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Toward a combinatorial formula for an irregular conformal
block of rank one

Hajime NAGOYA and Yasuhide NUMATA

Abstract. In this note, we give a combinatorial formula for a partic-
ular three-point irregular conformal block of rank one using the Littlewood-
Richardson numbers and propose a conjectural formula for the general three-
point irregular conformal block of rank one.

1. Introduction

The aim of this note is to study explicit presentations for series expansions of
irregular conformal blocks at irregular singular points for the Virasoro algebra. Our
study is motivated by AGT correspondence [1] which gives an explicit presentation
of the four-point conformal block in terms of Nekrasov partition function. This
correspondence has some degenerate versions, the investigation of which was started
by Gaiotto [4].

As is well-known, the ordinary conformal block is a building block of conformal
field theory with Virasoro symmetry. The degeneration procedure mentioned above
yields explicit presentations for series expansions of ‘degenerate’ conformal blocks
at regular singular points. Such conformal blocks could have been investigated
since the beginning of conformal field theories, but actually very few studies, such
as [10], [16], have been done before AGT. ‘Degenerate’ conformal blocks are now
called irregular conformal blocks since the Ward equations (some people call it the
BPZ equations) have irregular singularities as ordinary differential equations.

This introductory section 1 will give some definitions and basic facts neces-
sary for our study. We begin with the definition of vertex operators for irregular
conformal blocks. In the second subsection irregular conformal blocks will be de-
fined. The third subsection gives a brief explanation of the consequence of AGT
correspondence in our situation.

1.1. Vertex operator
First of all, let us recall the definition of vertex operators of Virasoro algebra
on irregular Verma modules and irregular conformal blocks.
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Denote the Virasoro algebra by Vir = @, ., CL,, ® Cc, which is the Lie algebra
with the commutation relations

Tl3—'fl

_ L =0.
12 c, [ m,C] 0

[Lma Ln] = (m - n)Lm—i-n + 6m+n,0

For r € Z>(, we define an irregular Verma module M /[(] as a representation of Vir
generated by an element |A) (A = (A,,...,Ay.) € C"*1) such that

LoA) =AplAY (n=rr+1,...,2r), Ly|A)=0 (n>2r+1).

Hereafter, we call |A) the irregular vector. The module M/[\T] is spanned by linearly
independent vectors of the form

Li - Ly [N (ip <--- <ip <71).

When r =0, M I[XO] is the usual Verma module. The non-negative integer r corre-
sponds to the rank of singularity, as explained below.

DEFINITION 1.1. A vertex operator ®%, ,(z) : M/[(] — MI[\T,} is an linear oper-
ator satisfying

d
[Ln, @R A (2)] = 2" (zdz + (n+ l)A) % A(2),
DY A(2)|A) = 2% exp z’“: Pn iw z"
A n=1 z" n=0 o

where o, By, € C, wy,, € M and wo = |A).

In the case of r = 0, the vertex operator @ﬁi A, (2) ME — Mg)l was intro-

duced in [2] and exists if Mg is irreducible.
In the case of r > 0, we have the following theorem.

THEOREM 1.2 ([18]? For a positive integer r, if Aoy # 0, then the vertex
operator @ﬁ/yA(z): MI[( — M/[(,] exists and s uniquely determined by the given
parameters A, A, B, with o = —(r+1)A+a&(6,A), Bn = Bn(Br,A) (n=1,...,7—
1) and

A, =N, —0p,rBr (n=r,...,2r).
Moreover, the coefficients w,, are polynomials of A, B, A and A;TI.

We remark that Mj[\r] is irreducible if and only if Ag,_1 # 0 or Ag,. # 0 [11],[3].
We expect the irregular Verma module M ,[(] with Ay, = 0 and Ag.—1 # 0 can be
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used to describe a system in a ramified case. Because the pairing of the Whittaker
(or Gaiotto) vector is the building block of a short-distance expansion of Painlevé
IIT; tau function [7], which has only ramified singular points. Here, the Whittaker
vector is the rank one irregular vector |A1, 0) embedded in a Virasoro Verma module
Ma.

Denote a dual irregular Verma module by MX’[T] with irregular vector (A| such
that

(AL, = A (A] (n=—r,—r—1,...,=-2r),
and MZ’ s spanned by linearly independent vectors of the form

(M|Li, -+ Li, (=1 <iy < -+ <ip).

A dual vertex operator @f\’ﬁ,(z): MX’M — MX}M is defined in the same manner

and the similar statement to Theorem 1.2 holds for the dual vertex operator.

1.2. Conformal block
Recall the Shapovalov bilinear form on the usual Verma module. We denote it
by (-): MZ’[O] X Mg” — C. It satisfies

(Al |A) =1,
(ulLn o) = {u] - Lale) = (ul Lo o),

where (u| € MZ’[O], |v) € ME]. We also use a bilinear pairing (-): MZ’[O] xM/[\l} —C
as

(Al-]A) =1, (ulLn - |v) = (u| - Ln|v) = (ulLn|v),

where (u| € MZ’[O], lv) € Ml[\l]. It is well-defined because L,, acts on |A) diagonally
for n > 0 and L, acts on (A| diagonally for n < 0.

A four-point regular conformal block is defined as an expectation value of a
composition of vertex operators. For example,

(Bocl - (@R (1) 0 R34, (2)120)) (1)

is a regular conformal block for the points 0, 1, z, co and a series expansion at z = 0.
By definition, it coincides with

(Ase|®R214 (1) - 278, (2)]Ag).

Here, we suppose that Verma modules Ma__, Ma and Ma, are irreducible. The
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following
(Bocl@3 1 (2) - 881, (1)]A) ®)

is also a regular conformal block for the points 0, 1, z, 00 and a series expansion at
z = 00. The connection problem of conformal blocks has been still an open problem.
See, for example, [20], [9]. In addition, we have not understood convergence of
regular conformal blocks neither.

A three-point irregular conformal block is also defined as an expectation value
of a composition of vertex operators. The following

{Aco| - @374 (2)10) (3)

is a three-point irregular conformal block for two regular singular points z, co and
one irregular singular point 0 and a series expansion at z = 0. A series expansion
at z = oo of the three-point irregular conformal block is given by

(As|® A). (4)

NOR
If the parameters A,, A’ and A take certain special values, then the irregular
conformal blocks (3) and (4) are solutions to a second-order ordinary differential
equation equivalent to the Kummer confluent hypergeometric equation. See Sub-
section ITI B 1 in [18]. In this case, the irregular conformal block (3) is a divergent
series and (4) is absolutely convergent in C.

1.3. Combinatorial formula
By AGT correspondence [1], the four-point conformal block (2) with ¢ =1 is
expressed as

* i 9276 — —
(01050 (2) B2 1o (1)]0F) = 272702777 (1-2)210 3™ f&,,( 1 )Z A1l
A\ pu€Y 00, 0,00
(5)

where

0.0, ) [[ (Outotioi? =)0 +o+i—iP - )

JT'.)\ 7 < ~ P 3 . =
M \Ooo, 7, 00 GHEA h3 (0, 5) (N + i — i — j + 14 26)2

< 11 (01 =G +1i—j)> = 08)((0- — & +i—j)* — 03)
h2 (i, §) (1 + Ni — i — 7+ 1 —25)? '

(IS

Here Y denotes the set of all partitions, \' denotes the transposition of A and
ha(i, 7) is the hook length defined by hx(i,7) = Ai + A} —i —j + 1. It is natural to
expect that our irregular conformal blocks (3) and (4) have explicit combinatorial
formulas, since degenerate Nekrasov partition functions are known [4].
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If we use the explicit representation (5) of the four-point conformal block, com-
putations of degeneration limits are easy. We can take a limit of (5) by

O +0g=€¢t, 6,—00=0,, z—ez, €—0, (6)

which corresponds to confluence process moving the regular singular point 1 to 0,
and obtain a combinatorial formula for the three-point irregular conformal block
(4) with ¢ =1 [14], [7]. This is also true for any c.

On the other hand, by the limit (6), the four-point regular conformal block (1)
with ¢ = 1 diverges although it has a similar expression to (5). It turns out that we
have to also move A = ¢2 to infinity and multiply some function such as (1 — z)4
in order to obtain a limit of (1) [12]. This multiplication breaks the combinatorial
structure of the four-point regular conformal block. As a result, we cannot obtain
a combinatorial formula for the three-point irregular conformal block (3) by the
limit.

An explanation why the four-point regular conformal block with ¢ = 1 admits
the combinatorial formula (5) is given by expanding the integral representation of
it in terms of Schur functions [15]. In the following, we discuss the expansion of the
integral representation of our irregular conformal block (3) to construct an explicit
combinatorial formula.

2. Integral representation
The integral formula for the three-point irregular conformal block (3) with ¢ = 1

is

o IS t t m n
Z2aoazefa2/z / dyl L. / dyn / dry -+ / dz., H H(xl _
0 0 0 0 i=1j=1
2az H y

% H( y] 2 H L x] Hx?aoe—l/m Z 200 —l/yJ o Z)Zozz.
i<j 1<j =1
(7)
Precisely, the expansion of the integral above at z = 0 is equal to
a2
(@00 + 1% G, 1o, 4m,1/4) (070 (D) (20, 1/4)) (8)

up to scalar, where ag + a, + ase + m +n = 0. The integral formula above is
obtained by the free field realization of vertex operators. Because the construction
is a standard one, we omit the explanation.

Let us recall the Selberg integral formulas with Schur polynomials inserted in
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the integrand:

c\H

1
/dxlno.
0

= n!fn

dxpsy(x) H(Iz — Ij)Q H ri (1 — ;)"

i<j
nFu+ (n—14)+ X)l(v+ (n—1))
Flut+v+@2n—i—1)+XN)

i=1

where sy (z) is the Schur polynomial defined for a Young diagram A, I'(u) is the
Gamma function and

Fa) = TTw =25 45 ).
i<j

Thus, we expect that we obtain a combinatorial formula for the special three-point
irregular conformal block (8), if we expand the integral representation (7) at z =0
in terms of Schur polynomials.

By Theorem 1.2, the coefficients of the three-point irregular conformal block
(3) are polynomials of Ay, Ay, 81 and A. For example, in the case of ¢ = 1 we
have

(651 <(I)?0§,1/4),(076,1/4)(Z)‘(e, 1/4)>>

= 20520-P)eB/= (142 (28 — 3620 + 862 — BO2 — BO2 + 002)
+2(48° — 128°0 + 13B40% — 4B*0% — 4802 + 58* — 63°6° + 63003
+ 1032002 — 10330 + 20 — 2326202 — 8%60%0% + 636% + 320,

+ 2820202 — 38203 + 5201 — 382602 + 236%0% — 363

—2300302 + BOO; — 28007 + 58002 + 6207 — 20207 + 030%) 2> + -+ ).

We remark that A, can be taken as any non-zero complex number by scaling z.
Therefore, the combinatorial formula for the special three-point irregular conformal
block (8) will give a combinatorial formula for the general three-point irregular
conformal block (3).

By the following change of the integral variables

the integral becomes

ZQ(az-l-m)(az-‘rm-&-ao)—Qai e—((xz—i-m)/z

oo [e’e] oo o0 n m
X / dyy - - / dyn/ dxy - / dz,, H yj_2a°_4e*yj H :c?aze“"i
0 0 0 0 i1 iy
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m m

X H(l — zx;) " Haotas+min) H 1 — zy;)% H H(l — z(wi +y5))%
i=1 j=1 i=1j=1
Thus, the problem reduces to how we expand

m n

[T —zz)™ [T - 2y)) ”HH(l—Z(fUi+yj))2 (9)

i=1 j=1 i=1j=1

in terms of Schur polynomials for u,v € Z>.

3. Combinatorial formula

3.1. By the Littlewood-Richardson numbers
Denote by dj(n), the number of tableaux on the shape A whose entries are
taken from {1,...,n}. Then, we have

m

[[a-z)™= > dn (n € Zs1). (10)

i=1 MI)<m

Indeed, the left one is the sum of all products of z;* over all m by n matrices
A = (a;;) with non-negative integer entries. By Robinson-Schensted-Knuth cor-
respondence, A corresponds to pair (P, Q) of tableaux of the same shape, with P
having its entries in {1,...,n} and @ in {1,...,m}. The original product is z%.
Recall the formula

H u+ j —1

e M)

b=det(<ai+n_z.>> ;
bitn=3)) cij<n

where n € N, a = (a1,...,a,), b = (b1,...,b,) € Z%, and (ZZ> is the binomial
- J
coefficient. On the expansion of the final part of (9), the following formula

HH (Itmity)= D diusu@)sn() (11)

HCAC(n™)

Set

is known, where X' = (m — X,,...,m — \}). See p.65 in [13].
From the formulas (10) and (11), we can expand the product (9) in terms of
Schur polynomials using the Littlewood-Richardson numbers cf ,
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ProrosITION 3.1.  We have

m n m n

[T =27 [T =2 [T TT0 - #(oi + )

j=1 i=1
=D (DI, (w)d,, (0)dy gdf 565 5CR 515w m 0 (@)s4 (), (12)

where the sum is taken over all Young diagrams «, B, v, 6, X\, u, v, 0, k and T
such that B C o C (n™), 6 C~y C (n™).

Hence, we have a combinatorial formula for the particular irregular conformal
block (8):
2

<(a<><> + ”)2| : @?;0+az+m,1/4),(a071/4)(z)‘((O‘Oa 1/4)>

for m,n € Z>o, ap,a, € C. We want to replace m,n by complex parameters.
In order to do that, we show that the determinant df, ; appeared in (12) is a
polynomial in m, n. Note that in the formula (11), the coefficient of s, (x)sx(y) is

no m—X, ;i +n—i
d;\,,#—det(< A D
1<4,5<n

We see that the determinant df, is a polynomial in m whose degree may depend
on n. Since we also have the formula

HH(H%‘ )= D dpasa®)su(e), (13)

ACH/ C(mn)

the determinant d" should be equal to d~, . Wwhich is a polynomial in n. We
expect the degrees ofH the determinant d” ,asa polynomial in m, n do not depend
on n, m, respectively.

Set
n_ m—QApt1—i +N —1
g ()
i J 1<i,j<n

PROPOSITION 3.2.  The determinant dj}" is a polynomial in m with degree
bit e+ by

PROOF. Instead of dealing with d;" itself, we consider the determinant amr

whose (i,j) entries are obtained by extracting the part ZZ]: J?::j 4o cijpm® from

(i,7) entries Zk itn=d cijm® of ;. We show dg”jl;" = 0. Then the proposition
follows by 1nduct1on on n.



Toward a combinatorial formula for an irregular conformal block of rank 1 89

All the coefficients c;;, are written as

bj+n—j
bj+n—j—£
Cijk = E Ii’ Jikls
t=k
where each f; = —an41—; +n — i depends only on 7 and each g;i; is independent

of . Then by subtracting the first row from the other rows, (¢, j) entries for ¢ > 2
of d)}" are computed as

ijrnfj b‘/+nfj
E k E k
Cijkm  — C15M
k‘:bj*j+2 k:bj*j+2

bj+n—j bj+n—j

bi4n—j—t  pbj4n—j—t
= 2 > (f/ R e >9ij m"

k=b;—j+2 \ (=k

bj+n—j bj+n—j—1

bidn—j—t  pby4n—j—t
= > > (fij B >9jkz m”

k=b;—j+2 t=k

bj+n—j bj4n—j—1bj4+n—j—I-1

=(fi—f) > 3 S T T T g | mt
=k s=0

k=b;—j+2
Hence, we can write (4, j) entries for i > 2 of JZ?I’)"/ s (fx — f1) as

bj4+n—j—1 [bj+n—j—1

bj+n—j—1-1 k
§ E Ii’ Gk | ™M
{=k

}i):bj —j+2

where g}kl is independent of i. We repeat the process above, and finally when we
subtract the (n — 2)-th row from the (n — 1)-th row and the n-th row, (i, j) entries

fori=n—1,n of j?b"/ﬂg;f [L—y 1 (fp — fy) ave

bjtn—j—(n—2) [bj+n—j—(n—2)

bj+n—j—(n—2)—1 (n—2
Z Z fia"rn j—=(n=2) gj('kl ) mk,

k=b;—j+2 t=k
which is independent of i. Therefore, the determinant JT;)" is equal to zero. O

COROLLARY 3.3.  The determinant d;, i is a polynomial in m,n with degree
1], ||, respectively. In other words, The coefficient of s, (x)sx(y) in the expansion
of TTX, H?Zl(l + x; + y;) in terms of Schur polynomials is a polynomial in m,n
with degree |p|, |A|, respectively.
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From Corollary 3.3, we can regard m and n as complex numbers in principle.
Unfortunately, the determinant expression of d:;)” is not useful if n is not a positive
integer. We should know an explicit polynomial expression of the determinant d;’fl’)"
if we want to compute d;;';" in such a case.

3.2. Conjecture
In this subsection, we give another approach for an expansion of (9). Put

My, = [[ ece=0+i-j [[ (-28+i-j),
(i,5)EX (i,5)€n

’ B+i— ) —0? 0—p+i—j)* -0
I | e ey G

(i,7)€A (i.5)€p

CONJECTURE 3.4 ([19]). The three-point irregular conformal block with two
reqular singular points z, oo and one irreqular singular point O of rank one admits
the following combinatorial formula

02
(31 (9017, 0-p.1/ ()10 1/4)))

_9p2_ _ B8 v| v,
Z720m 20BN AN ()M My N (14)
A ueY V‘C>|\,'r1|C‘u,
v|i=|n

where a/\ € Z>o, as an expansion at the irreqular singular point 0.
Conjecture 3.4 can be obtained from the next conjecture.
CONJECTURE 3.5. For u,v,w € Z>q, we have

[I@ =z H(l —z2y;) 7" H H (1—z(zi +y;)""

i=1

=quMmmmMW, (15)

ApeY

where the coefficients cy ,(u, v, w) admits the unique expansion

&
explu,v,w) = Z h}\;:‘d (W) Py (0,0, w,m, M), (16)
S

where ¢ € Q, dyn(w) € Qw] is a monic polynomial of degree |v| and

P)\/V,,u/n(uavawyman): H (u+nw+.]_l) H (’U+mw+j_7')a
(1,5)EN/V (4,5)€n/n
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ha= [ Ci=d+X,—i+1).
(i,5)EX

In other words, for any X, u, v and n such that v C A\, n C p and |v| = |0, a
rational number CKZ and a monic polynomial d, ,(w) are determined uniquely by
(15) and (16).

Conjectures 3.4 and 3.5 imply that the parts consisting of parameters 6q, 6, 0,
[ are explicit and the remained problem, except for proving conjectures, is how to
describe the coefficients a}” or ¢y, and the polynomials d,,(w) combinatorially.
When m = n = 1, the computation of ¢;” and the polynomials d, , (w) is easy

Ap
because Schur polynomials appeared in the expansion are only z2, y° (a,b € Z>p).

PROPOSITION 3.6.  For any non-negative integer p, q, v such that r < p,q,

. and a monic polynomial d,.(w) such

there exists uniquely a rational number c;, ,
.

that

(1—zx) (1 —2y) (1 = 2(x +y) ™"

oo 1 i
= D @V Y G )Py @/ (e, LY. (17)
p,g=0"""" 0<r<min(p,q)

Moreover, the rational numbers c;, , and the monic polynomials d.(w) are given as

q

&= (p> (q), dp(w) = w(w+1) - (w+r — 1), (18)

r r

PrOOF. Firstly, we show that the expansion (17) holds with (18).  Let
f(p,q,u,v,w) be the coefficient of zPy92PT? in the expansion, that is,

(1—22) (1= 29) (L =2z + )" = Y F(p.q,u,v,w)aPyz"+,
p,q=0

Denote by R(w) the left hand side of (17). Then, we have a relation
Rw—1) = (1 - z(z +y)) R(w),
which is equivalent to all of recursive relations
[ u,0,w) = f(p, g u,v,w—1) + f(p — 1, ¢ u,0,w) + f(p.g — 1,u,0,w) (19)
for p,q € Z>¢. Since f(0,0,u,v,w) =1 and from (10), we have

f(p7 q,U,’U,O) = P(p),(q)(uvvvoa ]-7 1)7
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it is sufficient to verify that

Y o d(w)P(p)/(rx(q)/(r)(%%%171)

Ig!
0<r<p,q P
w+r—1\ fu+w+p—-1\ fv+w+qg—1
= (T e @
r p—r q—r
0<r<p,q

satisfy all of the recursive relations (19). Using the following relation

%

> (9p g rw —1) = g(p, g r,w) + g(p — 1,q,m,w) + g(p, g — 1,7, w))
r=0

_fw+ti—1 ut+w+p—2\ (v+w+qg—2
N i p—i—1 g—i—1 ’

w+r—1\ fu+w+p—1 v4+w+qg—1
9(p,q,r,w) = :
r p—r q—r

the computation for the left hand side of (20) satisfying (19) is straightforward.
Secondly, we show that the recursive relations (19) determine the rational num-
bers ¢}, , and the monic polynomials d,(w) uniquely. We immediately know that

where

for p,q € Z>o.
Suppose p > q and ¢j,_; 4,
recursive relation (19) reads as

.
Cpg—1

d,(w) for r =1,...,q satisfy (18). Then, the

q
D (W) Py () () () (1,0, 1,1)

r=0

q
= ¢ qdr(w = 1) Py )01 () (10,0 = 1,1, 1) + F(p, ¢, 0,0, w), (21)
r=0

where F(p, q,u,v,w) is a known polynomial in u, v, w. By the relations
dr(w—1) =d.(w) — rd,_1(w),

Py /()@ /) (s 0,0 = 1,1,1) =Py 10y, () /() (50w, 1, 1)
+ (r =) Pp-1)/(),(a-1)/(r—1) (W v, w, 1, 1),
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the recursive relation (21) becomes

q
> g (rdra (W) Py ) (g /) (W) + (0 = 1) (dr (w) = 71 (w)) Pip—1) (), (- 1) /(1) (W)

r=0

= F(p,q,u,v,w).

From the equation above, by comparing the coefficient of w?T7—"~1, Cp q 18 uniquely

determined as a rational number inductively.

Suppose p=q and ¢,_; ,,, ¢, 1, d-(w) for r =1,...,p— 1 satisfy (18). Then,

the recursive relation (19) reads as

NE

Cppdr (W) Py (), /() (1, v, w, 1, 1)

1
I

||M~so

ppr (W = 1) Bp) /(). p) /() (0, 0,0 = 1,1, 1) + Fp, p,u,v,w). (22)

r=0
By the same way to the case of p > ¢, ¢, , for 7 = 1,...,p — 1 are uniquely
determined by (22). Put ¢ ,dy(w) = Zf:o a;w'. Then, ap, ap_1,..., ag are

uniquely determined by (22) again, respectively.
O

When m or n is greater than 1, the computations of CKZ and the polynomi-
als dy ,(w) become much difficult. We give some observations for CKZ and the
polynomials d,, ,(w) below:

S =I\llul,
o= (0(2) EE s fle--0 () 0)) ()
E(m.n),(r) D == 'k;:1 1 J p)’
st =(m () (3)
p—1p+l—i —
* (1 i H = anat -0 (1) (7)
i=0 j=1 k=1
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