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Operating functions in harmonic analysis

Enji SaTO

Abstract. In this paper, we state about the Katznelson The-
orem with respect to the operating functions of A(T) and about the
operating functions of modulation spaces in harmonic analysis.

1. Introduction

Study of operating function in harmonic analysis starts with N.Wiener.
Wiener[17] studies the class of A(T) of all continuous functions on the unit cir-
cle T with the absolutely convergent Fourier series, and shows % € A(T) for every
f € A(T) with f(z) # 0 for all x € T. This means that the composition F o f is
in A(T) when F(z) = 1 and f € A(T) with f(z) # 0 for all € T. Levy[12] gives
an extension of this result which is called Wiener-Levy Theorem. After that, the
converse of the Wiener-Levy Theorem is studied, and Katznelson[10] gives a result
of it. Moreover, Helson-Kahane-Katznelson-Rudin[6] reveals the functions on R?
which operate on the Fourier transforms on non discrete locally compact abelian
groups. In §2, we briefly state those results.

Thereafter, there are many papers about operating functions on some function
spaces related to Fourier series or Fourier transforms({7],[8],[13],[18],[19], etc.).

In 1983, Feichtinger[4] first introduced the modulation spaces M?¢ whose impor-
tance are indicated by the results related to Schrodinger probagator e=4 (cf.[2],[5],
etc.).

Recently, Ruzhansky-Sugimoto-Wang[14] proposes the open problem with respect
to general power type nonlinearity of the form |u|*u. Bhimani-Ratnakumar(3] gives
a negative answer about the problem, and proposes an open problem related the
problem in [3]. In §3, we state about this result and give an answer according to
Kobayashi-Sato[11].
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2. The Katznelson Theorem

In this section, we briefly review some classical results with respect to operating
functions. First we state the Wiener Theorem and the Wiener-Lévy Theorem.

THEOREM 2.1.  (The Wiener Theorem) Let f be in A(T) such that f(z) # 0
for all x € T. Then we hav % e A(T).

THEOREM 2.2.  (The Wiener-Lévy Theorem) Let D be a region in the complex
plane, and F(z) an analytic function on D. Then we have F o f € A(T) for every
f € A(T) with f(T) C D.

After the Wiener-Levy Theorem is showed, there are many papers related to
the converse of this theorem. Katznelson[10](cf.[9]) gives a solution of the converse
problem which is called the Katznelson Theorem:

THEOREM 2.3. (The Katznelson Theorem) Let I = [—1,1], and F(t) be a
complez-valued function on I. If F operates on A(T), F extends to an analytic
function on a neighborhood of I(We say that F operates on A(T), if F o f € A(T)
for every f € A(T) with f(T) C I).

A complex-valued function F on R? is said to be real analytic (resp. real entire)
on R? if for each (sg,ty) € R?, F has a power series expansion

F(s,t) = Z An (s — s0)™(t —to)™ (resp. F(s,t) = Z A 8TE™)
m,n=0 m,n=0

which converges absolutely in a neighborhood of (s, to)(resp. in R?).

THEOREM 2.4. (The Helson-Kahane-Katznelson-Rudin Theorem) Let ® be a
complez-valued function on R, If ®o f € A(T) for every f € A(T), then ® is real
analytic on R,

Remark 2.5. Let G be a non discrete locally compact abelian group with the
dual G, and A(G) the set of all Fourier transforms on G.

(1) Let F be a function on R*. If we have F(Re f,Im f) € A(G) for every
f € A(G), F is real analytic (cf.[13]).

(2) Let M(é) be the set of all bounded regular Borel measures on G, and B(G) the
set of all Fourier-Stieltjes transforms on G. If we have F(Re f,Im f) € B(G)
for every f € B(G), F is real entire (cf.[13]).
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3. Modulation spaces and the operating functions

First we introduce some notations for modualtion spaces. We write S (Rd) to
denote the Schwartz space of all complex-valued rapidly decreasing infinitely partial
differentiable functions on the d-dimensional Euclidean space R? and S’ (Rd) to
denote the space of tempered distributions on Rd, that is, the topological dual of
S(R?Y). The Fourier transform of f is defined by f(£) = Jga f(@)e™ " dx and the
inverse Fourier transform by f(z) = ﬁf(—x) We also write C2°(R?) to denote

the set of all complex-valued infinitely partial differentiable functions on R? with
compact support. Let f € S'(R?) and g € S(R?). Then the short-time Fourier
transform Vj f of f with respect to the window g is defined by

Vof(z,6) = < f(t), g(t —2)e’™ >
_ /Rd FO g = 2)e .

Alsolet 1 < p,q < oo and g € S(R?)\{0}. Then the modulation space M?4(R?) =
MP4 consists of all f € S'(R?) such that the norm

il = ([, ([, Wt par) "ac)”

is finite(with usual modification if p = co or ¢ = 00). We note that since V, f(z, &) =

Vi f (2, =€), we have ||f|[arma = ||fllarra, ||Re fllama < |Ifllatpg, M fllarea <
|| fl|pp,q- We collect basic properties of modulation spaces in the following
lemma(cf.[5],[15],[16], etc.).

LEMMA 3.1 (1) The space MP9(R?) is a Banach space, whose definition is
independent of the choice g. More precisely, we have

1 lagze ey < CHgHM[lg'Ol](Rd)HfHMﬁ]’]q(Rd)
for f € MP4(R?Y) and go, g € S(RM)\{0}, where

HfHM[‘;']"(Rd) = HHqu(xvf)”Lp(Rg)||Lq(Rg)~

(2)

Mpmin{p,p/}(Rd) N Lp(Rd) SN MpvmaX{p,p'}(Rd)
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In particular, we have M?*?(R%) = L?(R%).
(3) MPH(RY) c C(R?), that is, f is continuous on R if f € MP1(R?).

(4) If pr < p2 and 1 < q2, then

MPLD (]Rd) s NfP2+92 (Rd).

(5) (density and duality) If p,q < oo, then S(RY) is dense in MP4(R?) and
(MP4(RY)) = MP4' (RY), where % + 1% =1 and % + % =1.

T 1,1 _1 1,1 _1
(6) (Multiplication) If -- + - = and -+ - = +1, then

Hfg”MM(]Rd) < C||f||Mm«11(Rd)H9||MP2>@2(Rd) (f,g € S(Rd))-

(7) (Dilation property) There exists a constant C > 0 such that

Al oot gy < Cllfllproongay (f € M RY))
for 0 < X\ < 1. Here we denote fy(x) = f(\x).

Let F be complex-valued function on R% If F(Re f,Im f) € MP'(R?) for
every f € MP'(R?), then we say that F operates on M?1(R?).

M.Ruzhansky, M.Sugimoto and B.Wang pose the open problem in [14], namely
the validity of the inequality || f|f|*||35 for all f € MPHRY) and o € (0,00)\2N.
We have this inequality for o € 2N by f € Mp’l(Rd).

Bhimani-Ratnakumar[3] gives a negative answer to this problem by using the
Helson-Kahane-Katznelson-Rudin Theorem with respect to operating functions in

harmonic analysis:

THEOREM 3.2. ([3]) Let 1 < p < oo and F be a complex-valued function on
R%. If F operates on Mp’l(]Rd)7 then F is a real analytic function on R® with
F(0) = 0. Conversely, if F is a real anlytic function on R?* with F(0) =0, then F
operates on MP1(R?).

Since F(z,y) = (z + iy)|z + iy|* is non real analytic for o € (0,00)\2N,
Bhimani-Ratnakumar([3] obtains the following:

COROLLARY 3.3.  There exists f € MPY(RY) such that f|f|* ¢ MP'(R?Y) for
every a € (0,00)\2N.
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In [3], they propose an open problem: Is the condition Theorem 3.2 sufficient
or not for p > 1 7 Kobayashi-Sato[11] gives an affirmative answer to this problem:

THEOREM 3.4.  ([11,Theorem 1.1]) Let 1 < p < oo and F' be a real analytic
function on R? with F(0) = 0. Then F operates on MP'(R).

In the same way as the above proof, we have the following:

THEOREM 3.5. Let1 < p < oo and F be a real analytic function on R? with
F(0) = 0. Then F operates on MP'(R%).

COROLLARY 3.6. Let1<p < oo and F be a complex-valued function on R
Then F operates on Mp’l(Rd) if and only if F is a real analytic function with
F(0)=0.

Theorem 3.5 is given by the slight modification of the proof in Kobayashi-
Sato[11] as we said. In the remaining part, we state the outline of the proof of
Theorem 3.5 which is almost same in the proof of Theorem 3.4.

DEFINITION 3.7. Let 1 <p < oo and f be a function on R

(1) Let zy € R, If there emist a neighborhood V of zo and a function g €
Mp’l(IRd) satisfying f(x) = g(x) for every x € V, then we say f belongs to
MPYRY) locally at a point x5 € R,

(2) If there exist a compact set K C R? and h € MPY(RY) satisfying f(z) = g(x)
for all x € R*\K, then we say f belongs to MP'(R?) at cc.
We denote by MP!(R?), the space of functions that are locally in M (RY) at

loc
each point xq € RY.

LEMMA 3.8.  ([11,Lemma 2.4]) Let 1 < p < 0o and f be a function on R

(1) f belongs to Mp’l(]Rd), if and only if of € Mp’l(Rd) for every ¢ € Cgo(Rd).

loc

(2) f belongs to Mp’l(Rd) at oo, if and only if there exists a function ¢ € C2° (Rd)

loc

such that (1 — ¢)f € MP1(R?).

(3) If f € MPH(RY) and f belongs to MP'(R?) at oo, then f € MP'(RY).

loc

For the sake of the outline of the proof of Theorem 3.5, we use some no-
tations in Fourier analysis. Let C('H‘d) be the set of all continuous functions on
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the d-dimensional torus T%, and A(T¢) the set of all continuous functions having
absolutely convergent Fourier series :

AT = {f e C(TY)| Y [f(m)] < oo},

mezZ?

where f(m) = f[ﬂr ) f(z)e~"*dz, the m-th Fourier coefficient of f. A(T?) is
a commutative Banach algebra under pointwise addition and multiplication with
respect to the norm

||fHA(’]I‘d) = Z |f(m)|.

mezd

Here, we need the useful lemma for our theorem in Benyi-Oh[1].

LEMMA 3.9.  (cf.[1,Proposition B.1]) Let f € MP'(R%), 1 < p < oo and
® a smooth function supported on [0,2m)%. Then ¢f € A(Td) and satisfies the
inequality

(D) Mlofllacrey < Clf e gay-

Also let f € A(']Td), 1 <p < oo and ¢ the above function. Then ¢f € Mp’l(Rd)
and satisfies the inequality

(2) [lofllaerwey < Cl Il acray-

Also we have the following:

LEMMA 3.10. Let A € (0,1) and define the 2 periodic function Vy € C(T%)
by

Va(z) = Vi(z1) - Vi(za) (z= (21, ,za) € [-7,m)7),

where V3 () = 20805 (z;) — Ax(z;) with Ay (z;) = max(0,1— @)7 (j=1,---,4d).
Moreover, we define V¥ (x) = Vy(z — x0) for zo € R%. Then for each g € A(T?)

with g(zo) = 0, we have |[V\°g||o(pey = 0 as A — 0.

This Lemma is obtained by applying a partial integration and the Parseval
equality. But we omit the proof, since the proof is given by the slight modification
in Kahane[9;pp.56-57].
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By Lemma 3.10, we can show the following whose proof is same to [11].

PROPOSITION 3.11.  (¢f.[11,Proposition 3.1]) Let 1 < p < oo and F be a
complez-valued real analytic function on R?* with F(0) =0. If f € Mp’l(Rd), then
F(Re f,Im f) belongs to Mp’l(Rd) locally at zo for all zg € RY.

Also the following is given:

PROPOSITION 3.12.  (¢f.[11,Proposition 3.2]) Let 1 < p < oo and [ €
MPYRY). For any € > 0, there exists a real-valued function ® € C°(R?) such
that

11 = @) fllarpr (mey <e.

LEMMA 3.13.  (cf.[11,Corollary 3.3]) Let 1 < p < oo, and fi, -+, fn €
MPYRY). For any e > 0, there exists a real-valued function ® € C°(RY) such
that

(L= @) fillarr ey <& (G=1,-..,N).

PROPOSITION 3.14.  (¢f.[11,Proposition 3.4]) Let 1 < p < oo and F be a
real analytic function on R* with F(0) = 0. If f € MPY(R?), then there exists
H e MPY(RY) such that

H(z) = F(Re f(z),Im f(z))
except for some compact set in R

Theorem 3.4 is proved in Kobayashi-Sato[11], and Theorem 3.5 is proved by
the slight change of the proof of Theorem 3.4 by those propositions and lemmas.
We omit the details.
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