" is known to be expressed by Stirling numbers of the first and the second kinds as
=0
k+1
1 b1 | B4
1 +1—3
R T S

=0 k=0

] (L+1),

we can obtain a relation between Bernoulli numbers and Stirling numbers.
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Proposition 3.10. B, is described by the Stirling numbers of the first and the second kind as

1 (n+1 “ [ n
Bpii, =
n+1< j ) +1-7 Z{k}

k=0

j E+1

k+1 J (~1)k+1-1

A simpler expression is presented in [AIK]. Note that their definition of Bernoulli numbers

are different from ours, they call our (—1)"B,, as a Bernoulli number.

Proposition 3.11. B, is described by the Stirling numbers of the second kind as

=L (—1)F n
= 1
Bu=3, k+1 k'{ k }
k=1
We can find proofs of above propositions concerned with Bernoulli numbers in [AIK], [GKP]
and [K].
Now, we compare the equation (3.2) and (3.3).

We denote the coefficient of 27 in the polynomial z(z — 1)(z —2)--- (¢ — k) by di ;. Then, the
right-hand side of the equation (3.2) is

n k+1

kzzl(]i_:_ll)ank Z(kil)' demank(€+1)m

since (i:i) =+ 1)4{f—-1)---({ — k+1)/(k+ 1)!. Therefore we obtain

k+1

Z( )Bk(€+1 Hok 3 k+1|2dkmank(£+l)
k=0 k:l

and since this equation is satisfied by any integer ¢, every coefficient of (£ + 1)? (p =1,2,...,n)

3

in both sides coincides each other. Especially, by comparing coefficients of (£ + 1)!, we obtain

1 (n+1 -

m( " > Z dk 10n,k (n=1,2,3,..).
i

We have defined that dg 1 is the coefficient of z in z(z — 1)(z — 2) --- (z — k), s0 d,; = (—~1)*k!.

So the above equation becomes

k
By = 1)

n,k-

kol
M
r\

k

Thus, together with the definition of a,, x, we have proved the following theorem (c.f. Corollary
2.8).

Theorem 3.12. For a positive integer n, a Bernoulli number B,, can be described by triangle

array of numbers, Stirling numbers of the second kind and binomial coefficients :

n Nk

1) Ba=Y s (3.4)
k=1
n k

2  B.- ]CI?Z(J)‘(];)W (35)
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Remark 3.13. (1) This theorem can be obtained as a corollary of Proposition 3.11.

(2) As aresult, we obtain an algorithm to calculate Bernoulli numbers by Proposition 2.3 and
the equation (3.4).

(3) Equation (3.5) has an old histry, as is asserted in [Go).
From Proposition 3.8 and Theorem 3.12, we have the following corollary.

Corollary 3.14.

~ (-D*
S o0
= k+1
if n is a odd integer which is greater than or equal to 3.

Example 3.15. The diagram in Section2 says as,1 = 1,a42 = 14,a43 = 36,a4,4 = 24, so we

have
4
(=1*
B =
4 Z PR
k=1
= —la + as3+ —a
= 5 4,1 304,2 1 4,3 5 4,4
B _1+14 36 24
T 23 4 5
o 1
T30
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