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A shrinking projection method for generalized firmly
nonexpansive mappings with nonsummable errors

Takanori IBARAKI and Shunsuke KAJIBA

Abstract. In this paper, we study an approximation method
for mappings of type (P) [2], (Q) [2,20], and (R) [2,12] in a Banach
space. Using the technique developed by Kimura and Takahashi [18]
and Kimura [14], we prove strong convergence of iterative schemes gen-
erated by the shrinking projection method with errors by using the
generalized projection. Moreover, using our results, we consider the
problem of finding a zero of a maximal monotone operators in a Ba-
nach space.

1. Introduction

Let E be a real Banach space and let C' be a nonempty closed convex subset of
E. We say a mapping T : C — F is firmly nonexpansive [4] if

[tz —y) + (1 =t)(Tz = Ty)|| = [Tz - Ty|

for every xz,y € C and t > 0. If E is a Hilbert space, then one can show that T is
firmly nonexpansive if and only if

((z =Tz)—(y—Ty),Tx —Ty) >0

for every x,y € C. One of the most important examples of this class of mappings in
a real Hilbert space H is a resolvent operator Jy : H — H of a maximal monotone
operator A C H x H for A > 0 defined by Jy = (I + AA)~!. Moreover, the
metric projection Pg of H onto a nonempty closed convex subset C' of H is also an
example of firmly nonexpansive mappings since Pc is a resolvent operator of the
subdifferential of i¢, the indicator function with respect to C.

As a generalization of the resolvent operator defined on a Hilbert space, some
different types of resolvents defined on a Banach space have been proposed and
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studied. These notions correspond to variations of nonlinear mappings on a Ba-
nach space including firmly nonexpansive mappings. Following [2], we call them
mappings of type (P) [2], (Q) [2,20], and (R) [2,12]; see the next section.

In the metric fixed point theory, approximation method of a fixed point of a
nonlinear mapping is one of the most important topics and it has been rapidly
developed in the recent research. In particular, the shrinking projection method
proposed by Takahashi, Takeuchi, and Kubota [27] is a remarkable result (see
also [23,24]).

THEOREM 1.1 (TAKAHASHI-TAKEUCHI-KUBOTA [27]). Let H be a real
Hilbert space and let C' be a nonempty closed convex subset of H. Let T' be a nonex-
pansive mapping of C into itself such that F(T) ={z € C: z = Tz} is nonempty.
Let {a} be a sequence in [0,a], where 0 < a < 1. For a point x € H chosen

arbitrarily, generate a sequence {x,} by the following iterative scheme: x1 € C,
C,=0C, and

Yn = ATy + (]- - an)Txna
Cot1={2€C: |z -yl <z —20ll} N Cy,

Tny1=FPo,, T

forn.€ N. Then, {x,} converges strongly to Ppiryx € C, where Pk is the metric
projection of H onto a nonempty closed convex subset K of H.

We note that the original result of this theorem is a convergence theorem to a
common fixed point of a family of nonexpansive mappings. Later, many researchers
proposed various types of generalized result of this method (see [3,6-9, 14-18]
and others). In 2009, Kimura and Takahashi [18] obtain a strong convergence
theorem for finding a common fixed point of relatively nonexpansive mappings in a
Banach space by using the shrinking projection method. The method for its proof
is different from the original one and it shows that the type of projection used in
the iterative method is independent of the properties of the mappings.

On the other hand, in the original shrinking projection method, we needs to
obtain the exact value of metric projection to generate sequence in every step and
it is a task of difficulty. In 2012, Kimura [14] considers an error for obtaining the
value of metric projections and prove that the sequence still has a nice property
for approximating a fixed point of a mapping. Recently, Ibaraki and Kimura [9]
prove strong convergence of iterative schemes for mappings of type (P), (Q), and
(R) by using the technique developed by Kimura [14].

In this paper, we study an approximation method for mappings of type(P),
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(Q), and (R) in a Banach space. Using the technique developed by Kimura and
Takahashi [18] and Kimura [14], we prove strong convergence of iterative schemes
generated by the shrinking projection method with errors by using the generalized
projection. The generalized projection is different type of projection used in Ibaraki
and Kimura [9]. Moreover, using our results, we consider the problem of finding a
zero of a maximal monotone operators in a Banach space.

2. Preliminaries

Let F be a real Banach space with its dual E*. The normalized duality mapping
J: E — E* defined by

Jr={y" € E*: ||* = (z,y") = lly"[I”}

for x € E. If FE is smooth, strictly convex and reflexive, then J is a single-valued
bijection. Let C' be a nonempty subset of a smooth Banach space E. A mapping
T :C — E is said to be of type (P) [2] if

(Tz =Ty, J(x—Tz) = J(y —Ty)) 2 0
for each z,y € C. A mapping T : C — E is said to be of type (Q) [2,20] if
(Tx — Ty, (Jx — JTz) — (Jy — JTy)) >0
for each z,y € C. A mapping T : C — F is said to be of type (R) [2,12] if
(JTw — JTy,(x —Tz) — (y —Ty)) 20

for each 2,y € C. We denote by F(T) the set of all fixed points of T. A point p
in C is said to be an asymptotic fixed point of T if C' contains a sequence {z,}
such that z,, — p and z,, — Tx,, — 0. The set of all asymptotic fixed points of
T is denoted by F(T). It is clear that if T : C — E is of type (P) and F(T) is
nonempty, then

(Tx —p,J(x—Tx)) >0

for each z € C and p € F(T'). We also know that if T : C' — E is of type (Q) and
F(T) is nonempty, then

(Tx —p,Jr—JTz) >0
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foreachz € C and pe F(T). f T : C — FE is of type (R) and F(T) is nonempty,
then

(JTx — Jp,x —Tx) >0

for each z € C and p € F(T).
The following results describe the relation between the set of fixed points and
that of asymptotic fixed points for each type of mapping.

LEMMA 2.1 (AoYAMA-KOHSAKA-TAKAHASHI [3]). Let E be a smooth Banach
space, let C' be a nonempty closed convex subset of E and let T : C — E be a
mapping of type (P). If F(T') is nonempty, then F(T) is closed and convex and
F(T) = F(T).

LEMMA 2.2 (KOHSAKA-TAKAHASHI [20]). Let E be a strictly convex Banach
space whose norm is uniformly Gateaux differentiable, let C' be a nonempty closed
convex subset of E and let T : C — E be a mapping of type (Q). If F(T) is
nonempty, then F(T) is closed and convex and F(T) = F(T).

The mappings of types (Q) and (R) are strongly related to each other; it is
a kind of duality in the following sense. Let E be a smooth, strictly convex and
reflexive Banach space, let C' be a nonempty subset of E and, let T" be a mapping
form C into E. Define a mapping T* as follows:

(2.1) T*z* = JTJ 'a*

for each z* € JC, where J is the duality mapping on E and J~! is the duality
mapping on E*. We know that JF(T) = F(T™*) (see [5,28]). Further, we have the
following result.

LEMMA 2.3 (AOYAMA-KOHSAKA-TAKAHASHI [2]). Let E be a smooth, strictly
convex and reflexive Banach space, let C be a nonempty subset of E and let T :
C — E be a mapping of type (R). Let T* : JC — E* be a mapping defined by
(2.1). Then T* is of type (Q) in E*.

Let E be a smooth Banach space and consider the function V : Ex E — R
defined by

V(z,y) = llol* = 2(z, Jy) + Iyl

for each z,y € E. We know the following properties (see [1,11,13,21]);
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[t

- (2l = llylh? < V(z,y) < (=]l + llyll)? for each z,y € E;

[\V]

Vi(x,y)+V(y,z) = 2(x — y, Jr — Jy) for each z,y € E;

S

Vz,y) =V(x,2) + V(z,y) + 2(x — z,Jz — Jy) for each z,y, 2z € E;

4. if E is additionally assumed to be strictly convex, then V(z,y) = 0 if and
only if x = y.

Let E be a smooth, strictly convex and reflexive Banach space and let C' be a
nonempty closed convex subset of E. It is known that for each x € F there exists
a unique point z € C' such that

v =minV .
(2, 2) = min V(y, )
Such a point z is denoted by Ilcx and Il¢ is called the generalized projection
of E onto C (see [1]). We know that the generalized projection is a mapping of
type (Q) (see [2,20]). For a nonempty subset C C E and a point u € E, define
V(C,u) =inf{V(y,u) : y € C} and V(u,C) = inf{V(u,y) : y € C}.
In 2003, Ibaraki, Kimura and Takahashi [10] prove the following result for the

generalized projection in a Banach space. For the exact definition of Mosco limit
M-lim,, C,, (see [22]).

THEOREM 2.4 (IBARAKI-KIMURA-TAKAHASHI [10]). Let E be a smooth Ba-
nach space and Let E* have Fréchat differentiable norm, let {C,} be a sequence
of nonempty closed convex subset of E. If Cy = M-lim,, C), exists and nonempty,
then for each x € E, {IIc, x} converges strongly to Ilc,x.

One of the simplest examples of the sequence {C),} satisfying the condition in
the theorem above is a decreasing sequence with respect to inclusion; Cp, 11 C C),
for every n € N. In this case, M-lim,, C), = ﬂzozl .

Let E be a smooth Banach space and let C' be a nonempty subset of F. A
mapping R : C — F is said to be generalized nonexpansive if F(R) is nonempty
and V(Rz,u) < V(z,u) for all x € C and v € F(R). A mapping R: E — C'is
said to be a retraction if R? = R. A mapping R : E — C is said to be sunny if
R(Rxz + t(x — Rx)) = Rx for each x € E and t > 0. If E is smooth and strictly
convex, then a sunny generalized nonexpansive retraction of F onto C' is uniquely
decided. Then, such a sunny generalized nonexpansive retraction of E onto C'
is denoted by Rc. We know that the sunny generalized nonexpansive retraction
is a mapping of type (R) (see [2,11] for more details). The following lemma is
well-known.
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LEMMA 2.5 (KOHSAKA-TAKAHASHI [19]). Let E be a smooth, strictly convex
and reflexive Banach space and let C* be a nonempty closed conver subset of E*.
Let I« be the generalized projection of E* onto C*. Then the mapping R defined
by R = J I+ J is a sunny generalized nonexpansive retraction of E onto J~1C*.

The following results show that the existence of mappings 9. Irs g:, and gy,
related to the convex structures of a Banach space E and its dual space. These
mappings play important roles in our result. For r > 0, define B, = {z € E :
]| <7}

THEOREM 2.6 (XU [29]). Let E be a Banach space and let r € ]0,00[. Then,

(i) if E is uniformly convez, then there exists a continuous, strictly increasing
and convex function g :[0,2r] — [0,00[ with g (0) = 0 such that

laz + (1 = a)y|* < allz|* + (1 — a)llyll* — a(l - a)g, (lz - y])
for all z,y € B, and a € [0,1];

(i1) if E is uniformly smooth, then there exists a continuous, strictly increasing
and convez function g, : [0,2r] — [0, co[ with §,(0) = 0 such that

laz + (1 = a)yl® = allz[* + (1 - a)[[yl]* — a1 - )7, (|« - yl)
for all z,y € B, and a € [0,1].
From this theorem, we can show the following result.

THEOREM 2.7 (KIMURA [16]). Let E be a uniformly smooth and uniformly
convex Banach space and let v € |0,00[. Then the functions g, and g, in Theorem
2.6 satisfies

g,z —yl) <V(z,y) <g.(lz—yl)
for all x,y € B,.
Similar results for the mappings g’ and g, also hold as follows:

THEOREM 2.8 (IBARAKI-KIMURA [9]). Let E be a uniformly smooth and
uniformly convex Banach space and let r € ]0,00[. Then there exists continuous,
strictly increasing and convex functions g*, gy : [0,2r] — [0,00[ with g*(0) =
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7:(0) =0 such that
g, Tz = Jyll) < V(z,y) < g:(|Jx = Jyl))

for all x,y € B,.

3. Approximation theorem for the mappings of type (P)

In this section, we propose an approximation theorem for a mapping of type
(P), which includes the metric projections onto nonempty closed convex subset of
a uniformly convex Banach space.

THEOREM 3.1. Let E be a smooth and uniformly convexr Banach space, let
C' be a nonempty bounded closed convex subset of E, and let r € |0, 00[ such that
C C B,. Let T : C — E be a mapping of type (P) such that F(T) is nonempty.
Let {6,} be a nonnegative real sequence and let &g = limsup,,_, . 0,. For a given
point u € E, generate a sequence {x,} by x1 =z € C, C;y =C, and

Cpny1=9{2€C:{Tx, —z,J(x, —Txy)) >0} NC,y,
Tpy1 €{2€ C:V(z,u) <V(Cpi1,u) + dpt1} N Cria,

for alln € N. Then,

limsup ||z, — Tz, < g;l(éo).

n—oo

Moreover, if dg = 0, then {x,} converges strongly to IIpryu.

PRrROOF. Since C), includes F(T) # & for alln € N, {C,,} is a sequence of nonempty
closed convex subsets and, by definition, it is decreasing with respect to inclusion.
Let 7, = II¢, u for all n € N. Then, by Theorem 2.4, it follows that {m,} converges
strongly to my = IIc,u, where Cy = (., C,,. For the sake of simplicity, we may
assume that d; is so large that V(x1,u) < V(my,u) + 01. Then, since V(Cy,u) =
V(mp,u), it follows that

V(l‘n, u) < V(ﬂ'nv u) + o,

for every n € N. Since C,, is closed and convex, from Theorem 2.6 (i), we have for
a €]0,1],

V(mn,u) < Viam, + (1 — a)zp,, u)
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= ||am, + (1 — oz)an2 — 2{am, + (1 — @)xy,, Ju) + ||u||2

< alm|? + (1 = )|zl — a(l — a)g (|lmn — zall)
—2a(mp, Ju) — 2(1 — a){xy,, Ju) + ||uH2

=aV(mp,u) + (1 —a)V(x,,u) — a(l — a)gr(Hﬂn — Znl)

and thus
ag, (|mn —anll) < V(zn, u) = V(m, u) < 6.
Tending o — 1, we have g (|7 — z4]) < 6, and thus
I = all < g7 (60)-
Using the definition of m,, we have 7,41 € C,4+1 and thus
(Txy — Tpy1, J (g — Tay)) >0,
or equivalently,
(Tn = Tni1, J (X0 — Tn)) > |20 — Ty
Hence it follows that

|2n — Ton|| < |20 — Tngl]
S wn — mnll + |70 — Ty |l

< Q:l((sn) + |70 — T |
for every n € N. Since lim,,_,o 7, = mp and limsup,,_,, 0, = do, we have

limsup ||z, — Tx,| < g;l(do).

n—oo

For the latter part of the theorem, suppose that o = 0. Then, it follows that

limsup ||z, — Tx,| < Q;l(o) =0

n—oo

and

limsupg ([|zn — mp|]) < limsupé, = 0.
n—roo n—roo
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Therefore, we obtain

lim ||z, — Tz,||=0and lim |z, —m,| = 0.

Then, by Lemma 2.1 and since m, — m, we have x,, — 7o € F(T) = F(T). Since
F(T) C Cy, we get that mg = IIc,u = I p(ryu, which completes the proof. a

4. Approximation theorem for the mappings of type (Q)

We next consider an approximation theorem for a mapping of type (Q). This
type of mappings includes the generalized projections onto nonempty closed convex
subset of a uniformly convex Banach space.

THEOREM 4.1. Let E be a uniformly smooth and uniformly convex Banach
space, let C be a nonempty bounded closed convex subset of E, and let r € ]0,00]
such that C C B,.. Let T : C — E be a mapping of type (Q) such that F(T) is
nonempty. Let {6,} be a nonnegative real sequence and let 69 = limsup,,_, . Op.
For a given point u € E, generate a sequence {x,} by xz1 =z € C, C; =C, and

Cpni1={2€C: (Tay, — z,Jrn, — JTx,) > 0} N C,y,
Tpt+1 € {Z eC: V(Zﬂl,) < V(Cn+1,u) + 6n+1} N Cn+1,

for alln € N. Then,

limsup ||z, — Tx,|| < g;l(ﬁr(g;l(f;o)))

n—oo

Moreover, if g = 0, then {x,} converges strongly to IIpryu.

PRrROOF. Since C), includes F(T) # & for alln € N, {C,,} is a sequence of nonempty
closed convex subsets and, by definition, it is decreasing with respect to inclusion.
Let m, = II¢, u for all n € N. Then, by Theorem 2.4, it follows that {, } converges
strongly to my = IIc,u, where Cy = (., C,,. For the sake of simplicity, we may
assume that d; is so large that V(z1,u) < V(my,u) + 01. Then, since V(Cy,u) =
V(mp,w), it follows that

V(zn,u) < V(mn,u) + 6n

for every n € N. Since C), is closed and convex, from Theorem 2.6 (i), we have for
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a €]0,1],
V(mn,u) < Viam, + (1 — a)z,, u)
= [lam, + (1 — @)an|? = 2{am, + (1 = @)z, Ju) + [Jul®
<allm)? + (1= @)||lzn]? = a(l = @)g (70 = 2al)
— 2a(mp, Ju) — 2(1 — @) (@, Ju) + [|ul]?
=aV(mp,u) + (1 — )V (zn,u) — a(l —a)g ([7n — 2al)
and thus

ag ([[mn — 2all) < V(zg,u) = V(mn, u) < 6n.

Tending v — 1, we have g _([|mn — zn||) < 6, and thus [|m, — 2, < g;1(6n). Using
the definition of 7, we have 7,1 € C),+1 and thus

(Txy, — Tpt1, Jxn — JTx,) >0
From the property of the function V', we have

0 < 2Txp — g1, Jxy — JTxy,)
=2mpy1 — Tap, JTxy — Jay,)
=V(mps1,2n) — V(mpsr, Tan) = V(Txp, xp)
< V(mps1,2n) — V(Txy, ).

By Theorem 2.7, it follows that
V(Txn,xn) < V(mpt1,Tn)
V(mnt1, ™) + V(Tn, n) + 2(Tp41 — Ty Jp — J20)
V(Tnt1,m0) + Gr(llmn — znll) + 2[mpg1 — 7TnH(||J7rnH + Han”)
Gr(ITns1 = mall) +9,(g " (0n)) + 47| s — .

INCIA

Since limy,_, o m, = 7o and limsup,,_, ., I, = do, we have

limsup V(Tzn, 2,) < 9,(g '(40))-

n—roo

Therefore, by Theorem 2.7, we have

limsup ||z, — Tz,| < 11msupg (V(Txn,xn)) < g;l(@(g;l(éo))).

n—o0 n—oo
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For the latter part of the theorem, suppose that g = 0. Then, it follows that
limsup ||z, — T < g7 (g,(g,(0))) = 0

n—oo
and

limsupg (|| — ) <limsupd, = 0.

n—oo n— oo

Therefore, we obtain

lim ||z, — Tz,||=0and lim |z, —m,| = 0.

Then, by Lemma 2.2 and 7, — m, we have z, — mo € F(T) = F(T). Since
F(T) C Cy, we get that mg = o, u = II'p(7yu, which completes the proof. O

5. Approximation theorem for the mappings of type (R)

The mappings of type (R) is, in a sense, the dual of the mappings of type
(Q). By using this fact, we obtain the following an approximation theorem for this

mapping.

THEOREM 5.1.  Let E be a uniformly smooth and uniformly conver Banach
space and let C be a nonempty bounded subset of E with JC is closed and convex
and r €]0,00[ such that C C B,.. Let T : C — E be a mapping of type (R) such
that F(T) is nonempty. Let {6,} be a nonnegative real sequence and let 6y =
lim sup,, ., 0n- For a given point u € E, generate a sequence {x,} by x;y =z € C,
Ci=0C, and

Cpy1=9{2€C:{JTx, — Jz,x, — Tx,) >0} NC,,
Tn41 S {Z eC: V(U,Z) S V(U7Cn+1) + 5n+1} N Cn+17

for alln € N. Then,

limsup ||z, — Tl < g, (@79~ (@5 (g) " (60))))-

n—oo

Moreover, if g = 0, then {x,} converges strongly to Rp(ryu.

ProOOF. From Lemma 2.3, it follows that T* : JC' — E* is of type (Q) in E* with
F(T*) # &, where T* is defined by (2.1). Put z} = Jz,, and C} = JC, for each
n € N. Then T* and {z}} satisfy the conditions of Theorem 4.1 in E*. Therefore,
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it follows that
. * * «—1l/—x/ x—1

(5.1) limsup [|lz;, = T"25[| < g7 (9:(g). (d0)))
n— o0

where the functions g* and gy in Theorem 2.8. Moreover, if do = 0, then {z}}
converge strongly to Ilp(p«yJu, where Ilp -« is the generalized projection of E*
onto F(T*) = JF(T). From Theorems 2.7 and 2.8, we have

(5.2 0,72~ 2a]) V(T2 2) < G T — T ).
From (5.1) and (5.2), we obtain
limsup ||Tz, — .| < limsupgjl(gi(Han —JTz,|))
n— oo

< g '@ T @ g T G)).

Finally, we show that {z,,} converges strongly to Rp(r)yu. Since E is uniformly
smooth and uniformly convex, it follows that the duality mapping J ! on E* is
continuous and x, = J~ 1z} for each n € N. Since x} — g7+ Ju, it follows that

e B J_1HF(T*)Ju = Rp(r)u.

This completes the proof. O
6. Deduced results
In the case where E is a Hilbert space, the functions 9. 9> g;’j and g, become

—F — g — A* — 2
gr_g'r'_gr_gr_"|
of Theorems 3.1, 4.1 and 5.1, we obtain the following result.

for every r € ]0,00[. Therefore, as a direct consequence

COROLLARY 6.1.  Let H be a Hilbert space and let C be a nonempty bounded
closed conver subset of H. Let T : C — E be a firmly nonexpansive mapping
such that F(T) is nonempty. Let {6,} be a nonnegative real sequence and let
0o = limsup,,_, . 6,. For a given point w € H, generate a sequence {x,} by
r1=xz€C,Cy=0C, and

Cpni1={2€C:{Tay, — 2,2, — Txp) >0} Ny,
Tpp1 €{2€ 0 |lu—2z||* <d(u,Cri1)* + 6ns1} N Criy1,
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for alln € N. Then,
limsup ||z, — Tx,| < V/do.
n—oo

Moreover, if 6o = 0, then {x,} converges strongly to Prryu, where Pp(ry is the
metric projection of H onto F(T).

We next consider the problem of finding a zero of a maximal monotone operator;
Let E be a smooth, strictly convex, and reflexive Banach space. Then a operator
A C E x E* with domain D(A) = {z € E: Az # O} is said to be a monotone
if (x —y,a* —y*) > 0 for all (z,z*),(y,y*) € A. A point u € F is satisfying
that 0 € Au is called a zero of A and the set of such points is denoted by A~0.
A monotone operator A C E x E* is said to be maximal if A = A’ whenever
A’ C E x E* is monotone operator such that A C A’. Let AC EXE*, BC E*xE
be maximal monotone operators. Then, it is known that

RI+MNtA)=J YR(J+MA)=R(I+A\BJ)=E

for all A > 0. We also know that D(A) and D(B) are convex, where K is the
closure of K. The following three single-valued mappings are well-defined for all
A>0:

Py=(I+X"'A)':D(A) - F;

Qx=(J+XA)'J:D(A) = E;
Ry={I+XBJ)™':J'DB) - E.

These mappings are called the resolvents of A or B. It is known that F(Py) =
F(Q)) = A7'0 and F(Ry) = (BJ)~'0. We also know that Py,Q, and Rj for
A > 0 are mappings of type (P), (Q) and (R), respectively (see [2,6,8,11,25,26]
and others). Therefore, as a direct consequence of Theorems 3.1, we obtain the
following result;

THEOREM 6.2. Let E be a smooth and uniformly convexr Banach space and
let A C E x E* be a mazximal monotone operator with D(A) being bounded. Let
A €10, 00[ and let r €10, 00[ such that D(A) C B,. Let {6,,} be a nonnegative real
sequence and let dg = limsup,,_, ., On. For a given point u € E, generate a sequence
{zn} by z1 =2 € D(A), C1 = D(A), and

Cn+1={2€ D(A) : (Pxxy, — 2, J(xy, — Prxxy)) > 0} N Cy,
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Tpnt1 € {z € D(A) : V(z,u) <V (Cpy1,u) + 0ps1} N Cria,
for alln € N. If A=10 is nonempty, then

limsup ||z, — Pl < g~ (d0)-

n—o0

Moreover, if 6 = 0, then {x,} converges strongly to Il y-1qu.
Simlarly, the following resut is a direct consequence of Theorem 4.1.

THEOREM 6.3. Let E be a uniformly smooth and uniformly convex Banach
space and let A C E x E* be a maximal monotone operator with D(A) being
bounded. Let X € ]0,00[ and let r € ]0,00[ such that D(A) C B,. Let {d,} be a
nonnegative real sequence and let oo = limsup,,_, ., 6n. For a given point u € E,
generate a sequence {x,} by x1 = x € D(A), C1 = D(A), and

Cnt1=9{2€ D(A) : (Qrzp — 2z, Jxp, — JQrxy) > 0} NC,y,

Tne1 €{2€ D(A) : V(z,u) < V(Cpa1,u) + 6pa1} N Crst,
for all n € N. If A=10 is nonempty, then

limsup ||z, — Qxzn| < gr_l(@-(g,fl(%)))-

n—oo

Moreover, if 6o = 0, then {x,} converges strongly to Il y-1qu.
Finally, we can show the following result from Theorem 5.1.

THEOREM 6.4. Let E be a uniformly smooth and uniformly convex Banach
space and let B C E* x E be a maximal monotone operator with D(B) being
bounded. Let \ € ]0,00[ and let r € |0, 00[ such that D(BJ) C B,. Let {6} be a
nonnegative real sequence and let oo = limsup,,_, ., 6n. For a given point u € E,
generate a sequence {x,} by x1 =x € D(BJ), C;y = D(BJ), and

Cni1 ={2€ D(BJ) : (JRyxxy, — J2,2n — Ryzp) > 0} N Chy,

Tn41 € {Z € D(BJ) : V(u, Z) < V(u, On+1) + 5n+1} n Cn+1,
for all n € N. If B~10 is nonempty, then

limsup ||z, — Rawnll < g7 (@597 @5(g7 (50))))-

n—oo
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Moreover, if dg = 0, then {x,} converges strongly to Rpj)-1ou.

PROOF. In the setting of Theorem 6.4, it is easy to see that J~*D(B) = D(BJ)

and J~1D(B) = D(BJ) (see, for example, [8]). So, we obtain the desired result by
Theorem 5.1. |
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