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Restriction of the system of differential equations satisfied by
the matrix coefficient of the principal representation of

Sp(2,R)

Masatoshi Iida  Takayuki Odaf

1 Introduction

Oshima and Shimeno studied the system of ordinary differential equations which is obtained by
restricting the A,_1, BCy-type Heckman-Opdam system to singular lines([9]). The result was
applied to obtain the connection formula of Heckman-Opdam hypergeometric functions and the
so-called Gauss summation formula.

In this paper, we will study the restriction of the system of differential equations satisfied
by 2 dimensional spherical functions (matrix coefficients of the principal series representation of
Sp(2,R)) of Ca-type.

2 The matrix coefficient of the principal series representa-
tions

In this section, we recall some facts about the principal series representations of Sp(2,R) and their
K-type. Notations are same as those of [4].

Let G = Sp(2,R) be a split real semisimple Lie group of real rank 2 with a maximal compact
subgroup K which is isomorphic to the unitary group U(2). The restricted root system of G
is of Cy-type such as {£2e;,£2ey, +te; £ e2}. We take a positive system {2e1,2e3,e1 + e3} and
the corresponding minimal parabolic subgroup with the Langlands decomposition as P = M AN.
Here, M = {diag(e1,e2,¢€1,¢2) | €1,62 € {x1}}, A = {diag(ay, az, a1, as) | a1,as > 0}.

Let o be an irreducible representation of M, u = pie; +paes € Lie(A)c ~ C% and p = 2e1+e3 €
Lie(A)c be the half sum of positive roots. The principal series representation of G is defined as
Mo = Ind§; 4 n (0 W a#t? Kidy) and let Vs, be its representation space.

Let (75, V;) be K-types of (4,1, Vir,,,) with multiplicity-free and ¢; be K-maps from Vj into V; ,
each of which is unique up to scalar multiple(j = 1,2). We denote maps of dual spaces(representation
spaces of contragredient representation) Vi to V7, by (.

o,
We denote the vector-valued smooth function space

Cx L(K\G/K) ={f: G = Vi@ V5" | f is smooth, f(kigks) = 71 (k1) © 75 (ko) " f(9),
ki, ks € K,g € G}

We choose bases {v] | k= 1,...,dim V}} of V; and its dual bases {vi | k=1,..,dimV;} of V.
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Definition 2.1. We define the function in C2°_ (K\G/K)

T1,T2

6(9) = S (Mou(9)ia(0}) 11 (0} ol @

k,l

as (71, 72)-spherical function.

Note that (74, (g)t2(v?),i(v} ")) is a matrix coefficient of the principal series representation
Tou, and we denote this function by ¢;(g).

By the Cartan decomposition G = KAK, ¢ is determined by the values on A. We use the
coordinate (1, z2) on Lie(A) as the coordinate of A, which is the dual basis of {e;, es} in Lie(A)*.

We take o = (id, sgn), (sgn,id), where id is the trivial representation and sgn is the sign rep-
resentation of {+1}. Then, 7, , has 2 dimensional irreducible K-types as minimum dimensional
components and we choose 2 dimensional K-type 71 = (k,k — 1),72 = (I,] — 1) with k,l € Z
(The detailed definition including the choice of the basis is found in [4]). We assume that k = 1
mod 2. From the symmetry with respect to the action of the Weyl group, we have the following
lemma(Lemma 4.3 in [4]).

Lemma 2.2. (1) Two of four components in ¢ are 0: i.e. ¢poo(x1,x2) = Pp11(x1,22) = 0, hence
P(21,2) = o1 (x1, 22)v5 @VE + d1o(a1, T2)v] @ V7 .
(2) Moreover, we have the symmetry:

#10(71, T2) = —do1 (T2, T1).

Remark 2.3. If o is either (id,id) or (sgn,sgn), the minimal dimensional K-type in 7, , is 1. And if
we take 1 dimensional K-type as 71,72, the function ¢ is a scalar-valued function. The restriction
for such ¢, that is, the Heckman-Opdam hypergeometric function of type BCsy, was studied in [9].

We define functions %1, %10 as
o1 (1, x2) = (coshzy COSh$2)lJ§ (sinhzq smhxz) 7" cosh™ acl<;501(gr:1,952)7
¥10(x1, 22) = (cosh z cosh :cg)l%(smh 1 sinh a:g) 7" cosh™ :rggblo(xl,xg).
They also satisfy the symmetry : ¥19(z1,22) = —to1(x2, 21).

Theorem 2.4 (Equation (7.3) in [4]). Both 11 and 119 satisfy the following system of differential
equations.

O O {2k = 1)cothay +2(3 — k — ) coth 221)}
82 o3 coth z; coth 22, o,

+{2k cothzs + 2(1 — k — ) coth 2;32)}8%

0 0 0 0
th _— th — _——
+ coth(z1 + x2) (8%1 + 8&:2) + coth(z1 — x2) (3301 8.1:2)
— coth? (1 +22) — coth? (z1 — x2) + 2 coth 2z coth(z1 + x2) + 2 coth 224 coth(zy — x2)
— cothz; coth(zy + x3) — cothxy coth(zy — x5) + 212 — 81 + 5} o1
—{cosh(z1 + x3) sinh72(x1 + x2) 4 cosh(zy — x2) sinhfz(xl —19)} cosh™! z1 cosh 2110
= (i + 15 — 5)dbor,
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a—2+8—2+{2k thay +2(1 —k — 1) coth2 )}i
8% o232 3 cothxy coth 2xq o

+{2(k —1)cothza +2(3 -k —1) coth2x2)}a%
2

0 0 0 0
h 2 .2 h(z) — ) [ — — -
+ coth(zy + z2) (81’1 + 81‘2) + coth(zy — z2) (3961 31‘2)
— cothQ(z’l +29) — Coth2(1’1 — Z3) + 2 coth 2z5 coth(zy + z2) — 2 coth 2z5 coth(zy — z2)

— coth s coth(xy + x2) + coth xg coth(z; — 29) + 212 — 81 + 5} P10

—{cosh(z; 4 29) sinh (1 + x5) + cosh(z; — 29) sinh ™% (1 — x5)} cosh z1 cosh™ zatr
= (i + 13 — 5)no-
The latter one is the consequence of the exchange of variables 1 and x5 in the former one.
We will write this system by the coordinates

y1 = exp(z1 — T2), Yo = exp 2z,

which correspond to simple roots. Note that the point (y1,y2) = (1, 1) corresponds to the identity
in G and ¢(y1,y2) is analytic around the point.

We regard ¢ and v as functions in variables y;, yo hereafter.

Using this lemma, the above two equations are written in ¥, y2 as follows.

Theorem 2.5. 1o1(y1,Y2), Y10(y1, y2) satisfy the following system of differential equations.

AN (0, DY
ylay y18 y2c’)y2

1 42 +1 292 41 241 0
R L L e =1 (T
12/2 -1 yiys — 1 yiys — 1 yi—1 oy

Lt yy+1  yiys 1l yi A+ 9 9
2% 21—k —1 - 2y
+{ y2 — 1 1t )2 —1+y§y§—l yi -1 ylayl+ Y25y,

yi — 1 ytys =1 wyiye—1) \yfys -1  y7 -1
yz(y1y2+1 yi+1 }2y%(y2+1)w

2,2 41 1 42 11 2 1 3+l yi+1
(yéy2+ ) (y1+ ) +(2y1yg+ _ Yive t+ )(yly2+ +yéJr )+2l2—8l+5] o1
1
{ Yiye + 1

(y7 )2 (yf - 1)?
= (13 + 3 — 5)1/)017

2.1)
— 2 i ’ + - ’
Y1 Ay Y2 7 Y1 o
y2 + 1 y+1 s+l yi+1 0 9
2(k -1 23—k —1 — —Y1=— + 2Ys—
+{( )yz—1+( )2—1+y%y§—1 yi — 1 Ny T By
2 2,2
+1 +1 +1 +1 0
+ {QkyéyQ Y2l —k— l)y1y2 + yéyg + y1 } (yl )
yiye —1 y1?¥2 1 yyys —1 yl - oy
2,2 2 2 2 2,2
y1y2+1) (y1+1) < Y3 +1 y2+1) (y1y2+1 y1+1> 2
— — + (2 . — + 20 — 81+ 5| 919
(y%zé—l yi — 1 y3—1 p—1)\yiys -1 yi—-1
B {U2(91U2 +1) oyl } 2(yiy2 + D s
(yiys — 1) (yi —1)? y2+1
= (uf + p3 = 5)¢no (2.2)
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The latter is obtained by changing variables (y1,%2) — (1/y1,%%y2) in the former. This trans-

formation corresponds the change variables (z1, z2) — (22, 21).

Theorem 2.6 (Equation (7.4) in [4]). ¢ satisfies the differential equation of 2 x 2 matriz type as
R(E}! ) o R(E; )¢ = —{3 — (1 =1)*}, where j =1 when | is odd and j = 2 when | is even.

R(E} ), R(E[) are written as follows.

R(E] )Y(x1,22) = (coshx;cosh asg)*lJer(sinh x7 sinh asg)*% cosh zq

0 1
X {f {8 + = (coth(xl + x2) — coth(zy — xg))} o1
T2
1 «
—§(c0th(x1 + x2) — coth(zy — wz))wlo} vy @ U3
I+k -k
+(coshxy coshz)™ = (sinhzy sinhzy)™ 2 coshay

H 881 ! (Coth(azl + x2) + coth(zq — 332))} P10

1 "
+§(coth(x1 + x2) + coth(zy — mg))w10:| vl @3,

where 3 = (I — 1,1 — 2) and {v3" ,v3"} is a basis of 75.
For R(E; )i (x1,x2) = (coshz; cosh 2o) " (sinh x; sinh z:3)
+(cosh z; cosh xg)*# (sinh 1 sinh 1‘2)*% cosh x21/~)11(a:1, o)V} ® v:{’* s

I—k ~ -
~= cosh x1900(z1, 72)vs @ V3

R(E;",) o R(E; )¢
= (coshz; cosh o)™ E (sinh z; sinh x2)_% coshzy

1 -
Hi + 2k cothag 4+ 2(1 — k — ) coth 2x5 + §(coth(acl + x3) — coth(zy — mz))} Yoo

0xo
1 1 cosh o
) cosh x1 d)ll] UO ®v1

1
+§ (sinh(:cl + x2) + sinh(z1 — x2)
-5 (sinh z; sinh xz)f% cosh x5

(1 -k —1)coth2z; + ;(coth(atl + x2) + coth(z; — xg))} Y11

+(cosh z1 cosh z2)
0
X [f {— + 2k cothzy + 2

0z
1 1 cosh xy
cosh zo

1
2 (sinh(xl +x3)  sinh(zy — 22)

Then, we will describe the above differential equations with respect to the coordinate (yi,y2).

1/}00] U1 ® vo

Theorem 2.7. o1(y1,¥y2), ¥10(Y1, y2) satisfy the following system of differential equations.

d 0 yo +1 v+l 1R+l i+l
Y+ 2 -+ 2T 4 21—k += -
{ o ( ) yiys -1 yi—1

) Y2 — 1 2—-1 2

9 a 1 [(yi3+1 y1+1)} 1 /32 +1 y1+1
o| ==y 2+ <'77 dor — 5 (2 i
{ { oy A2 yiys — 1 yi -1 i -1 yi-

+1 1 o 1 +1 +1
y12(yz ) ( R )O H L1 (y1y2 N y1 )} o
yiv2+1 \yiyz3 —1  yi—1 Yoy, yiys — 1 yi —

1 (yiys +1 y1 +1
o Zgz T - = (1-1)
3 (y%yg 3 + o1 —{u - Yoy

(2.3)
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0 +1 241 1 (P2 +1 241
{yl— Ryt ol —k-plT o S (Ui U
Oy yiys — 1 yiys —1 2 \yjys —1  yp—1

9 (y1y2+1 y1+1>} 1(y%y§+1 y1+1> }
Y17— + Yo+ - | 55—+ o1
H o 2\ 1 -1 2\viy3 -1 i
y1y2+1( Y2 1 ) { { 5, 9 1(y1y2+1 y1+1)}
- - o= —y1m— +2y—— + Vo1
y2+1 \wyiys —1 yi—1 oy Y2 yiys — 1 wi

1 (yiy3+1 y1+1>
e = bo| = — {2 — (1 — 1)} ¥io 2.4
2 (y%yé—l vi ~ 'y 24

3 Leading components

Let (o1 (y1,92), Y10(y1,¥y2)) = (€1(y1,y2), &2(y1,y2)) be alocal solution of the system of differential
equations (2.1), (2.2), (2.3) and (2.4) which has the expansion around (y1,y2) = (0,0) as

61 (v, 12) = 28 Cpq\,p, a
(52@1:?/2) R Z dp.,q Y1Ys,s

p,qeNU{0}

either cog # 0 or dgg # 0. That is, (a, 8) is the leading exponent of the local solution. Hereafter,
we denote cqg, doo by ¢, d.
The indicial equations of the system are

{la=28-141)2+(a+1-32—pf—p3}c=0, (3
—2c+{(a@—28—-1+1)+(a+1—-3)>—pi —p3 +4a—48—2}d =0, (3
{(a=28—1+1)*—pi}c=0, (3.
—(28+2=3)c+{(a+1-2)*—pi}d=0. (3

Bow N o~
s &L

If ¢ # 0, then equation (3.3) implies & — 25 =1 — 1 — €, where ¢; has the same meaning as
above. Then, from the equation (3.1), we have

u§+(a+l—3)2—u%—u%:0.

By solving this equation, we obtain

1 1
(o, B) = (—l +3+ejuz, —l+2+ e + *62M2) ;

2 2

where j and €5 have same meanings as above.
For these o and 3, equations (3.2) and (3.4) are

{ —c+ (1 —€jp; +E;u3)d =0,
(1 + &5 + E;/L;){*C + (1 — €l + Ej,u;)d} =0.

<\ _y 1—ejuy +e5u5
d 1 ’

Especially, we have 1 — e;u; + €55 # 0.
If ¢ = 0, then d # 0, equations (3.1), (3.3) are trivial and equations (3.2), (3.4) become

Therefore, we have

{la=28-14+1)2+(a+1-3)%—pf—pj+4a—48-2}d=0, (3.5)
{(a+l—2)2—,u?}d:0.
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From the equation (3.6), we obtain
a=—l+2+¢;u;,
where ¢; € {£1}. Then, we have
(=28 =20 +3+eju)* + (=1 +eju)> —pd —p3 — Al +8+4eju; —48—2=0

from (3.5) and by solving this equation, we have

1 1
B=—l+2+ e+ e2pn,

and the leading exponent is

1 1
(Oé,ﬁ) = (—l +2 -|—Ejp,j, —+24+ 581/,&1 + 552#2) .

Now, we have proved the following proposition.
Proposition 3.1. There are two types of local solutions (§1(y1,y2),&2(Y1,Y2))-

Type 1 The leading exponent is

1 1
(oeg)m,ﬁehw) = (—l +3+egu;,-l+2+ 5c1 + 552u2)

and

61(3}173/2) ) O‘gl1>52 Bey,ea (1 —Ejpj + 53“3) Cp,q P, q
=Y Y d + E i Y192
( &(y1,92) 1 pgeN dp,q
(p,a)#(0,0)

Here, d is some constant, (j,7) = (1,2) if l is odd and (j,j) = (2,1) if | is even. e;,; are
in {£1} and independent from each other.

Type 2 The leading exponent is

1 1
(aéz?szy/BELEz) = <7l + 2 + 5]'/14]‘, -l + 2 + 561/“1’1 + 582/“2)

and
&1(y1,92) _ yai?,gz yﬁsl,sz d 0 + Z Cp,q yPyd
&(y1,92) ! 2 1 dpq 172

p,qEN
(p,q)#(0,0)

4 Restriction to y, =0

In this section, we assume that [ is odd so that 5 = 1 and j = 2. To obtain the result corresponding
to an even integer [, we have only to exchange 1, 11 and €9, po.

Since 101 (y1, y2), ¥10(y1,y2) are analytic around (y1,y2) = (1,2), we can define analytic func-
tions f51-,52 (y1)7961,62 (yl) around 0 < y1 <1 by

(ot )= 2, Alanin) + G))-

e1,e2€{x1}
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This is a linear combination of local solutions.

By inserting a local solution ysel’” (fl@ Ezlg) + (88%)} into equations (2.1), (2.2),
e1,e2\J1 2

(2.3) and (2.4) and then multiplying y;ﬁsl’gz and taking the limit yo — 0, we obtain the system
of ordinary differential equations satisfied by fe, c, (Y1) geq,e0 (y1)-

Lemma 4.1. The functions fo, o, and ge, c,(y1) satisfy the following system of differential equa-
tions.

d ?J% +1 d 2 y%
— ) + | —28c, 6, — 14+ F%—— — 424 + 20 1—1-
{(yl l?jl) ( €1, % 1 Y1 m £1,62 e1,62 % 1

l—12+l—32— 2,2 22+1 ,
+ ( ) ( B ) a = fsl,é‘z(yl) = %{fﬂﬁz(’yl) +g€1,62(yl)} (2'1 )
1
d\? yi+1 d 2 y3
2 . 41 - —9_
{(yl dy1> + ( 2651,52 +1+ Z/% — 1) Y1 dy1 + Qﬁa,sz + 2551,52 (l y% — 1)
I—1)2+(1—3)2—p? — 12 2+1
+ ( ) ( ) M M2 Je1,e0 (yl) = 42421 Q{fsl,sz (yl) +g€1,52 (yl)} (2’27)
2 (vi—1)
d 2 y2 d 2086, e y2
{(yldyl> -2 (2551,52 +i-1- y% i 1) legﬂ + (2651,62 +1- 1)2 - y%h_211 - :u% f517€2(y1)
2
Yy )
= (y2 _1 1)2 {(2ﬁ51752 +20— 3)y% + (72/861,82 —2l+ 5)}{f€1,52 (yl) + Yei,e0 (yl)} (23 )
1
d\’ 1 d 2B,
— ) 42 114y — — e 2 (1 1)2
{(yldm) 2 (=10 i g - B (1P g al)
1
- (y2 _ 1)2 {(72551,52 -2l + 5)3!% + (2/851,52 + 20 — 3)}{f51,€2 (yl) + e 62 (yl)} (24’)
1

To make the symbols simpler, we omit €1, e from f;, c, (Y1), e, e, (¥1) and Be, ., temporarily.

Lemma 4.2. Functions f(y1),g(y1) satisfies the following differential equation respectively.

d \?2 d
2B 41— 22— 1) (y@> ~ (5 +1-2){(20 1o} — 28— B}

oo (1-1- ) 4 ORI o8yo5 sog — 23— 4.5)

yi—1 2
2
~{esri-ap - 22 bz ) s o (@)

2
a5 41—~ 1) (y%) 2B+ 2){(26 — 3 — 26 1}y1d%

+{2,32+25 (p%yﬁ 1>+(l_1)2+(l_23)2_N%_M%}{(726721+5)yf+26+2173}
7

_{_y§2[_31 —u?+(l—1)2}(yf+1)} 9(y1) =0. (4.2)

Proof. The first equation is obtained by {(28 + 21 — 3)y? — 28 — 2l + 5} x (2.17) —(y3 + 1)x (2.3")
and second one by {(—28 — 21+ 5)y? + 28 + 21 — 3} x (2.2") —(y? + 1)x (2.4). O
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Let u = y? and we define f(u) and §(u) by f(u) = ul/>=2~ 51“1/2f(J1) G(u) = ul/2-1—erm/2g(y))
respectively. We can derive differential equations satisfied by f and ¢ from equations (4.1) and
(4.2) as below.

[ d? 3 ey Eau2 T e1p1 Eau2 d
1 u)—— I ot ) S _ =22 “
ul u)du2+{2+ 2 2 2 2 )" du
3 N
e —eama + )] ) =0 (4.3
d? 1 pr pe 5 p1 e d
1— SN ot S oo Y (RO ot S el
ul u)du2+{2+2 > 2 2 T2 )Y
1 _
~ 5 = e+ 1] 30 =0 (4.4

Since f(u) and §(u) are analytic around u = 1(i.e. y; = 1), we can express them by the
Gaussian hypergeometric function o F; as

fu) = cpaF (§ .

1 5 11 1
53 Fe2h2 + Lz l—u), G(u) = cgol 3361 — gep + L%l —u |,

€11 —

where cy, ¢y are certain constants. From the formula

I'(c)'(c—a—10)

[(c—a)l'(c=b)

T(e)T(a+b—2c)
[(a)I'(b)

oFi(a,b;c;2) = oF (a,b;a+b—c+1;1—2)

+ (1—2)°"%F(c—a,c—bc—a—b+1;1—2)

and f(yl) _ ufl/2+2+elu1/2f( ) y—l+4+s1u1f( ) (y1) _ u—l/2+1+51y1/2§( ) =y l+2-‘r51mg(y%)7
we obtain the following theorem.

Theorem 4.3. There exist constants cy,cy and

I (—3eip+deapo— %) _uy 31
fy) =c 5 5 sy TR (
(1) ! /rl (7%51#1 + %62#2 + 1) ! 2’2

2 (3e1pn — 38202+ 5)  1431eom 11 1 1 1 1,
PoFy | o, —seip + Seapn + 1 =S + Se2p2 + 5 ;
fl‘( 1 — 252u2+1)y1 24 2' "9 1M1 2 2/42 B 1M1 B 2442 D) h

o0 (—3erpn + 5eapin+3)  piorepn 11 1
= 1L F —e1ll1 — —€Eatg + 1;
g(yl) {ﬁr (*%61#1 T %52;“2 i 1) Y1 211 2 D) 1M1 B) 2M2 5

U (3101 — 5822 = 3)  iisieam 31 1 1 1 3
YL 2P (S, — e+ —apn + 1 ——eipn + —eape + Syt ) b
fl“( 1t — €2N2+1) Y1 211 (2 B 1M1 2 2442 2 1M1 2 242 B yl)

Since I'(s + 1) = sI'(s) holds, we have

1
1.
262#2 +1

SE1H1 — SE1H1 —

15 +§' 7
2 B 242 2791

Lo+ 52
—£ — —€ =3
1M1 2 2/42 2791

2r L :l:1 -|—1 =( + nr L :I:1 L
¥251M1 2€2M2 B = (Fe1p2 T 22 $2€1M1 252,uz 5"

From the definition of f and g, we have the following theorem.
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Theorem 4.4. For u(e) = e1pu1 — eapa, the asymtotic of the spherical function is

—l4+2+3 +3
<,¢01(y17y2)) _ Z y2 2€1H1ITZE2/2

Y10(y1,y2)

e1,e26{£1}

" {F (—3mle) = 3) e < oy U2 Fy (3, 50(e) + 15 5u(e) + 3507) )
T (—pe) +1)7" Caey ey (—(€) = D)2 F1 (5, 34(e) + 1i 3pa(e) + 5:47)
r (%N(E) - %) —l+34eapz [ Cfeyen (u(e) — 1251 (%7 *%IL(E) +1; *%N(E) + %; y%) O(y2)
T (3ule) +1) " ( Coy o2 F1 (3, —30(e) + 15 =3 pa(e) + 3;73) ) * O(yz)) } '
Subsequently, we will decide the ratio of constants cy, cq.
Theorem 4.5. ¢y, . = —cq4 _,
Proof. From Theorem 4.4, the ratio of coefficients of y; [l tean 4o
Cloyey((E) = 1) feq., .-
On the other hand, Proposition 3.1 says that this ratio should be
1—p(e): 1.
(Note that we assume [ is odd and j = 1.) Therefore, we obtain ¢y, . = —cg. _, . O
So the spherical function is asymptotically
(w01(y1,y2)) _ Z %ﬂyQ_HH%EWﬁ%EZM
Y10(y1,y2) crenelit} VT
« {F (*%ﬂ(g) - %) y—l+2+61u1 ( yioFy (%» %N(E) +1; %N(E) + %;y%) )
T (—gue)+1)7" p(e) + D2k (3, 50(e) + 15 50(e) + 3397)
)

F(31(e) = 3) —trsteam ((u(s) ~ 12 (3, —3(e) + 15 —3p(e) + l;y%)) N (O(yz)) '

3 1) —zu(e) +15—3 Y )

5 Restriction to y; =0

As in Section 4, we consider a local solution

Yor (y1,y2) ) oy [ (a2 <0<y1>) oy | (o) (0(y1)>

, = y ’ - - y -

< Y10(y1, y2) sl,agﬂ} ! b))z, (y2) O(y1) Ehs;ﬂ} ! b, (y2) O(y1)

of equations (2.1), (2.2), (2.3) and (2.4).

ol [ (al)ea(m2)) | (OGn)
Inserting a local solution y, fye + ( % ) into (2.3) and then multiplyin
’ " { (bgsz(yz) O(y1) (23) plying

and taking the limit y; — 0, we obtain the ordinary differential equation

1 +1\ d
m +1<:y2+ k-2 )
[ IR G e S = P
1
2

2 1 1 1—1)% -
(ky2+1+(1—k—l)y2+ )a“) ﬂ{% oD (y) = 0.

1
T en

Y

+ €1,€2 €1,€2

4 Y2 — ys —1
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We put ac, ,(y2) = yggl’” ag)@ (y2). Then, the function a., ¢, satisfies the following differential
equation.
d? 14+ejp; 14+k-1 1-k-1\ d I —1—cjp){l—1)y2 — k
[72 + < Mg + ) LA ( 1) {( )Y2 } ey ey (y2) = 0.
dy3 Y2 Y2 —1 y2+1 ) dya ya(y2 — 1) (y2 + 1)

This is called the Heun’s differential equation, whose Riemann scheme is

0 1 -1 o0
P 0 0 0 1-1
—Ejlbj -k [+k 1+5j,ujfl

and the accessory parameter is (I — 1 —e;pu;)k.
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