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Measures of analytic type and semicharacters

Hiroshi Yamaguchi

Abstract. Helson and Lowdenslager extended the classical F.
and M. Riesz theorem as follows: Let G be a compact abelian group

with ordered dual. Let µ be a bounded regular measure on G which is
of analytic type. Then

(I) µa and µs are of analytic type, and
(II) µ̂s(0) = 0,

where µa and µs are the absolutely continuous part of µ and the singular
part of µ, respectively. Forelli gave a generalization of the result of
Helson and Lowdenslager for a compact abelian group with ordered

dual. As for (I), Doss, Yamaguchi and Hewitt-Koshi-Takahashi gave
its extensions for locally compact abelian groups. In this paper, we
extend a result of Forelli, which is related to (II), to locally compact
abelian groups.

1. Introduction

Let G be a LCA group (locally compact abelian group) with the dual group

Ĝ. We denote by mG the Haar measure of G. Let L1(G) and M(G) be the group

algebra and the measure algebra, respectively. Let Ma(G) be the set of all measures

in M(G) which are absolutely continuous with respect tomG. Then we can identify

Ma(G) with L1(G). Let Ms(G) be the closed subspace of M(G) consisting of

singular measures. We denote by M+(G) the subset of M(G) consisting of positive

measures. For µ ∈ M(G), let µa and µs be the absolutely continuous part of µ and

the singular part of µ, respectively. µ̂ denotes the Fourier-Stieltjes transform of µ,

i.e., µ̂(γ) =
∫
G
(−x, γ) dµ(x) for γ ∈ Ĝ. For a subset E of Ĝ, let ME(G) be the

space of measures in M(G) whose Fourier-Stieltjes transforms vanish off E.

Helson and Lowdenslager extended the classical F. and M. Riesz theorem as

follows.

Theorem A ([17, 8.2.3 Theorem]). Let G be a compact abelian group with

ordered dual. Let µ be a measure in M(G) such that µ̂(γ) = 0 for γ < 0. Then
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(I) µ̂a(γ) = µ̂s(γ) = 0 for γ < 0,

(II) µ̂s(0) = 0.

For a compact abelian group G with ordered dual, let A = {f ∈ C(G) : f̂(γ) =

0 for γ < 0}. Then A becomes a Dirichlet algebra. As for Theorem A (II), Forelli

obtained the following.

Theorem B ([7, Theorem 2]). Let G be a compact abelian group with ordered

dual. Let σ ∈ M+(G) be a representing measure for A. Let µ be a measure in

Ms(G) such that µ̂(γ) = 0 for γ < 0. Then µ ∗ σ belongs to Ms(G).

Our purpose is to extend Theorem B to LCA groups. In section 2, we state

definitions and our result. We give the proof in section 3.

2. Notation and results

Let G be a LCA group and P a proper closed semigroup in Ĝ such that P ∪
(−P ) = Ĝ. We note that

◦
P (the interior of P ) is dense in P . Set Λ = P ∩ (−P ).

Let D be the closed unit disc in the complex plane C, i.e., D = {z ∈ C : |z| ≦ 1}.
A function ζ : P → D is called a semicharacter (on P ) if ζ(γ1 + γ2) = ζ(γ1)ζ(γ2)

for γ1, γ2 ∈ P . We denote by ∆ the set of all nonzero continuous semicharacters.

Define a subset ∆+ of∆ as follows:

(2.1) ∆+ = {ζ ∈ ∆ : 0 ≦ ζ(γ) ≦ 1 for all γ ∈ P}.

For each ζ ∈ ∆, |ζ| belongs to ∆+. And, for ρ ∈ ∆+, we have ρ(γ) = 1 on Λ since

Λ is a subgroup of Ĝ. By [1, 3.1 Theorem], each ζ ∈ ∆ has a polar decomposition.

That is, there exists x ∈ G such that

(2.2) ζ = |ζ|x.

For each ζ ∈ ∆, it follows from [1, 4.7 Theorem and 4.8 Corollary] that there exists

a unique probability measure mζ ∈ M+(G) such that

(2.3) m̂ζ(γ) = ζ(γ) for γ ∈ P .

For ζ, ζ ′ ∈ ∆, we have mζ ζ′ = mζ ∗mζ′ . Especially, (2.2) implies

(2.4) mζ = m|ζ| ∗ δ−x,

where δ−x is the point mass at −x.

Now we state our theorem.
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Theorem 2.1. For ρ ∈ ∆+ and µ ∈ MP (G)∩Ms(G), we have µ∗mρ ∈ Ms(G).

By (2.4) and Theorem 2.1, we get the following corollary.

Corollary 2.2. For ζ ∈ ∆ and µ ∈ MP (G) ∩ Ms(G), we have µ ∗ mζ ∈
Ms(G).

Remark 2.3. (i) Let G be a compact abelian group with ordered dual. Let

P = {γ ∈ Ĝ : γ ≧ 0} and A = {f ∈ C(G) : f̂(γ) = 0 for γ < 0}. Let

σ ∈ M+(G) be a representaing measure for A. Then σ̂ becomes a nonzero

semicharacter on P , and mσ̂ = σ. Hence Theorem B follows from Corollary

2.2.

(ii) Let G be a compact abelian group, and suppose that there exists a nontrivial

homomorphism ψ from Ĝ into R. Put P = {γ ∈ Ĝ : ψ(γ) ≧ 0}. Let

ϕ : R → G be the dual homomorphism of ψ, i.e., (ϕ(t), γ) = exp(iψ(γ)t)

for γ ∈ Ĝ, t ∈ R. Let µ ∈ MP (G) ∩ Ms(G) and λ ∈ M(R). Then, by [4,

Theorem 3.1 and Lemma 5.1], we have µ ∗ ϕ(λ) ∈ Ms(G), where ϕ(λ) is the

continuous image of λ under ϕ.

3. Proof of Theorem

In this section we prove Theorem 2.1. First we state several lemmas. Let

π : Ĝ → Ĝ/Λ be the natural homomorphism, and put P̃ = π(P ). Then P̃ is a

closed semigroup in Ĝ/Λ such that P̃ ∪ (−P̃ ) = Ĝ/Λ and P̃ ∩ (−P̃ ) = {0}. Thus

P̃ induces a totally linear order on Ĝ/Λ. For ρ ∈ ∆+, let L+
ρ = {γ ∈ P : ρ(γ) > 0}

and Γρ = L+
ρ − L+

ρ .

Lemma 3.1. For ρ ∈ ∆+, the following hold.

(i) Γρ is an open subgroup of Ĝ;

(ii) Λ ⊂ L+
ρ ⊂ Γρ;

(iii) P ∩ Γρ = L+
ρ ;

(iv) Let γ ∈ P and ξ ∈ Γρ. If π(γ) ≦ π(ξ), then γ ∈ L+
ρ ;

(v) Γρ = L+
ρ ∪ (−L+

ρ ).

Proof. (i): Set Vρ = {γ ∈
◦
P : ρ(γ) > 0}. Since

◦
P is dense in P , Vρ is nonempty,

and Vρ is an open semigroup in Ĝ. Hence Γρ is an open subgroup of Ĝ since Vρ−Vρ
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is included in Γρ.

(ii): This is trivial since ρ(γ) = 1 on Λ.

(iii): For γ ∈ P ∩ Γρ, there exist ξ1, ξ2 ∈ L+
ρ such that γ = ξ1 − ξ2. Then

ξ1 = γ + ξ2, and so 0 ̸= ρ(ξ1) = ρ(γ)ρ(γ2). Hence ρ(γ) ̸= 0, which yields γ ∈ L+
ρ .

Hence P ∩ Γρ ⊂ L+
ρ . The reverse inclusion relation is trivial.

(iv): Since 0 ≦ π(γ) ≦ π(ξ), ξ belongs to P . Hence (iii) implies ξ ∈ L+
ρ . On the

other hand, since π(γ) ≦ π(ξ), there exists p ∈ P such that ξ − γ = p. Hence

0 ̸= ρ(ξ) = ρ(γ)ρ(p), which yields γ ∈ L+
ρ .

(v): We have Γρ = (P ∩ Γρ) ∪ ((−P ) ∩ Γρ) = L+
ρ ∪ (−L+

ρ ), by (iii).

This complets the proof. □

Lemma 3.2. Let ρ ∈ ∆+, and put Q̃ = {π(γ) ∈ Ĝ/Λ : π(γ) ≧
π(γ′) for some γ′ ∈ Γρ}. Then the following hold.

(i) Q̃ ⊃ P̃ ;

(ii) Q̃ is an open semigroup in Ĝ/Λ such that Q̃ ∪ (−Q̃) = Ĝ/Λ;

(iii) Q̃ ∩ (−Q̃) = Γ̃ρ, where Γ̃ρ = π(Γρ).

Proof. (i): This is trivial since π(p) ≧ 0 for all p ∈ P .

(ii): It is trivial that Q̃ is a semigroup in Ĝ/Λ such that Q̃ ∪ (−Q̃) = Ĝ/Λ. Since

Q̃ ⊃ π(Γρ) and π(Γρ) is an open subgroup of Ĝ/Λ, Q̃ is an open semigroup in Ĝ/Λ.

(iii): Since Q̃ ⊃ Γ̃ρ, we may prove only Q̃ ∩ (−Q̃) ⊂ Γ̃ρ. Let π(γ) ∈ Q̃ ∩ (−Q̃),

where γ ∈ Ĝ. We may assume γ ∈ P because P ∪ (−P ) = Ĝ. Since π(γ) ∈ −Q̃,

π(−γ) belongs to Q̃. Hence there exists ξ ∈ Γρ such that π(−γ) ≧ π(ξ). Then

π(γ) ≦ π(−ξ) and −ξ ∈ Γρ. It follows from Lemma 3.1 (iv) that γ ∈ L+
ρ . Hence

we have π(γ) ∈ π(L+
ρ ) ⊂ Γ̃ρ.

This completes the proof. □

When G is a compact abelian group, the following lemma is obtained in [4,

Theorem 3.1 and lemma 5.2]. We give its proof for completeness.

Lemma 3.3. Let G be a LCA group and ψ a nontrivial continuous homomor-

phism from Ĝ into R. Let ϕ : R → G be the dual homomorphis of ψ. Let ξ ∈ M(R),
and let µ be a measure in Ms(G) such that µ̂ vanishes on ψ−1((−∞, 0)). Then

ϕ(ξ) ∗ µ belongs to Ms(G).

Proof. Since µ̂ vanishes on ψ−1((−∞, 0)), we note that lim
s→0

∥µ− µ ∗ δϕ(s)∥ = 0

(cf. [8, Theorem 4]). Since µ is singular, there exists a Borel set E in G such that
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mG(E) = 0 and |µ|(E) = ∥µ∥. Set E0 =
∪
r∈Q

(ϕ(r) + E), where Q is the rational

numbers. Then

(3.1) mG(E0) = 0, and

(3.2) |µ|(−ϕ(r) + E0) = ∥µ∥ for all r ∈ Q.

Since s → |µ|(−ϕ(s) + E0) is a continuous function on R, (3.2) implies

|µ|(−ϕ(s) + E0) = ∥µ∥

for all s ∈ R. Hence we get

ϕ(|ξ|) ∗ |µ|(E0) =

∫

G

|µ|(−x+ E0)dϕ(|ξ|)(x)

=

∫ ∞

−∞
|µ|(−ϕ(s) + E0)d|ξ|(s)

= ∥µ∥ ∥ξ∥
= ϕ(|ξ|) ∗ |µ|(G).

This shows that ϕ(ξ) ∗ µ is concentrated on E0. Thus we get ϕ(ξ) ∗ µ ∈ Ms(G), by

(3.1), and the proof is complete. □

Lemma 3.4. Let G,ψ and ϕ be as in the previous lemma. Let µ be a measure

in Ms(G) such that µ̂ vanishes on ψ−1((−∞, 0)). Let σ be a measure in M(G)

such that σ̂(γ) = exp(−|ψ(γ)|) for all γ ∈ Ĝ. Then σ ∗ µ ∈ Ms(G).

Proof. Define ξ ∈ L1(R) by d ξ(t) =
1

π
· dt

1 + t2
. Then

ξ̂(x) = exp(−|x|)

for all x ∈ R, where ξ̂(x) =

∫ ∞

−∞
ξ(t)e−ixtdt. Hence we have σ = ϕ(ξ). In fact,

ϕ(ξ)̂ (γ) =

∫ ∞

−∞
(−ϕ(t), γ) dξ(t)

=

∫ ∞

−∞
exp(−iψ(γ)t)dξ(t)

= ξ̂(ψ(γ))
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= exp(−|ψ(γ)|)
= σ̂(γ)

for all γ ∈ Ĝ. Thus, by lemma 3.3, we get σ ∗ µ = ϕ(ξ) ∗ µ ∈ Ms(G). □

The following lemma is due to [22].

Lemma 3.5. (cf. [22, Lemma 1.2]). Let G be a LCA group, and let P be

an open semigroup in Ĝ such that P ∪ (−P ) = Ĝ. Let H be the annihilator of

P ∩ (−P ). Let µ be a measure in Ms(G)∩MP (G). Then µ∗mH belongs to Ms(G).

The following lemma follows from [5, Theorem 1].

Lemma 3.6. (cf. [21, Lemmas (B) and (C)]). Let G be a LCA group and F

an open subgroup of Ĝ. Let H be the annhilator of F , and let α : G → G/H be the

natural homomorphism. Then the following hold.

(I) Let µ be a measure in Ms(G) such that supp(µ̂) ⊂ F . Then α(µ) belongs

to Ms(G/H).

(II) Let ν be a measure in Ms(G/H). Then there exists a measure µ ∈ Ms(G)

such that µ̂(γ) = ν̂(γ) on F and µ̂(γ) = 0 on Ĝ\F .

Now we prove Theorem 2.1. Put Λ = P∩(−P ) and Gρ = Γ⊥
ρ . Let π : Ĝ → Ĝ/Λ

be the natural homomorphism. Set P̃ = π(P ) and Γ̃ρ = π(Γρ). It follows from

Lemma 3.2 that there exists an open semigroup Q̃ in Ĝ/Λ such that

(3.3) Q̃ ⊃ P̃ , and

(3.4) Q̃ ∩ (−Q̃) = Γ̃ρ.

Put Q = π−1(Q̃). Then Q is an open semigroup in Ĝ such that Q ∪ (−Q) = Ĝ.

Moreover, since Γρ ⊃ Λ, it follows from (3.3) and (3.4) that

(3.5) Q ⊃ P , and

(3.6) Q ∩ (−Q) = Γρ.

Since µ ∈ MP (G) ∩ Ms(G), we have µ ∈ MQ(G) ∩ Ms(G), by (3.5); hence (3.6)

and Lemma 3.5 imply
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(3.7) µ ∗mGρ ∈ Ms(G).

Let πGρ : G → G/Gρ be the natural homomorphism. Since (µ ∗mGρ)ˆ(γ) = 0 on

Ĝ\Γρ, it follows from (3.7) and Lemma 3.6 that

(3.8) πGρ(µ ∗mGρ) ∈ Ms(G/Gρ).

Define ρ̃ : Γρ → R+\{0} by ρ̃(γ1 − γ2) = ρ(γ1) ρ(γ2)
−1 (γ1, γ2 ∈ L+

ρ ), where

R+ is the set of nonnegative real numbers. Then ρ̃ is continuous and ρ̃(γ1 + γ2) =

ρ̃(γ1) ρ̃(γ2) for γ1, γ2 ∈ Γρ. Moreover, ρ̃|P∩Γρ = ρ|P∩Γρ . Now we define a continuous

homomorhism ψ : Γρ → R by

(3.9) ψ(γ) = − log ρ̃(γ).

The fact that ρ̃|P∩Γρ = ρ|P∩Γρ implies

(3.10) ψ−1([0, ∞)) ⊃ P ∩ Γρ,

which combined with the fact that µ̂(γ) = 0 on P c yields

(3.11) πGρ(µ ∗mGρ)ˆ(γ) = 0 on ψ−1((−∞, 0)).

On the other hand, since mρ is a positive measure and m̂ρ = ρ(γ) for γ ∈ P , we

have

m̂ρ(γ) =

{
ρ(γ) for γ ∈ P

ρ(−γ) for γ ∈ (−P )\P.

Hence we get, by (3.9),

(3.12) m̂ρ(γ) = exp(−|ψ(γ)|) for γ ∈ Γρ.

In fact, for γ ∈ P ∩ Γρ, we have

m̂ρ(γ) = ρ(γ) = ρ̃(γ) = exp(log ρ̃(γ))

= exp(−| log ρ̃(γ)|) = exp(−|ψ(γ)|).

Let γ ∈ {(−P )\P} ∩ Γρ. Then, since −γ ∈ P ∩ Γρ, we have

m̂ρ(γ) = ρ(−γ) = exp(−|ψ(−γ)|)
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= exp(−|ψ(γ)|).

Thus (3.12) holds.

By (3.8), (3.11)-(3.12) and Lemma 3.4, we have

(3.13) πGρ(µ ∗mGρ) ∗ πGρ(mρ) ∈ Ms(G/Gρ).

Define a map SGρ : M(G/Gρ) → M(G) by

SGρ(ν)ˆ(γ) =

{
ν̂(γ) for γ ∈ Γρ

0 for γ ∈ Ĝ\Γρ.

It follows from (3.13) and Lemma 3.6 that

(3.14) SGρ(πGρ(µ ∗mGρ) ∗ πGρ(mρ)) ∈ Ms(G).

On the other hand, since supp(m̂ρ) ⊂ Γρ and m̂Gρ = 1 on Γρ, we have

SGρ(πGρ(µ ∗mGρ) ∗ πGρ(mρ)) = SGρ(πGρ(µ ∗mGρ ∗mρ))

= µ ∗mρ.

Hence we have µ ∗mρ ∈ Ms(G), by (3.14), and the proof is complete.
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