
1.MathematicalAnalysisofCoupledInequalities

Thedemandforproductfluctuates.Itisdifficulttopredictthefuturedemandquantity.
Enterprisesendeavortomeetthefluctuatingdemandbydisposingmoreemployeesthanthe
neededfortheoperation.Thesuperfluousdisposalofemployeescreatesexpensesandmakes
thelaboroperationlessefficient［1］.Therefore,theoptimizationoflabordisposalmanagement
isasubstantialtaskincorporateadministrationtosavecostsincurredinthesuperfluous
disposalofemployees.
Redundancyproblemsareoftenseenintheoptimizationoflabormanagement.Inthis

paper,wewillclarifythemathematicaloriginsoftheredundancyarisingintheoptimization
oflabordisposalmanagementandproposesomemethodstoremovetheredundancyinthe
optimization.
Inthissectionforthepurposeofelucidatingthemathematicalstructureofthelabor

disposalproblem,whichwillbediscussedinSection2,weusesomesimplifiedmathematical
modelsintermsofcoupledinequalitiesfornon-negativeintegralvariables.Thesolutionof
thecoupledinequalitiesshouldsatisfytheconditionthatthesumofthevariablesgetsamini-
mumvalue.Analyzingsimplemathematicalproblems,wewillshowthatthesetsofcoupled
inequalitiesyieldredundantsolutions.Themathematicaloriginoftheredundancyisdis-
cussed.InSection2,weintroduceamorerealisticmathematicalmodelforthelabordisposal
problemanddiscussredundancyintheoptimizationoflabordisposalmanagement.
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1） MathematicalModelfreefromRedundancyofSolution

InthisSection,wetakesomesimplifiedmathematicalmodelsintermsofcoupledine-
qualitiesfortwonon-negativeintegralvariablesx1andx2.Thesolutionofthecoupledine-
qualitiesshouldsatisfytheconditionthatthesumofx1andx2getsaminimumvalue.In
Subsection1）,wetakethefollowingcoupledinequalitieswhicharelowerboundedevenly.
Wewillseethatthesolutionofthecoupledinequalitiesisfreefromredundancy.

Inordertoobtaintheminimumvalueofthesumofx1andx2,addingtheabovetwoinequali-
ties,wegettheinequality,

whichleadstothesumofthesolutionx1andx2tobelowerboundedas

Weseethatthesumofx1andx2yieldstheminimumvalueequalto2,whenthelefthand
sidesofthetwoinequalities（1）takethelowestboundaryvalues.Therefore,replacingthe
inequalities（1）bytheequations,wegetthefollowingcoupledequations,

whichyieldthesolutionx1・1andx2・1ofthecoupledinequalities（1）withthemini-
mumvalueofthesumofx1andx2equalto2.Thenon-negativeintegralsolutionx1・1and
x2・1ofthecoupledequations（4）istheuniquesolutionofthecoupledinequalities（1）
whichsatisfiestheconditionthatthesumofnon-negativeintegersx1andx2takesthemini-
mumvalue.Therefore,itcanbeseenthatthesolutionoftheinequalities（1）isfreefrom
redundancy.

2） MathematicalModelinvolvedwithRedundancyofSolution

Now,weproceedtoamorecomplicatedsetofcoupledinequalities,whichareunevenly
lowerboundedas

Addingtheabovetwoinequalities,wegettheinequality,
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2x1・x2・3,

x1・2x2・3. ・1・

3・x1・x2・・6, ・2・

x1・x2・2. ・3・

2x1・x2・3,

x1・2x2・3, ・4・

2x1・x2・5,

x1・2x2・1. ・5・

3・x1・x2・・6. ・6・



Weseethatthesumofthesolutionx1andx2forthecoupledinequalities（5）islower
boundedas

Therefore,thesolutionofthecoupledinequalities（5）withtheminimumsumofx1and
x2equalto2isobtainedbysolvingthecoupledequations,

Thex2ofthesolutionx1・3andx2・・1ofthecoupledequations（8）is,however,a
negativeinteger.Thissolutiondoesnotsatisfytheconditionthatthevariablesx1andx2are
non-negativeintegers.

Therefore,wemodifythecoupledequations（8）soasthesumofsolutionx1andx2is
increasedtobe3,whichisbiggerby1thanthesumofx1andx2equalto2forthesolution
ofthecoupledequations（8）.Thisproceduretoincreasethesumx1・x2tobe3leadstothe
relation,

inplaceoftheinequality（6）.Theaboverelationshipbringsaboutthefollowingfoursets
ofcoupledequationswhichsatisfytheinequalities（5）;

and

Thesolutionofthecoupledequations（10）isx1・2andx2・1,thatof（11）isx1・3and
x2・0,thatof（12）isx1・4andx2・・1andthatof（13）isx1・5andx2・・2.These
solutionsx1andx2ofthefoursetsofcoupledequationsfrom（10）to（13）havethesame
valueofthesumofx1andx2equalto3.
Thuswehaveseenthatthecoupledinequalities（5）whicharelowerboundedunevenly,
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x1・x2・2. ・7・

2x1・x2・5,

x1・2x2・1. ・8・

3・x1・x2・・9 ・9・

2x1・x2・5,

x1・2x2・4, ・10・

2x1・x2・6,

x1・2x2・3, ・11・

2x1・x2・7,

x1・2x2・2, ・12・

2x1・x2・8,

x1・2x2・1. ・13・



yieldsomeredundantsolutions.Thex2・・1ofthesolutionofthecoupledequations（12）
andthex2・・2oftheequations（13）arenegativeintegers.Thereforethecasesofthesets
（12）and（13）ofthecoupledequationsarenotacceptableforthesolutionofthecoupled
inequalities（5）ofnon-negativeintegersx1andx2.Thesolutionsofthecoupledequation
sets（10）and（11）arethesolutionsofthecoupledinequalities（5）whichsatisfythecondi-
tions.

3） MathematicalOriginofRedundancy

Inthissubsection,wewillanalyzehowredundantthesolutionsofcoupledinequalities
are.Inordertoclarifytheoriginoftheredundancyofthesolutionofthecoupledinequalities,
weexpresstheinequalitiesinageneralizedwayas

Thesumofthetwovariablesx1andx2islowerboundedas

Byreplacingthevaluesoflefthandsideofinequalities（14）bythelowestboundaryvalues,
weobtainthecoupledequations,

whichyieldthesolution,

Thisisthesolutionofthecoupledinequalities（14）withtheminimumvalueofthesum,

Inthecasewheretheinequalities（14）arelowerboundedunevenly,i.e.,theboundary

valuesa10anda20oftheinequalitiesarenotequaltooneanother（a20・
1

2
a10,forexample）,

eithersolutionx1orx2ofthecoupledequations（16）maybeanegativeinteger,whichisnot
acceptableforanon-negativesolutionofthecoupledinequalities（14）.

Incasethatoneofx1andx2isanegativeinteger,thecoupledequations（16）arereplaced
bythecoupledequations,
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1
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3
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3
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1

3
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withthevaluesmodifiedas

withnon-negativeintegers・a1and・a2,andapositiveintegern.Withthevaluesa10and
a20ofthetwocoupledequations（16）increasedby・a1and・a2,respectively,thesumof
x1andx2isincreasedbynas

Inordertoobtainnon-negativesolutionsforthecoupledequations（19）,letustaken・1at
first.Then,thenumberofthechoicesoftwonon-negativeintegers・a1and・a2satisfying
therelation（20）isthecombinationwithrepetitions［2］ H32 ・ C34 ・4oftwonon-negative
integers・a1and・a2forthedivisionsoftheinteger3into2groups,i.e.,（・a1,・a2）=
・3,0・,・2,1・,・1,2・and・0,3・.InSubsection2）,concernedwiththecoupledinequalities

（5）witha10・5anda20・1,wehavepresentedthefoursetsofcoupledequationsfrom
（10）to（13）,whichstandforthecasesof（・a1,・a2）=・0,3・,・1,2・,・2,1・and・3,0・,
respectively.

Ifallthesetsofthecoupledequations（19）withthevaluesa1anda2modifiedfrom
a10anda20byn・1stillbringaboutonlythesolutionsofthecoupledinequalitiesofwhich
eitherthesolutionx1orx2isanegativeinteger,weproceedtothemanipulationwith
n・2.
Thepluralchoicesofthe・a1and・a2availableforasameminimumvalueofthesum

ofx1andx2withn・1originatetheredundancyofthesolutionofthecoupledinequalities
（14）.

2.LaborDisposalManagement

Anenterprisemaypracticethefollowinglabordisposalmanagement:thelaborerswork
sevendaysaweekincludingweekends.Eachemployeeworksforfivecontinuousdaysa
week.Theemployeesaredisposedintosevengroups,eachstartingworkonagivendayof
theweek.Thenumberofemployeesrequiredforworkingoneachdayofweekisgiven.The
givennumbersofemployeesrequiredondaysoftheweekareinanunevendistribution.The
givenunevendistributionofthenumberofemployeesrequiredtoworkoneachdayofthe
weekstandsforamathematicalmodelforthefluctuationofdemand.Theunevendistribution
oftherequirednumbersofemployeesimposesaproblemofhowemployeesaredividedinto
sevengroupstosatisfythenumbersofemployeesrequiredoneachdayoftheweek.Wewill
solvetheproblemofhowtooptimizethislabordisposal.
Inthissection,wewillshowthattheoptimizationforminimizingthetotalnumberof

employeesgivesrisetoaredundancyofthesolution.Wewillpresentsomeexamplesof
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2x1・x2・ a1,

x1・2x2・ a2 ・19・

a1・ a10・・a1,

a2・ a20・・a2,

・a1・・a2・3n ・20・

x1・x2・
1

3
・a1・a2・・

1

3
・a10・a20・・n. ・21・



redundantsolutionsforagivencaseandproposesomemethodstooptimizelabordisposal.
Wewillsolvethecoupledinequalities,eachofwhichindicatesthenumberofemployees

requiredforworkingonagivendayoftheweek,

whereanon-negativeintegerxistandsforthenumberofemployeesinthegroupwhostart
workingondayiofweek.Fromtheinequalities（22）,weseethattheaccumulatednumber
ofemployeesislowerboundedas

Wewillanalyzethelabordisposalprobleminacasewheretheminimumnumbersai0of
employeesrequiredforworkingondayiaregivenbyanunevendistributionas

Thisunevendistributionofthenumbersofemployeesrequiredoneachdaystandsfora
mathematicalmodelforthefluctuationofdemand.
Ifthenumberofemployeeswhoworkondayiissettledtobeai,thecoupledinequalities

（22）arereplacedbythecoupledequations,

wherethenumbersaiofemployeeswhoworkondayishouldsatisfytherequiredconditions
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x1 ・x4・x5・x6・x7・ a10,

x1・x2 ・x5・x6・x7・ a20,
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i・1
xi・

1

5
・
7

i・1
ai0. ・23・

a10・17,

a20・13,

a30・15,

a40・19, ・24・

a50・14,

a60・16,

a70・11.

x1 ・x4・x5・x6・x7・ a1,

x1・x2 ・x5・x6・x7・ a2,

x1・x2・x3 ・x6・x7・ a3,

x1・x2・x3・x4 ・x7・ a4, ・25・

x1・x2・x3・x4・x5 ・ a5,

x2・x3・x4・x5・x6 ・ a6,

x3・x4・x5・x6・x7・ a7,



in（22）,

Theequations（25）leadtothetotalnumber・ixiofemployeesrelatedtothesumofnumbers
aiofemployeesrequiredondayias

Thecoupledequations（22）yieldauniquesolution,

Firstwesolvethecoupledequations（25）forthecasewherethenumbersaiofemployees
whoworkondayiarethelowestboundariesai0requiredbytheinequalities（26）,i.e.,

Thesolutionofthecoupledequations（25）inthiscaseis
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x6・
3
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x7・
3

5
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5
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wherethenumbersx3andx5ofemployeesinthegroups3and5arenegativeintegers,i.e.,
anunacceptablesolution.Thexi・softhesolutioninthisunrealisticcaseareexpressedas
xi0・s,i.e.,

Theaccumulatednumberofemployeesrequiredinthecase（29）is

whichindicatesthatthesumofxi0・s,

Takingawaytheunrealisticsolution（30）,wesearchforrealisticcasesinwhichthe
numbersxiofemployeesinthesevengroupsarenon-negativeintegers.Forthepurposeof
gettingrealisticcoupledequations（25）,weincreasethenumbersaiofemployeesworkingon
Dayiby・ai・・0・fromai0inequations（24）soas

Owingtotheequations（28）,theai・sincreasedby・aimodifythexi・sfromxi0bythevaria-
tions・xi・ xi・xi0as
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x1・4,

x2・6,

x3・・2,

x4・10, ・30・

x5・・4,

x6・6,

x7・1,

x10・4,

x20・6,

x30・・2,
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a1・ a10・・a1,
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Therelation（27）intermsofintegersxiindicatesthatthesumofai・sshouldbeamultiple
of5,i.e.,thevariationofthesumofai・s,

withapositiveintegern.
Thenegativeintegerx5・・4ofthesolution（30）isnotacceptableforthenumberof

employeeswhostartworkingondayi・5.Therefore,itisrequiredthat

i.e.,

Theoptimizationoflabordistposalisperformedwiththeconditionthatthetotalnumber
ofemployeesshouldbetheminimum.Owingtotherelationshipof（36）and（38）,the
conditionrequiresthatthevariationofthesumofai・sis

withn・2,i.e.,thesumofai・sis

Substitutingtheaboverelationshiptotheequation（27）,weobtainthetotalnumber・ixiof
employeesas23.
Therelation（35）leadstothevariations・xiofxitobewithinthelimitsof・4and6,
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i.e.,

and

Therelationshipof（31）and（42）showsthatx1,x2,x4andx6remainasnon-negativeintegers
bythevariations・ai.However,x3,x5andx7becomenon-negativeintegers,onlywhenthe
followingrequirementsforthevariations・aiaresatisfied:

Therelationshipof（39）and（43）forthevariations・aiarenecessaryandsufficientcondi-
tionstomaketheconstantsaiforthecoupledequations（25）toyieldrealisticsolutions.
Underthecondition（39）,therelations（43）arechangedtobe

Thecondition（39）forthe・ai・syieldsthecombinationwithrepetitions
［2］ H107 ・

C1016 ・8008ofsevennon-negativeintegers・ai・sforthedevisionsoftheinteger10into7
groups,i.e.,8008setsof（・a1,・a2,・a3,・a4,・a5,・a6,・a7）.Byahandworksearchfor
therealisticsetsof・ai・sfromthe8008sets,wefoundthat282setsoftheconstantsaimodi-
fiedby・aisatisfytherelationshipof（39）and（43）fortherealisticcases.Eachsetofthe
constantsaiyieldsauniquesolutionofthecoupledequations（25）.Therefore,theguiding
principleoftheoptimizationthatthetotalnumberofemployeesshouldbetheminimum,does
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notguaranteeadefinitesolution,yieldingredundantsolutionsoftheoptimizationproblemof
labordisposal.Theredundancyofthesolutionoriginatesfromtheunevendistributionofthe
numbersofemployeesrequiredforworkingondayioftheweekwhichisgiveninequa-
tions（24）.
Somenumericalexamplesofthesolutionscannowbeshownbychoosingthesetsofthe

constantsaiwhichsatisfytheconditions（39）and（44）.Thefollowingthreemethodsare
proposedtooptimizelabordisposalinordertoremovetheredundancyofthesolution.

1.Optimizethenumbersaiofemployeeswhoworkondayi.Wechoseasetofai・s
whicharemoreorlessequaltoeachother.

2.Optimizethevariations・aiofnumberaiofemployeesfromtherequirednumbers
ai0.Wechoseasetofai・swhosevariations・aifromai0aremoreorlessequalto
eachother.

3.Optimizethenumbersxiofemployees.Wechoseasetofai・sforwhichthexi・sof
thesolutionofcoupledequations（25）aremoreorlessequaltoeachother.

InTable1,weshowthesolutionsofthecoupledequations（25）obtainedintheabove
optimizationmethods.Wechosethesetoftheconstantsaiwhichmeetoneoftheabove
conditions1to3fortheoptimization.Thesetofthechosenconstantsaiandthexi・softhe
solutionareshownintheTable.Thenumbers1to3inthefirstcolumnintheTableshow
theoptimizationmethods1to3,respectively.

InOptimizationmethod1,thefollowingproceduresaretakentodisposeoftheemploy-
ees:1）Theaverageofthenumbersai0ofemployeesrequiredforworkingondayiis15.2）
Ondaysi・1,4and6,wedisposethenumbersa10・17,a40・19anda50・16ofemploy-
eesrequiredinequations（24）.3）Ontotheotherdays,wedisposetheadditionalnumber
・i・ai・10ofemployees.Inordertomakeamoreorlessevendistributionofthenumbers
ofemployees,wedisposeadditionalnumbers・a2・3,・a3・1,・a5・2and・a7・4of
employees,i.e.,thenumbersofemployeesarea2・ a3・ a5・16anda7・15.Thisdis-
posalofemployeessatisfiestheconditions（43）.

InOptimizationmethod2,duetotheaverage
10

7
・1.47ofadditionalnumbers・aiof

employeesinthesevengroupsandtheconditions（44）fortheadditionalnumbers・ai,weput

Therefore,wedisposeadditionalnumbers・a2・3,・a3・1,・a4・0,・a5・2and
・a7・3ofemployees.Oneadditionalemployeeisdisposedondayi・6as・a6・1.

InOptimizationmethod3,theaveragenumber
23

7
・3.28ofemployeesintheseven
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Table1 Thenumberxjofemployeesinthegroupjandthenumberaiofthoseworkingondayi
disposedinthethreeoptimizationmethods

Optimization x1 x2 x3 x4 x5 x6 x7 a1 a2 a3 a4 a5 a6 a7

1 3 5 1 6 1 3 4 17 16 16 19 16 16 15
2 3 6 0 7 0 4 3 17 16 16 19 16 17 14
3 4 3 3 6 2 2 3 17 14 15 19 18 16 16

・a3・・a5・・a7・6,

・a5・・a7・・a2・8, ・45・

・a7・・a2・・a4・6.



groupsistakenintoaccount.Inordertomakethenumbersofemployeesbex3・3,x5・
2（themaximuminthecondition（41））andx7・3,itisassumedthat

i.e.,wedisposetheadditionalnumbers・a2・1,・a3・・a4・0,・a5・4and・a7・5of
employees.Then,thenumberx6ofemployeesis2.

Undernormalworkingconditionwheretheemployeesworkfivecontinuousdaysa
week,asuperfluousdisposalofemployeesisinevitabletomeetthefluctuationofdemandand
makestheworkingoperationinefficientondayswhenafewernumberofemployeesisre-
quired［1］.Thissuperfluousdisposalofemployeesbringsaboutredundancyintheoptimization
oflabordisposal.InTable2,weshowthenumberai・ai0ofsuperfluousemployeesandthe

efficiencyoftheoperationdefinedby
ai0

ai

forthepresentcase.

3.ConcludingRemarks

Wehavediscussedthesituationswherethecoupledinequalitiesforlabordisposalman-
agementyieldredundantsolutions.Methodstoremovetheredundancyareproposed.

ItisinterestingtoseetheresultsofOptimizationmethods1and2inTable1.The
ai・sareequaltoeachotherbetweenthetwomethodsexceptfora6anda7,whicharedifferent
fromeachotheronlyby1,whilethexi・softhesolutionofcoupledequations（25）arequite
differentfromeachother.Thisfeatureresultsfromtheredundancyofthesolutionsinthe
optimization.

［1］ LiXiaoJie,AnalysisofWorkingHourandHandlingEfficiencyinaLogisticsCompany,Master
Thesis,JosaiUniversity,2011.

［2］ YadolahDodge,TheConciseEncyclopediaofStatistics,SpringerReference.
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・a3・・a5・・a7・9,

・a5・・a7・・a2・10, ・46・

・a7・・a2・・a4・6,

Table2 Thenumberai・ai0ofsuperfluousemployeesandtheoperationefficiencyai0・aiforwork-
ingondayiinthethreeoptimizationmethods

Optimization a1・a10 a2・a20 a3・a30 a4・a40 a5・a50 a6・a60 a7・a70

1 0 3 1 0 2 0 4
2 0 3 1 0 2 1 3
3 0 1 0 0 4 0 5

Optimization a10・a1 a20・a2 a30・a3 a40・a4 a50・a5 a60・a6 a70・a7

1 1.00 0.81 0.94 1.00 0.88 1.00 0.73
2 1.00 0.81 0.94 1.00 0.88 0.94 0.79
3 1.00 0.93 1.00 1.00 0.78 1.00 0.69
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