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Factorization spaces and moduli spaces over curves

Shintarou YANAGIDA

Abstract. The notion of factorization space is a non-linear counterpart
of the factorization algebra, which was introduced by Beilinson and Drinfeld
in the theory of chiral algebras developing a geometric framework of vertex
algebras. We give a review of factorization spaces with an emphasis on the
connection to moduli problems on algebraic curves, and explain a general
construction of factorization spaces from moduli spaces.

0. Introduction

0.1.

The two-dimensional quantum conformal field theory (CFT for short) is inti-
mately related to moduli problems on algebraic curves. The first understanding
of this claim is that the Virasoro Lie algebra controlling the symmetry of CFT is
nothing but the Lie algebra of the vector fields on the affine line. By the Kodaira-
Spencer deformation theory, the sheaf of Lie algebras of vector fields on a given
variety X describes the infinitesimal deformation of X. Thus we see that CFT
should be related to the moduli space of algebraic curves. A more precise treat-
ment of this viewpoint was presented in the paper [5] of Beilinson and Schechtman.
The WZW model, or the CFT attached to affine Lie algebras, has a similar feature,
as shown in the work of Tsuchiya, Ueno and Yamada [16] formulating the WZW
model on the moduli space of pointed complex curves.

The theory of vertex algebras began its life as one of the mathematical for-
mulations of CFT, and at present it is the best established one in the algebraic
viewpoint. For instance, representation theoretic methods can be applied relatively
easily in the vertex algebra context.

However there are still many subjects in CFT to study. One of them is the
relation to moduli problems mentioned above. The purpose of this article is to
give a review on a non-linear or geometric reformulation of vertex algebra which
seems to be powerful to reveal the relation of CFT and moduli problems. The
formulation was introduced by Beilinson and Drinfeld in [3] and is nowadays called
factorization space.
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Since the notion of factorization space is of abstract and complicated nature,
we will not start with its definition but with some explanation on the way how
Beilinson and Drinfeld reached it. In the first step some recollection will be given
on vertex algebras, and then two equivalent notions of vertex algebras will be
explained. They are chiral algebras and factorization algebras. Then we introduce
our main object, factorization spaces. After explaining standard examples, we will
show a general construction of factorization spaces from deformation problems.

0.2. Organization

Let us explain the organization of this article. §1 gives some recollection of
vertex algebras. After the recollection of the definition and some standard examples
in §1.1 and §1.2, we explain the construction of vertex algebra bundles on algebraic
curves in §1.4.

§2 is an introduction to chiral and factorization algebras. These are almost
equivalent notions of vertex algebra bundles. The definitions require some knowl-
edge on D-modules, on which we give a brief summary in §2.1.

In §3 we introduce the main object, namely the factorization space. For explain-
ing the motivation of the definition, we start with the reformulation of factorization
algebras as sheaves on the Ran space, explained in §3.1 and §3.2. The definition
is given in §3.4 after the recollection of ind-schemes in §3.3. A factorization space
gives a factorization algebra after the linearization explained in §3.6.

84 and §5 give standard examples of factorization spaces, the Beilinson-Drinfeld
Grassmannian and the factorization space associated to moduli spaces of pointed
curves.

In the final §6 we explain a general method to construct factorization spaces
from moduli spaces. The examples in §4 and §5 are special cases of our construction.

Let us remark that the contents in §§1-5 are based on known facts. The claim
in §6 is new.

0.3. Notation

We will work over the field C of complex numbers unless otherwise stated. The
symbol ® denotes the tensor product of vector spaces over C.

For a scheme or an algebraic stack Z, Oz, ©z, Q7 and Dz denote the structure
sheaf, the tangent sheaf, the sheaf of 1-forms and the sheaf of differential operators
on Z respectively (if they are defined). By “an O-module on Z” we mean a quasi-
coherent sheaf on Z. By “a D-module on Z” we mean a sheaf of Dz-modules
quasi-coherent as O z-modules.

For a morphism f : Z; — Zs, the symbols f* and f. denote the inverse and
direct image functors of O-modules respectively.

1. Recollection on vertex algebras

We begin with the recollection of vertex algebras. The basic reference is [8].
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1.1. Vertex algebras
The notion of vertex algebra is introduced to encode the chiral part of two
dimensional quantum conformal field theory, which arises from string theory and
condensed matter theory in physics. Let us begin with the definition of quantum
fields in the context of vertex algebras.

DEFINITION. For a vector space V', a field on V is a formal power series

A(z) = ZAiz_i € (End V)[[z%1]]
i€l

valued in the algebra End V' of linear endomorphisms on V' such that for any v € V'
we have

A(z) v = Z(A, )27t e V((2)).

1€Z

In other words, for any v € V' we have A; - v = 0 for large enough 1.
Next we want to restrict the way two quantum fields interact. The interaction
is encoded the following description of singularity.

DEFINITION.  Two fields A(z) and B(w) acting on a vector space V are called
local with respect to each other if there exists NV € Z>¢ such that

(= — w)[A(=), B(w) = 0
as a formal power series in (End V)[[z*!, w*1]].

It is known (see [8, §1.2]) that this definition is equivalent to the following: for
any v € V and ¢ € V* the elements (p, A(z)B(w)v) and {p, B(w)A(z)v) are the
expansions of the same element

foip € Cllz,wllle™" ™, (2 = w) ™)

in C(2))((w)) and C((w))((2)) respectively, and the pole order of f, , in (z —w) is
uniformly bounded for all v and ¢.
Now the definition of vertex algebra is

DEFINITION. A wertex algebra is a collection (V,|0),T,Y) consisting of
e a vector space V, called the space of states
e a vector |0) € V, called the vacuum vector

e a linear operator T' € End V, called the translation operator
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e a linear operation Y (—,2) : V. — (EndV)[[z*!]] with the image Y (A4,2)
always a field on V for any A € V, called the state-field correspondence
satisfying the following axioms.
1. Y(|0),2) =idy and Y(A,2)|0) = A+ --- € V[[z]] for any A€ V.
2. [T,Y(A,2)]=0.Y(A,z) forany A € V and T'|0) = 0.
3. All fields Y (A, z) are local with respect to each other.

This definition has an obvious super version. It is given by replacing the vector
space V with a super vector space V = V5@ V7, and replacing the locality condition
with

(z —w)NY (A, 2)Y (B, w) = (—1)PAPBE) (2 — )NV (B, w)Y (A4, 2),

where p(A) € {0,1} denotes the parity of a homogeneous element A € V. One
should also require that |0) € Vg, that T' should have even parity, that for A € V;
the field Y (A, z) is a series of endomorphisms of V' with parity 7. The obtained
object is called a wvertex superalgebra.

Before showing some examples of vertex algebras, we introduce

DEFINITION.  The formal delta function 6(z,w) is the series

d(z,w) = Z 2w

nez

As is well-known, this series satisfies A(z)d(z, w) = A(w)d(z,w) for any formal
power series A(z) € C[[z*!]], and (z — w)"T197(2,w) = 0 for n € Z>o.

1.2. Examples of vertex algebras
Here are some standard examples of vertex (super) algebras.

Ezample 1.1. 1. For k € C\ {0}, let H}, be the one-dimensional Heisenberg
Lie algebra, given by the central extension

0—Cl— 3, —C((t)) —0
of Lie algebras with the cocycle
c(f,9) := —kRes fdg.

Here the space C((t)) of formal Laurent series is considered as a commutative
Lie algebra. The standard set of topological generators is given by b, :=
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t" (n € Z) and 1. The defining relation is

(b, b ] = kndy,—ml, [1,b,] =0.

Denote by 7, the Fock representation of H;, with v € C. It is defined to be
the induced representation

Ty = ﬁ(?{k) ®fj(j—(+) C,.

Here ﬁ(ﬂ-fk) is the completion of the universal enveloping algebra U (H},) with
respect to the subspaces tVC|[[t]] with N € Z. 3, is the Lie subalgebra of
Hy. generated by bg,by,.... C, is the one-dimensional representation of J
with by acting by v and b,, acting trivially for n > 0.

Now set v = 0. As a vector space, we have an isomorphism
Tk — (C[b,h b_o,.. ]

This vector space 7, o has a structure of vertex algebra with
e |0):=1.
e T is determined by T-1 =0 and T,b; = —ib;_1.
e Y is determined by

Y(b_1,2) =b(2) := anz—n—l7

neZ

1 —j-1 iy

Here the symbol : : denotes the normally ordered product defined by

bib;, i>0
: blbj = I !
b;b; otherwise

Y(b“ R bik,z) =

for a two-length monomial, and for a longer monomial we define
0 X =0, X )
Finally we assume :: is linear over the space of formal series.

One can check the axioms of vertex algebra easily except the locality axiom.
The locality follows from the formula

b(2)b(w) =: b(2)b(w) : +k Y nz"tw" T,
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and the fact that the last summation is the expansion of (z — w)~2 in
C((2))((w)). The resulting vertex algebra o will be called the Heisenberg
vertez algebra (of rank one).

. The next example is associated to the vacuum representation of a current Lie

algebra (the derived Lie algebra of an affine Kac-Moody Lie algebra). Let g
be a finite dimensional simple Lie algebra, and Lg = g((t)) = g ® C((t)) be
the formal loop algebra with the commutator [A ® f(¢), B® g(t)] = [A,B]®
f(#)g(t). Denote by g the current Lie algebra, which is the central extension

0—CK-—g—Lg—0
of Lie algebras with the Lie bracket given by

[A® f(t)vB ®g(t)] = [AaB] ® f(t)g(t) - (],iizeosfdg) (AvB)Kv [Ka _} =0.

Here the bilinear form (—, —) on g is the normalized Killing form given by
) 1 A 1
(A, B) := W( , Bk = %—vtrg(ad(A) ad(B)) (1.2.1)

with hY the dual Coxeter number of g.

The vacuum representation of level k € C of g is the induced representation

Vi(9) == U(8) ®u(qg[eck) Ck

where Cy, is the one-dimensional representation of g[[t]] ® CK on which g[t]]
acts by 0 and K acts by k.

As a vector space, we have an isomorphism Vj(g) ~ U(g ® t"'C[t~']). Take
an ordered basis {J*}™9 of g, and set A,, ;= A®1" € Lg for A € g. Denote
by vy, the basis of Cj, and the resulting element in V. Then Vi (g) has a PBW
basis of monomials of the form

St dgmog, nyp <ng <-- <ngy, <0, if ng =iy then a; < agyg.

Now Vi (g) has a structure of vertex algebra with

[ |0> = Vg.
e T is determiend by Tvx, = 0 and [T, J¢] = —nJ?

n—1-

e Y is determiend by

Y (J% v, 2) = Jz) := Z Jozn—t

ne”Z
ay Am —
Y(Jnl e Jnm Uk, Z) -
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1
(1 — Dl (—ny — 1)

Here the symbol : : denotes the normally ordered product given by

: 8;"171Ja1(z) . ~~8;”m*1<]“’”(z) T

o J

nvm °

a b _{J,%Jg n>0ora>b

- a 7b o
J&Jy,  otherwise

for two-length monomials and : AX :=: A(: X :) : for longer elements.
We also assume the linearity over the space of formal series.

The locality axiom follows from the computation
[7%(2), J°(w)] = [J, ) (w0)d(2, w) + k(J?, J*) D (2, w).

The resulting vertex algebra V;(g) will be called the affine vertez algebra of
g with level k.

. Let X := C((t)) D O := CJ[[t]] be the structure sheaf of the punctured disc
D* and the formal disc D. The space Der X of derivations of K (or vector
fields on D*) has a natural structure of Lie algebra. The Virasoro Lie algebra
is the central extension

0— CC — Vir — DerX — 0.

The Lie bracket is given by
1
/()0 9(1)0.] = (f9" = f'9)0: — 15 (Res fg"dt)C, [C, =] =0.
The standard generators and the relation are

Ly = —t""0;, [Ln, L] = (0 —m) Ly m + %(n3 —1)0p,—mC.

For ¢ € C consider the induced representation

Vir, := U(Vir) ®y(per 0acc) Ces (1.2.2)
where C. = Cu,. is the one-dimensional vector space on which

Der© = C[[J0s = (Ln (n > 1)),
acts trivially and C' acts by c¢. Vir, has a PBW basis of the form

le"'ijUm ]1§]2§§]m§*2
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Vir, has a structure of vertex algebra with
[ ] ‘O) = Vg.
o T .= L*l-
e Y is determiend by

Y(L_gvp,2) =T(2) := Y  Lypz """
nez

Y(Lj, - Ly, vk, 2) =

1 . )
. 9—J1—2 - —Jm—2 .
T e m— T 0, T(z)---0, T(z):.

The normally ordered product is defined similarly as before.

The locality axiom is checked by the computation
[T(2), T(w)] = 1—6285’05(2,10) + 2T (w)0wd (2, w) + 0, T(w) - (2, w). (1.2.3)

The resulting vertex algebra Vir. will be called the Virasoro vertex algebra
of central charge c.

It is known that both 7 and Vj(g) have a Virasoro element w, namely the
elements

1/1
wy = E <§b%1 + )\b,Q)UO € Tk,0,
1 dim g
Wq,k = m a; JﬁaJa’fl'Uk S Vk(g)

yield T'(z) := Y (w, z) satisfying the equation (1.2.3) with the central charges given
respectively by

_ kdimg

 k+hv’

cx=1-12)%, ¢(g,k)

1.3. Quasi-conformal vertex algebras
The existence of Virasoro element ensures an action of the Lie algebra Vir on
the vertex algebra considered. Let us introduce a weaker condition to ensure an
action of a certain Lie subalgebra of Vir. To state that, we consider the following
Lie subalgebras of Vir.

Der O = C[[t]]0; = (Ln (n > —1))
D Dery O := 2*C[[2]]0. = (L, (n >1)).



Factorization spaces and moduli spaces 105

DEFINITION. A vertex algebra is called quasi-conformal if it carries an action
of Der O such that

e L1 =—-0,actsas T,
e [y = —20, acts semi-simply with integral eigenvalues,

e Let {v_1,v0,v1,...} be a set of infinite variables, and set v(z) :=

Enz—l Up2" Tl and T = an_l UpLy. Then the following formula holds
for any A€ V.

_ 1 m

BY@A W) == 3, Cmos o) Y (End, )

m>—1
e The Lie subalgebra Der; O of Der O acts locally nilpotently.

A typical example is the conformal vertex algebra, which is defined to be a
vertex algebra with a Virasoro element and a Z-gradation bounded below. Vertex
algebras in Example 1.1 are conformal, and therefore quasi-conformal.

The nilpotency axiom of a quasi-conformal algebra V enables us to exponen-
tiate the action of Der O on V to the action of Aut O = Aut C[[z]], the group of
topological automorphisms of O. In order to see it, we remark

LEMMA 1.2 ([8, 6.2.1 Lemmal). Consider the following Lie groups
Aut, O:={z+az® +---} CAut O = {a1z +axz* +--- | a; # 0}
and Lie algebras
Der, O := 2°C[[2]]0. C Dery O := 2C[[2]]0. C Der O = C[[2]]0. (1.3.1)

1. Aut O is a semi-direct product of the one-dimensional multiplicative group
Gy, and the group Aut, O.

2. Aut O has a structure of pro-unipotent pro-algebraic group.
3. Lie(Aut O) = Derg O and Lie(Auty O) = Der; O.
4. The exponential map exp : Der; O — Auty O is an isomorphism.

1.4. Vertex algebra bundles
Let X be a smooth complex curve. For a point x € X, denote by O, the
completion of the local ring at =, X, the field of fractions of O,. We also set
D, := SpecO,, the disc with z the center, and S := Spec shK,, the punctured
disc at x.
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A choice t; of formal coordinate at = corresponds to a choice of isomorphism
O, = O = C[[2]]. Let us denote by Aut, the set of all formal coordinates at .

The group Aut O acts on Aut, so that Aut, is an Aut O-torsor (principal bundle
of infinite rank). On the curve X, these torsors form an Aut O-torsor which we
denote by Autx.

Now let V' be a quasi-conformal vertex algebra. By the argument in the last
subsection, V has an Aut O-action. Let

Vx = Autx Xauwo V.

Precisely speaking, V' is of infinite dimension so that we need to take a completion
with respect to a filtration on V. Such a filtration comes from the action of the
operator Ly = —z0, € Der O on V| since the semisimplicity yields a Z-gradation
V = ®,V,. Let us call the obtained torsor Vx the vertex algebra bundle.

The state-field correspondence Y gives the following important property of the
vertex algebra bundle. Hereafter we sometimes suppress the subscript X and de-
note V if confusion may not occur. Denote by O the sheaf of differentials on X.

Fact 1.3 ([8, §6.3]). Let U C X be an open subset and z a coordinate on U.
Define

V:V—=VYVRQ, Vs =0,+L_.
Then V is a well-defined connection on V and independent of the choice of z.

Thus every quasi-conformal vertex algebra V' gives rise a left D-module V on a
smooth curve X.

2. Chiral algebras and factorization algebras

We quickly review the notions of chiral algebras and factorization algebras which
are sheaf theoretic reformulations of vertex algebras. These notions are introduced
by Beilinson and Drinfeld in [3]. We also cite [9] and [8, Chap. 19, 20] for nice
previews of the theory of chiral algebras.

2.1. Recollection on D-modules

Since we need to use the language of D-modules extensively, let us give a brief
recollection. For a detailed presentation, see [11, Chap. 1] for example.

Let Z be a smooth algebraic variety over C (or a field of characteristic 0).
Denote by Mg (Z) the category of O-modules on Z (recall §0.3). Also denote by
M*(Z) and M(Z) the categories of left and right D-modules on Z respectively. (In
this note the smooth case is enough. For general case, we need the Kashiwara
lemma.)
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Recall that the canonical sheaf
wy = AMZQ
has a natural right D-module structure determined by
v-1:=—Lie,(v), VEwy, TEOZ C Dy

where Lie, is the Lie derivative with respect to 7. Then the two categories M(Z)
and M*(Z) are equivalent under the functor

MYZ) —M(Z), Lr— L7 :=wy; R0, L,
where the structure of right D-module on £ is determined by
wvel) 1= 1)Rl-ve(r-1).
The inverse functor is given by
Mi— M= w, ! ®0, M. (2.1.1)

For a morphism f : Z; — Z5 of smooth varieties, the inverse image functor f*
of D-module as follows. As an O-module we set

P M (Z) — MH(Zy),  [7L =0z, @po,, L.
Recall that we have a morphism
Oz, — Oz, =0z Xf 0z, Oz, T7T—7T

of Oz,-modules, defined by taking the Oz -dual of the morphism Oz ®f0,,
fQz, = Qz,. Then the left D-module structure on f*L, is determined by

T(s®1):=7(s) @1+ s7(s), TE€Oz, s€0z,lcl.

The direct image functor f, is naturally defined in the derived category, so we
make a detour. Let us introduce the Dy, -f D z,-bimodule

Dzy»2, =0z Qf o0, [ Dz,
for a morphism f : Z; — Z5 of smooth varieties. Then we have an isomorphism
f*L =~ D21%22 ®f'922 f.L

of left Dz, -modules.
The abelian category M*(Z) has the following nice property.
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FAcT. Assume Z is quasi-projective. Then any £ € M*(Z) is a quotient of a
locally free left Dz-module, so that it has a resolution by locally free D z-modules.

M(Z) also has a similar property.

Denote by D*M?(Z) the bounded derived category of left D-modules on a
smooth quasi-projective variety Z. By the above fact any object of D*M(Z) is
represented by a bounded complex of locally free Dz-modules. We also denote by
D*M(Z) the bounded derived category of right D-modules. We have an equivalence

DM (Z) == D*M(Z), L+~ L"[dim Z]. (2.1.2)

Therefore D?M(Z) has two t-structures given by M(Z) and M*(Z).
Now let f : Z; — Z5 be a morphism of smooth quasi-projective varieties. Define
a functor Lf* by

Lf*(L.) = DZ1—>Zz ®)l”/'(DZ2 f‘L.
by using a locally free resolution of £* € D*M*(Z;). Then we have
Fact. Lf* sends D"MY(Z,) to D"M¥(Z,).

Lf* is called the derived inverse image functor. Let us also recall the shifted
inverse image functor

f' = Lf*[dim Z; — dim Z5] : D*M*(Zy) — D*M*(Zy).

We denote by the same symbol f': D*M(Zy) — D*M(Z;) induced by the equiv-
alence (2.1.2).

Now we can treat the definition of the direct image functor. Let f: Z7 — Z»
be a morphism of smooth algebraic varieties. Consider the direct image functor f.
for O-modules. We have the derived functor

Rf : D"Mo(Z;) — D"Mo(Z2).

Assuming that Z; and Z, are quasi-projective, we define the derived direct image
functor f, by

fo(M®) := RE.(M* @5, Dz,-2,)
for M® € D*M(Z;). Then we have
FAcT.  f. sends D*M(Z;) to D" M(Z5).

A non-trivial result is
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Fact. If fis a closed embedding, then for M € M*(Z;) we have
H*(fM) =0 (k#0).
The 0th cohomology gives an exact functor
HYf, . M(Z1) — M(Zy).
We will simply write fi := Hf,.
Thus we have two functors
fe: D'M(Z1) = D"M(Z) : [
We also note that
Fact. Consider the t-structure of DYM(Z) given by M(Z).
1. If f is quasi-finite, then f, is left exact.
2. If f is affine, then f, is right exact.

Hereafter the term “a D-module” means a right D-module.

2.2. Chiral algebra

The notion of chiral algebra is introduced by Beilinson and Drinfeld in [3]
to formulate the vertex algebra in terms of D-modules and operads. We will not
explain the formalism of operads here, and give a review of chiral algebras following
the presentation in [8, Chap. 19]. For a more detailed review including operads,
see [17] for example.

Let X be a smooth complex curve as in the previous §1.4. Denote by D = Dx
the sheaf of differential operators and by 2 = Qx the sheaf of differential forms on
X. We also denote by

A:X— X% j:X*\A— X? (2.2.1)

the embeddings of the diagonal divisor and its complement.
Note that for O-modules M and N on X we can identify

J.7 (M@ N) = (M@ N)(c0A)

on X2. Recall also the direct image functor A, of D-modules, which is expressed
as

AM = (QEM)(c0A)/Q B M.
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On the other hand, we have
X2~ wxz2, dzXdwr— dz A dw,

where w denotes the canonical sheaf. We also have AjQ ~ wx2(00A)/wxz. Let us
define the composition of morphisms

pa e Q= wx2 (00A) —» wy2(00A)/wyz —— A (2.2.2)
where the second morphism is the natural projection.

DEFINITION. A chiral algebra on X is a right D-module A together with a
D x2-module morphism x : A®%(c0A) — AA called the chiral multiplication and
an embedding Q < A A called the unit, satisfying the following axioms.

e The skew-symmetry p = —o12 0 p 0 012, where the permutation acts on the
factors of X?2.

e The Jacobi identity for p.
e The unit map is compatible with the morphism ug in (2.2.2).

Roughly speaking, the first and second conditions on the chiral product p indi-
cate that a chiral algebra is a Lie object in a “tensor category” of right D-modules
with the non-standard tensor structure. See [3, Chap. 2,3] for the precise defini-
tion of this non-standard tensor structure which is called the chiral pseudo-tensor
structure.

In order to relate chiral algebras and vertex algebras, we need to restate the
state-field correspondence Y in the language of D-modules. Recall that the canon-
ical sheaf wx has a natural right D-module structure determined by

vt = —Lie (v), vEwx, TEOx CDx
with Lie, the Lie derivative with respect to 7. For a left D-module M on X, set
M =wx @M
which is naturally a right D-module by
vm)T i =vT®@m—vQTm.

For a quasi-conformal vertex algebra V', we have the vertex algebra bundle V
which is a left D-module by Fact 1.3. Then a local section of V" on D, with
coordinate z can be expressed as f(z)Adz with f(z) € Ox(D,) and A € V. Recall
the state-field correspondence Y for V. Then we have
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Fact ([8, §19.2.1-19.2.2.6]). Define a morphism
(925 4" (V)" — AV"
of O-modules on D? by
(Y3 (f(2,w)Adz K Bdw) = f(z,w)Y (A, z —w)Bdz ANdw mod V[[z,w]]

Then (Y2)" is well defined and independent of the choice of z. Moreover the

x
morphisms (Y2)" for z € X form a morphism

(g2)r . j*j*(\?&Q)r — AV
of D-modules on X2.
Now we can state the relation of chiral algebras and vertex algebras.

Fact ([8, §19.3.3], [3, §3.3]). For a quasi-conformal vertex algebra V and a
smooth curve X, the right D-module V" carries the structure of a chiral algebra
with the chiral multiplication p = (Y?)”.

DEFINITION 2.1. The chiral algebras V" associated to the vertex algebras
V = 7m0, Vi(g), Vir, in Example 1.1 will be called the Heisenberg, affine, and
Virasoro chiral algebra respectively.

2.3. Factorization algebra
The notion of factorization algebra is introduced in [3, §3.4] as an equivalent
notion of chiral algebra. Its origin goes back to the geometric Langlands corre-
spondence, but we will not touch this topic.
We will repeatedly use the following category of sets.

DEFINITION 2.2. Let 8 be the category of finite non-empty sets and surjec-
tions. For 7:J — I in 8§ and i € I we set J; := n~1(i) C J.

Let X be a smooth complex curve as before. For 7w : J — [ in 8, denote by
A = AUD L xT e X7 (2.3.1)
an embedding of the locus such that z; =z if 7(j) = w(j’) for j,j" € J. Also set
U™ =00 = {(2))je € X7 |25 # 2y it w(j) # 7(5")} -

One can also see that U™ is the complement of the diagonals that are transversal
to A . XT < X7, Denote the open embedding U™ ¢ X7 by

) = O g X
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If the surjection 7 is {1,2} — {1}, then these notations coincide with (2.2.1).
DEFINITION 2.3. A factorization algebra on X is the data consisting of
e for each i € 8, a quasi-coherent O-modules V; over X!
e for any surjection J — I in 8, a functorial isomorphism
AUy, sy,
of O-modules on X/
e for any surjection J — I in 8, a functorial isomorphism
GV S GO (R V)
of O-modules over U/ called the factorization isomorphism
e a global section 1 € V(X) called the unit

satisfying the following conditions.

1. V; should have no non-zero local sections supported on the union of all partial

diagonals.

2. Set V := V13 and Vy := V¢ o3 For every local section f € V(U) with U C X

open, the section

1R f eV (U?\ A)

defined by the factorization isomorphism extends across the diagonal and

restricts to

fEVEA'VQZVﬂA.

One may worry that factorization algebras lack D-module structures which
appear in the definitions of chiral algebras and vertex algebra bundles. Actually

the axiom of factorization algebra ensures left D-module structures for all V;.

The key is the crystalline point of view. Recall that a connection on a O-module

M on a scheme X is equivalent to the data of a morphism

PiMIy1(a) = PaMy1(a)

of O-modules on the first-order neighborhood N!(A) of the diagonal divisor A €

X?2. Here p; : X2 — X is the i-th projection.
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Given a factorization algebra {V;} on X, set V := Vy} and V5 := V{ 53. Then
we have two morphisms

plvzngX —>\72<—OX®V=p'2V

defined by the left and right multiplication by the unit. By the second condition,
both are isomorphisms when restricted to A, so that they are on the formal neigh-
borhood of A. The composition of these isomorphisms gives the desired connection
on V. The same argument can be applied to V; for any I.

Next we discuss the Lie property hidden in the factorization algebra. We keep
the notations V and V5. The second condition says that Vs has no sections on the
diagonal. Together with the factorization isomorphism applied to m = id; 2}, we
have an injective morphism Vo < j,5*V¥2 with j = j(™ : X2 \ A <= X?2. Now set

132 :j*j*vﬁQ . V@Q/vQ.

By the construction the image of Y2 is supported on the diagonal, and we can
identify

VE2 /v, ~ 4 (O’ V) /(ORY).

Also note that the factorization isomorphism applied to the permutation {1,2} —
{2,1} implies that the sheaf V5, hence the morphism Y2, is symmetric under the
permutation of factors of X2. Therefore, on the right D-module

A=V =V Qx,
we have an anti-symmetric morphism
o= (Y2 G AR — L (ORA)/(QRA) = ALA. (2.3.2)

We skip the check of the Jacobi identity of p, which comes from the Cousin
complex of w on X3. See [8, §19.3.4, §20.2.2] for the detail. The unit of {V};
yields

uw:Q— A=V" (2.3.3)

which satisfies the conditions of the unit of chiral algebra. Now the conclusion of
this subsection is

FacT 2.4 ([3, §3.4]). Factorization algebras and chiral algebras on a smooth
curve X are equivalent under the assignment

{VI}IH{A:VT»IMU}
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with p given by (2.3.2) and v given by the construction (2.3.3)

3. Factorization space
We follow [8, §20.4.1], [9, Chap. 5] and [12].

3.1. Ran space

Factorization algebras are defined in terms of the category 8 of finite sets with
surjections (recall Definition 2.2). One may reformulate factorization algebras by
considering the system { X'} of schemes parametrized by I € § together with some
morphisms between them. This is the origin of the Ran space named in [3] after
the work of Z. Ran.

Actually, Ran introduced the limit object of this system in [14] for constructing
a universal deformation theory. See also [7, 10] for related studies. Let us recall
the original definition of the Ran space here.

DEFINITION.  For a topological space X, denote by R(X) the Ran space which
is the set of all non-empty finite subsets in X with the strongest topology such that
the following obvious map is continuous for any finite index set I.

rrs X — R(X)

The point of R(X) associated to a finite subset S C X is denoted by [S].
Recall the diagonal map AW/1) . XT < X7 in (2.3.1). For any surjection

J — I we have ryAU/D = r; and R(X) is the inductive limit of the spaces X!

with respect to these embeddings A(//D),

For n € Z, denote by R(X),, the subspace of R(X) consisting of [S] such that
|S| < n. Then we have

T'n =T{1,..,n} " X" — :R'(X)n = Xn/ ™~

where (z;)7_; ~ (x}), if and only if {x;} = {z}}.
R(X) is a commutative semi-group under the continuous map

u: R(X) x R(X) — R(X), ([S],[T) — [SUT].
Denoting by wy, », the restriction of u to R(X),, x R(X),,, we have the relation
Tmtn = Umn O (Tm X Tp).
The subspaces R(X),, form an increasing filtration
R(X)o=F CR(X)1 =X C R(X)y =Sym?*(X) € R(X)3 C ---
s CR(X) oo := R(X).
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Here Sym"(X) := X"/, is the usual symmetric product. Denoting
R(X)S == R(X)p \ R(X)p_1, we have R(X)S = UM /G, with UM = X"\

n

U (partial diagonals). Thus R(X)g is nothing but the configuration space of n
points in X.

3.2. Factorization algebra as sheaves on the Ran space

Beilinson and Drinfeld used the Ran space to rebuild the theory of chiral al-
gebras and factorization algebras. The point is that these notions can be seen as
sheaves on the Ran space. Let us briefly explain this reformulation following [3,
§3.4.1].

In this subsection X denotes a scheme with finite cohomological dimension.
Sheaves on schemes mean the ones in the étale topology. Let 8§ be the category of
finite non-empty sets and surjections.

DEFINITION.  An O-module on R(X) is a rule F' assigning to each I € 8§ an
O xr-module F; and to each w: J — [ in 8§ an isomorphism

VE;T) : A(T()‘FJ ;> FI

of Oxr-modules compatible with the composition of surjections, namely for any
p: K — Jand 7:J — I we have

ng) ° A(”)'(vap)) _ ngp),

and also have l/gd) = idg,. Denote by Mo (R(X)) the category of O-modules on

R(X).
Then a factorization algebra (without unit) can be reformulated as follows.

DEFINITION 3.1. A factorization structure on F' € Mo (R(X)) is the set of
isomorphisms

(M = /D) . j(J/I)'(giGIFJ') Sadry{CURONY o
of ©O-modules on U/D for every 7 : J — I in 8, satisfying the following conditions.
1. Forevery p: K » Jand7:J — [ in §,
K1) — C(K/I)(&GIC(K"/J")).
Here we set ¢(5/D .= ¢(?) with 0 ;== 7m0 p: K — I, and ¢F:/7) .= ¢(pi) with
pi = plo-rgy o (i) = 7w (6).
2. For every K - J and J — I,

V}(TK/J)A(K/J) -(C(K/I)) _ C(J/I)(&ewl(m&/h)).
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We immediately have

PrROPOSITION 3.2. A factorization algebra in the sense of Definition 2.3 is
equivalent to an object F' € Mo (R(X)) with factorization structure in the sense of
Definition 3.1.

3.3. Recollection on ind-schemes

Before introducing the factorization spaces, we need to recall the notion of ind-
schemes, since otherwise we have no good examples. We follow [12, §1.1] for the
presentation.

For any category €, an ind-object of € is a filtering inductive system over C.
Ind-objects form a category where a morphism is a collection of morphisms between
the objects in the inductive systems satisfying some compatibility conditions. An
ind-object will be represented by the symbol ¢ hﬂi 7 C; with C; € C.

Denote by Sch the category of separated schemes over C. An ind-scheme is
an ind-object of Sch represented by an inductive system of schemes. For example,
formal schemes are ind-schemes, like

Spf Clt] = *liny” SpecCl)/(¢"+1)
n
A strict ind-scheme is an ind-scheme with an inductive system given by closed
embeddings of quasi-compact schemes.

Recall that a scheme S is equivalent to the functor of points Fy : T +—
Homg (T, S). This functor is a sheaf of sets on 8ch which is seen as the Zariski
site. Let us call such a sheaf a C-space. An ind-scheme is a C-space represented
by an inductive system of schemes.

One can define an ind-scheme over a scheme Z similarly by replacing the cate-
gory Sch by the category Schyz of schemes over Z. For a morphism f : Z; — Zs of
schemes, denote by f. and f* the push-forward and the pull-back of ind-schemes
over Z;’s. Although these notations are the same as those for functors of D-
modules, let us use them for the simplicity of symbols.

3.4. Definition of factorization space
Now we turn to our main object, factorization space. It is a non-linear coun-
terpart of factorization algebra, which can be seen as sheaves on the Ran space.
Recall once again the category 8 in Definition 2.2.

DEFINITION 3.3. Let X be a scheme. A factorization space G on X consists
of the following data.

e A formally smooth ind-scheme G; over X' for each I € 8.
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e An isomorphism
(™ = /). A(ﬂ)*gJ ~, G,
of ind-schemes over X’ for each 7:J — I in 8.

e An isomorphism

p) = £ GO ([ 90) = 55,
i€l

of ind-schemes over U™ for each m : J — I in 8, called the factorization
isomorphism.

These should satisfy the following compatibility conditions.
1. v™’s are compatible with compositions of surjections 7.
2. Forany 7 :J — I and p: K — J, we should have

wE/T) — K/(K/I)(giGI"{(Ki/Ji))~

3. For any J — I and K — J, we should have

U1 AT (DY = (/D (R Kl 1)

A factorization space G is attached with the structure morphism ) : G; — X/
of ind-schemes. Thus a factorization space can be considered as an ind-scheme over
the Ran space R(X).

3.5. Units and connections
Let us also introduce the object corresponding to the unit of factorization al-
gebra.

DEFINITION. A wunit of a factorization space G on a scheme X is the collection
of morphisms

uD: xT — g,

of ind-schemes for each I € § such that for any morphism f : U — Gy with
open U € X, ul™) & f, which can be seen as a morphism U? \ A — S1,2y by
k(L2141 Cextends to a morphism U? — 91,23, and AT (D R f) = f.

Recall the argument in §2.3 of the connection on a factorization algebra. One
can make a similar argument for a factorization space. The result is
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PROPOSITION 3.4. A factorization space § on X together with a unit has a
connection along X.

Let us explain precisely what a connection on § along X is. Assume that we
are given

e a local Artin scheme T of length 1,
e a morphism f: 7T x S — X of schemes with a scheme S,

® go : To x S — Gy1y of ind-schemes with Ty := Treq ~ Spec(C) the reduced
scheme of T'

such that rM o go : To x S — Gq13 — X coincides with the composition Ty x S —
T xS — X. A connection on § along X is equivalent to the property that for
given (T, f, go) there is amap g : T x S — G such that r o g = f extending go.

3.6. Linearization of factorization spaces
Let G be a factorization space over a smooth scheme X with a unit. Recall the
morphisms r . G; — X! and ud . xI G;. Consider the O-module

.AQJ = T,(rl)u!(l)wxl

This sheaf can be considered as the space of delta functions on §; along the section
uD(XT.

The connection on G along X given in Proposition 3.4 defines a right D-module
structure on Ag ; and the section u") defines an embedding wyr < Ag 1. Then
the axiom of factorization space implies

ProposITION 3.5. If X is a smooth curve, then the collection {Aé’l}jes has
a structure of factorization algebra on X, and hence Ag (1) has a structure of chiral
algebra on X.

Here we used the notation (2.1.1). As a corollary, Ag (1} has a sturcutre of
chiral algebra.

DEFINITION.  We call the obtained chiral algebra Ag (1} the chiral algebra
assoctated to G.

3.7. Twisted version
One can make a twist on this construction. We start with

DEFINITION. Let § be a factorization space over a smooth scheme X. A
factorization line bundle £ over G is a collection of line bundles £; on §; together
with isomorphisms

FUD Ly j(‘]/[)'(&'EJLJJ
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over U/D) which should satisfy the factorization property (similar as the condi-
tions in Definition 3.3).

Now assume X is a curve and consider the O-modules Ag ;. We can twist these
sheaves by £, and obtain the collection of sheaves

A g = ri!) (£1®g, UI(I)(WXI))'
The construction in Proposition 3.5 can be applied to this L-twisted sheaf.

PROPOSITION 3.6. Assume that G is a factorization space with a unit over a
smooth curve X, and that a factorization linear bundle £ over §G is given. Then
A (1} has a structure of chiral algebra on X.

The chiral algebra Aé_{l} is called the L-twisted chiral algebra associated to G.

4. The Beilinson-Drinfeld Grassmannian

In this section we explain the first example of factorization space, namely the
Beilinson-Drinfeld Grassmannian §rg x. Here G is a reductive group and X is a
smooth algebraic curve. rg x = {9rq x,1}1es is a collection of moduli spaces of
G-torsors on X with a trivialization away from finite points {z;};er C X.

9ra,x was introduced in the study of geometric Langlands correspondence, but
we skip that topic. We only explain that the associated chiral algebra coincides
with the affine chiral algebra (recall Definition 2.1). Let us also comment that
Beilinson and Drinfeld started with the study of §rg x, and then they reached the
notion of factorization space.

Before introducing §r¢ x, we recall some facts on the moduli space of G-bundles
on an algebraic curve. We denote by Mg (X) the category of G-bundles on X.

4.1. Affine Grassmannian and moduli space of G-bundles on curve
Let G be a reductive algebraic group. Recall that the affine Grassmannian

G(X)/G(0) = G(C((2)))/G(C[=]])

can be considered as the moduli space of G-bundles on the disc D = Spec O together
with a trivialization on D* = SpecX. Strictly speaking, G(X) is an ind-scheme,
and G(X)/G(0O) is a formally smooth strict ind-scheme. Recall also the following
fact.

Fact 4.1 ([2, 5]). Let X be a smooth algebraic curve and z € X be a point.

1. A choice of local coordinate z at x gives an identification

Srx.ce ={(P,9) | P € Ma(X), ¢ : trivialization of P|y\ (3}  (4.1.1)
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— G(X)/G(09).

2. If G is semi-simple, then any G-bundle on X \ {z} is trivial.

Let M (X) be the moduli stack of G-bundles on a smooth projective curve X.
We have a natural morphism §rx ¢ , — M (X) by forgetting the trivialization ¢.
If G is semisimple, then Fact 4.1 implies the following adelic description of Mg (X).

i):nG()() = G(:Ka:)out\G(wa)/G(ow)

Here and hereafter we simplify the symbols O, := Ox, and K, := Kx 5. Also
G(X.)out denotes the space of regular functions X \ {#} — G, which is naturally
a subgroup of G(X,).

4.2. Definition of Beilinson-Drinfeld Grassmannian
Let X be a smooth algebraic curve as before. Denote by Sch the category of
schemes over C.
For I € 8, consider the functor which maps S € 8ch to the data (ff,P, )
consisting of

e a morphism f7: S — X! of schemes
e a G-torsor Pon S x X

e a trivialization ¢ of P on S x X \ {Ff-’}iel’ where fI : S — X is the
composition of fI with the i-th projection X’ — X, and I'y C S x X is the
graph scheme of the morphism s: .S — X.

By Fact 4.1, this functor can be represented by an ind-scheme Grx ¢ ;. For
S = Spec C, the image of the functor is the collection of the data

{((P, {ziticr, ) | P € Mg(X), z; € X, ¢ : trivialization of :P|X\{3711}i€1} .

Thus the space Grx ¢, in (4.1.1) is the special case of [I| = 1. We have a
natural morphism

rD Gy e — XTI, (P {aitier,¢) — {@itier.
It is known that §rx ¢ s is a formally smooth ind-scheme over X I
THEOREM 4.2. The collection
Srx.c:=1{97rx,c1}ies

has a structure of factorization space on X.
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Here we only check the axioms for I = {1,2}. The general case can be checked
similarly. Let us denote by Gry,, the fiber of ) over {z;};c; € X!. By Fact
4.1, in the case |I| = 1, we have

}iEI

Sy ~ G(X)/G(0).

If 21 # @9, then {71,175} € X?\ A, and we have a morphism ST (w1 w0} — 9T {ar} X
S7 (2,3 by restricting the data to X \ {z1} and X \ {x2}. We also have the other
direction map G7(z,} X G7¢z,3 — SG7(s, 2,3 by gluing the G-bundles over X \
{x1, 22}, If 21 = 29, then {1,220} € A, and we have an identification G, 5,3 =
97”{1;1}.

DEFINITION 4.3.  The resulting factorization space Grx ¢ will be called the
Beilinson-Drinfeld Grassmannian.

We immediately have

LemMA 4.4. Grx g is equipped with a unit determined by the trivial G-
bundle.

In other words, define u!) : XI — Gry o ; by setting u(!) ({zi}ier) to be the
trivial G-bundle with the obvious trivialization away from z;’s, then we have a unit
of Grx .

4.3. Relation to afffine vertex algebra
By Lemma 4.4 and Proposition 3.5 we have the chiral algebra Ax ¢ associated
to §rx . The motivation of the introduction of §rx ¢ is the following theorem.

THEOREM 4.5 ([9, Theorem 16.1]). If G is semi-simple, then the chiral algebra
Ax, is isomorphic to the affine chiral algebra of Lie(G) of level 0.

4.4. Twist construction and level of affine vertex algebra
97 x ¢ has a natural factorization line bundle, so that the twisted construction
(Proposition 3.6) can be applied. Assume G is semi-simple, and let g = Lie(G)
be the corresponding Lie algebra. Recall the normalized invariant inner product
(1.2.1) for g. It yields a central extension

1—>Gm*>é'—>G(iK)—>1
of algebraic group ind-schemes, and hence a G,,-torsor
G(X)/G(0) — G(%)/G(0)

over the affine Grassmannian. It defines a factorization line bundle £ over Gr.
Now Proposition 3.6 yields an £-twisted chiral algebra. We can also construct
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an ﬁgk—twisted chiral algebra for any k € Z. One can prove

THEOREM 4.6 ([8, Proposition 20.4.3]). If G is semi-simple, then the £&F-
twisted chiral algebra associated to §rx ¢ is isomorphic to the affine chiral algebra
of Lie(G) of level k.

4.5. Abelian case
Continuing the situation in Definition 4.3, let us set G = GL; and consider the
Beilinson-Drinfeld Grassmaniann §rx qr,,. Still Proposition 3.5 can be applied.
We also have a factorization line bundle on 7 x g1,, by choosing an even integral
bilinear form on Lie(G) = gl;. Such a form is determined by the choice of N € 2Z,
so that the coweight lattice is identified with the lattice v/NZ. Denote by £y the
resulting factorization line bundle. Now we have

THEOREM 4.7 ([9, Chap. 6]). The Ly-twisted chiral algebra associated to
Srx,qrL, coincides with the Heisenberg chiral algebra 7 /% .

5. Moduli space of pointed curves as factorization space

We saw in the previous §4 that moduli stacks of G-torsors on an algebraic curve
X give rise to the Beilinson-Drinfeld Grassmannian, and that one can construct the
affine or Heisenberg vertex algebra as the associated chiral algebras. Let us now
consider the Virasoro vertex algebra. Does it have a corresponding factorization
space? The answer is yes, and the factorization space is related to the moduli
spaces of curves as we now start to explain.

5.1. Recollection of moduli spaces of pointed curves
Let 91, ,, denote the moduli space of smooth projective curves of genus g with
n distinct points. We assume the stability condition, namely

(9g>1,n>0)or (g=1,n>1)or (g =0,n>3). (5.1.1)

M, » is a Deligne-Mumford stack.

Denote by ﬁgyn the moduli space of collections (X, {x;, z;}7;) of smooth pro-
jective curves X with distinct points {z;} and formal coordinates z; at x;. It has
a natural map

ﬁgm — mg,n’ (Xa {xi’ zi}zn:l) — (Xv {-%}?:1) (5-1'2)

Recalling the group scheme Aut O = AutC[[z]] of automorphisms of formal
coordinates, one can find that (Aut O)™ acts on the fiber of this map (5.1.2) simply
transitively. Thus f/)J\Tg,n is an (Aut O)™-torsor over My .

The above observation tells us that the Lie algebra Lie(Aut O) ~ Derg O (recall
Lemma 1.2 and (1.3.1)) acts on the fiber of /Dﬁg,l — M, 1. The following statement
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says that ﬁg,l has an action of the much larger Lie algebra Der X.

Fact 5.1 ([1, 5, 13, 16]). There is an action of the Lie algebra (Der X)"
on My, which is compatible with the (Aut O)"-action along the fibers of the map
(5.1.2).

PROOF. Let us explain an outline of the proof in the case n = 1. It is enough to
construct a right action of the corresponding ind-group Aut X on /m\?g’l. Let us take
a C-algebra R and consider R-points of Aut X and ﬁgJ (otherwise (Aut X)(C) =
(Aut O)(C) so that we can do nothing).

Let (X, z,2) € ﬁg,l(R) and p € (Aut X)(R). We want to define a new R-point
(Xp,xp, 25). Define X, to be the scheme with the same topological space as X but
with the structure sheaf Ox, such that Ox,(U) is the subring of Ox (U \ {z}) given
by

Ox,(U) = {f € Ox(U\{a}) | folp™"(2)) € RI[]]}-

Here f,(z) € R((2)) is the expansion of f at x in the coordinate z. Then X, is an
algebraic curve over R.

Next define z, € X, by the ideal of Ox,(U) given by the intersection of z R[[2]]
with the image of Ox,(U) < R[[z]]. Here the embedding is defined by

Ox,(U\ {z}) — R((2)), f+— falp™'(2)).

By the definition of Oy, it extends to an embedding Ox,(U) < R[[z]]. The triple
(Xp,xp, 2) is an R-point of S/J\Tg’l.

The correspondence (X, x,z) — (X, 2,,2) defines a right action of AutX on
ﬁgﬁl, extending the Aut O-action by changing the coordinate z.

The transitivity of the corresponding action of Der X follows from the statement
that for any pointed curve (X’,z’) over R := C[[t]]/(#*) which is an infinitesimal
deformation of (X, z) can be obtained by the above construction for R. However
it follows from the fact that X'\ {2’} ~ (X \ {z}) x Spec R and the formal
neighborhood of 2’ in X’ is isomorphic to D, x Spec R, which is the consequence
of the Kodaira-Spencer isomorphism. O

As a corollary, we can identify the tangent spaces as

T(x .2y Mg 1 = Veet(X \ {z})\ Der X,/ Dery O,
T(x,)Mg1 = Vect(X \ {z})\ Der X,. (5.1.3)

Here Vect(Z) denotes the space of vector fields regular on Z, which is naturally a
Lie algebra.
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5.2. Factorization space associated to pointed curves

Mimicking the discussion on the Beilinson-Drinfeld Grassmannian in the previ-
ous section, we can construct a factorization space associated to the moduli space
Myn-

Let X be a smooth projective curve of genus g and Sch the category of schemes
over C. In this section we only consider I € 8 such that (g, |I|) satisfies the stability
condition (5.1.1).

Fix an I € 8. Consider the functor which maps S € Sch to the data
(f1,X, {s;}icr, ) consisting of

e a morphism f!: S — X! of schemes
e a family X — S of smooth projective curves over S
e sections s; : S > X of X - Sforiel

e an isomorphism
¢ X\{Ts, },c; — S ¥ X\ ATy }cps

where f! is the composition of f! with the i-th projection X! — X and I,
is the graph scheme of s : § — X.

As in the case of the Beilinson-Drinfeld Grassmannian in §4.2, one can write
down the image of S = Spec(C) under this functor. Simply stating, it is the
collection of the data ({z;}icr, X', {}}icr, @) consisting of a finite set {x;};es of
points in X, an algebraic curve X’ and an isomorphism

¢ X \{zitier = X'\ {z}ier

away from finitely many points {z}},c; C X’. This functor is also represented by
a formally smooth ind-scheme Gx ;. We have a natural map rd) Gy — X1,
Similar arguments in §4.2 yields

Fact 5.2 ([8, §17.3]). The collection

Sx :={9x,1}1es

has a structure of factorization space. It has a unit associated to the trivial family
S x X and the identity morphism on X.

5.3. Relation to Virasoro vertex algebra
Now we can state the main statement in this section.

THEOREM 5.3 ([8, §17.3]). The chiral algebra Ay associated to the factor-
ization space Gx coincides with the Virasoro chiral algebra of central charge 0.
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Let us explain an outline of the proof. The map (1) : 9x,{1y — X enables us
to consider the fiber Ax , of the chiral algebra Ax at a point x € X. The action
of Der X on 9, ; given in Fact 5.1 induces an action

az : Der K @ Ax z — Ax -

On the other hand, we have a map Gx (1} — My 1. Also recall the description
(5.1.3) of the tangent space of M, 1. We then find that there is a natural isomor-
phism

Ax,z — U(Der K) @y (per, o) Co = Virg

(see (1.2.2)). Let us denote by V the vertex algebra bundle associated to Virg. V"
is the associated right D-module. Now the key point of the proof is that we have
a morphism

j*]*(vr &A)() — AgAX

such that V" acts by derivations of the chiral algebra structure and that the induced
map

H(Spec(X,.), V" /V'Ox) @ Ax.r — Ax

coincides with a,. Assuming the existence of such a morphism, the result follows
from a formal argument on chiral algebras (see [9, Chap. 6]).

5.4. Determinant line bundle on the moduli space as a factorization
line bundle
The moduli space My, has a universal family 7 : X, , — M, . Let w be the
relative canonical sheaf on X, , with respect to m whose fiber over X € M, , is
the canonical bundle wx. For p € Z, the determinant line bundle Det,, on My , is
defined to be

Det,, := det Rr.w®*H.
Now we have

Fact 5.4 ([8, §17.3]). The determinant line bundle Det,, induces a factoriza-
tion line bundle £, on §x such that the £,-twisted chiral algebra associated to
Gx is isomorphic to the Virasoro chiral algebra of central charge

c(p) = —2(6p — 6+ 1).

Let us remark that this central charge formula was given in [5, 13].
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6. Deformation theory and factorization space

6.1. Universal deformation
Let us briefly recall the universal deformation theory by Ziv Ran [14, 15]. See
also [18].
Assume that g is a sheaf of Lie algebras on a scheme X. Then we can consider
the Chevalley complex C(g) of g. As an Ox-module it is given by the symmetric
algebra

C(g) := Symp  (g[1]).

The standard Chevalley-Eilenberg construction gives a dg Lie algebra structure on

C(9).

Let M be an Ox-module with O x-linear g-action. Then we have a complex
C(g, M) :=C(g) ®ox M

with a C(g)-action.

The standard deformation theory tells us that the deformations of g and M
are controlled by the dg Lie algebras C(g) and C(g, M) respectively. Namely on
the schemes Spec HY(C/(g)) and Spec H°(C(g, M)) we have universal deformation
families of g and M respectively.

6.2. Factorization spaces from deformation problems
Let us state a general construction of factorization spaces from deformation
problems. We have in mind such deformation problems having fine moduli schemes,
but the following assumptions are enough.
Assume that we are given

e a scheme X and an algebraic stack 9
e an Ox-module g which is a sheaf of Lie algebras over Ox
e a sheaf € on 9 x X which is an O x-module and a g-module

such that for each point m € I, setting E := €|, v = € ® k(m) with k(m) the

residue field of M at m, the formal completion Eof € along m x X is isomorphic
to the universal g-deformation of E.
Then for I € 8 let us consider a triple (E, {z;}icr, ¢) consisting of

o {-Ti}iel cX
o = ¢l y with some m € M

e trivialization of E away from {;}icr
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As in §4.2 and §5.2, we have a corresponding functor Foy ; from Sch whose value
on Spec(C) is the collection of the triples above.
Now one can show

ProprosITION 6.1. There exists a strict ind-scheme SGon ; representing the
functor Fop ;. If M is formally smooth, then so is Sox 1.

The construction of factorization spaces considered in the previous sections can
be applied in the present situation.

THEOREM 6.2.  The collection {SGon s } res has a structure of factorization space
with the unit induced by the sheaf € having trivial g-module structure.

Therefore if X is a curve, then by Proposition 3.5 we obtain a chiral algebra.
If we take 9 to be the moduli stack Mg (X) of G-bundles on X, g to be the sheaf
Lie(G) ® Ox and € to be the tautological g-module associated to Mg (X), then
we obtain the Beilinson-Drinfeld Grassmannian. A similar consideration for the
moduli space ﬁg’n of pointed curves gives the factorization space given in §5.2.
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