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ABSTRACT. In this article, we flrst study existence theorems in complete 

metric spaces which generalize the Banach contraction principle. Next, we 

introduce the concept of w-distances and prove some results in complete metric 

spaces. Finally we study the relationship between contractive mappings and 

Kannan mappings and then discuss characterizations of metric completeness. 

1 IntroduCtion 

Let X be metric space with metric d. A mapping T from X into Itself is called 

coT~tractive if there exists a real number r c [O, l) such that d(Tx,Ty) ~ rd(x,y) 

for every x, y e X. It is well known that if X is a complete metric space, then every 

contractive mapping from X into itself has a unique fixed point in X. This theorem 

is called the Banach contraction principle. However, we exhibit a metric space X 

such that X is not complete and every contractive mapping from X into itself has a 

fixed point in X; see Section 4. A mapping T from X into itself is also called Kannan 

if there exists a real number r e [O, ~) such that d(Tx, Ty) ~ r{d(Tx, x) + d(Ty, y)} 

for every x, y e X. We know that a metric space X is complete if and only if every 

Kannan mapping from X into itself has a fixed point in X. 

On the other hand, in 1976, Caristi [3] proved a fixed point theorem in a complete 

metric space which generalizes the Banach contraction principle. Ekeland [5] also 

obtained a nonconvex minimization theorem for a proper lower semicontinuous func-

tion, bounded from below, in a complete metric space. The theorem is also called 

the c-variational principle. The t¥vo theorems are very useful and have many appli-

cations. Later Takahashi [22] proved the following nonconvex minimization theorem: 

Let X be a complete metric space and let f : X ~ (-co, oo] be a proper lower 

semicontinuous function, bounded from below. Suppose that, for each u c X with 

f(u) > inf.ex f(x), there exists v e X such that v ~ u and f(v) + d(u,v) ~ f(u). 
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Then there exists xo e X such that f(xo) = inf.ex f(x). This theorem was used 

to obtain Caristi's fixed point theorem [3], Ekeland's c-variational principle [5j and 

Nadler's fixed point theorem [ll]. In [22], Takahashi also studied characterizations 

of metric completeness by using the nonconvex minimization theorem. Recently, 
Kada, Suzuki and Takahashi [8] introduced the concept of w-distances on a metric 

space and improved Caristi's fixed point theorem, Ekeland's c-variational principle 

and the nonconvex minimization theorem according to Takahashi. 

In this article, we first study existence theorems in complete metric spaces ~vhich 

generalize the Banach contraction principle. Next, we introduce the concept of w-

distances and prove some results in complete metric spaces. Finally we study the 

relationship between contractive mappings and Kannan mappings and then discuss 

characterizations of metric completeness. 

2 EXiStenCe TheOremS 
The Banach contraction principle in a complete metric space is very important. 

The follo~ving theorem obtained by Ta,kahashi [22j is also used to prove Ekeland's 

c-variational principle (Theorem 2.2) and Caristi's fixed point theorem (Theorem 

2.4) which generalize the principle. Throughout this article, we denote by N the set 

of positive integers and by R the set of real numbers. 

Theorem 2.1. Let X be a complete metric space and let F : X ~~ (-o0,00j be 

a proper lower semicontinuous function, bounded from below. Suppose that, for 

each u e X with inf~ex F(x) < F(u), there exists a v e X such that v ~ u and 
F(v)+d(u, v) ~ F(u). Then, there exists an xo ~: X such that F(xo) = infxex F(x). 

Suppose infxex F(x) < F(y) for e¥'ery y e X and let u e X ~vith Proof . 

F(u) < oo. Then, ¥ve define inductively a sequence {un} in X, starting uo = u. 

Suppose unl e X is known. Then, choose un ~ Sn such that 

S {w ~ ~ F(w) < F(u~_1) - d(un-1'w)} 

and 
F(u ) < ~ensf F(w) + ;{F(u~_1) - wiens~ F(w)}. ' ' ' (*) 

We claim that this is a Cauchy sequence. Indeed, if m > n then 

m-l 

- ~ d(tLn?um) < ("' " ) dL*t' "i+1 

e=n 
m-l 

- ~;{F(ue) ~ F(u~+1)} < 
i=n 

F(th ) - F(um)' (**) 

68 



This　imp工ies　that｛叫｝is＆Cauchy　seqαence　i篶X．L銚叫→η．Then，if肌→○c
i・（・・），weh・・e

　　　　　　　　　ψれ，り）≦F（㍑η）一imF（αm）≦F（αれ）一F（り）．
　　　　　　　　　　　　　　　　　　　τπ一十〇〇

○双　the　other　hand，by　hypothesis，there　exists　包　z　∈　X　such　that　z　≠　り　and

F（z）≦F（〃）一d（り，z），HeRce　we　h＆ve

　　　　　　　　F（z）　≦　F（り）一6（η，z）

　　　　　　　　　　　　≦　F（り）一∂（り，z）十F（叫）一F（η）一d（叫，り）

　　　　　　　　　　　　二　F（αn）一｛d（叫，U）十d（〃，z）｝

　　　　　　　　　　　　≦　F（叫）一d（伽，z）．

This　imp王ies　zξ3糾玉。Using（＊），we　have

　　　　　　　　　　　　2F（㍑肌）一F（㍑、一王）≦i・fF（・）≦F（・）。

　　　　　　　　　　　　　　　　　　　　　　　従3n

Hence　we　have

　　　　　　　　F（η）≦1imF（仙、）≦F（・）≦F（り）一（η，・）＜F（り）、

　　　　　　　　　　　　n→oo

This　is　a　co枇radict三〇n．　Therefcre，there　ex三sts狐吻∈X　sαch　that　F（吻）二

inf、ξxF（z）』

　　Usiag　Theore㎜2，1，we　prove　Eke1and’sε一v肌iationa1princip1e15］in　a．co㎜p1ete

metric　space．

Theore㎜一2－2（Eke1a双d，sε一variatio双a1princip1e）．ムε乏X　bεαco肌με老eγ几e加c

・ρ㏄ε㎝ルげ：X→（一・・，・○16εり岬州・ωε閉ml・・棚肌似・ω／㎝Cれ㎝，わ・αη棚

加m6εloω．n㎝、伽㎝ひε＞O㎝れ∈Xω枇

　　　　　　　　　　　　　　　　F（α）≦inf　F（z）十ε，
　　　　　　　　　　　　　　　　　　　　　従X

伽r㍑挑む”∈X3α吋ゆg伽∫o〃oω｛れgc㎝棚㎝31

　（1）F（り）≦F（泌）1

（2）ψ，η）≦11

（3）F（ω）＞即）一εψ，ω）伽α〃ω∈Xω舳ω≠η．

Proof．　Leも

　　　　　　　　　　　Xo＝｛z∈X：F（z）≦F（㍑）一εd（zラα）｝．

Then，it　is　obvious　th就X〇三s泌onempty鋤d　c1osed．Fはrther，for　each　z∈Xo，

　　　　　　　　　εψ，z）≦F（仙）一F（・）≦F（泌）一・fF（・）≦ε
　　　　　　　　　　　　　　　　　　　　　　　　　　　　映x
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狐＾鮒eψ，z）≦LWe・1・oha・げ（z）≦F（㍑）、S岬P・s・thatfo…e・y妊X。，

もh・・…ists旺X・㏄hth就ω≠・狐dF（ω）≦F（z）一ε伽，ω）．Th・・

　　　　　　　　　　　ε伽，似）≦εd（ω，z）十εψ，α）

　　　　　　　　　　　　　　　　≦　F（z）一F（ω）十F（α）一F（z）

　　　　　　　　　　　　　　　　二　F（α）一F（ω）

・ndhe・ceω∈X・・ByTheo・・m2．1，theΣeexistszoeX・suchth＆tF（zo）；
i皿f班∈x．F（z）．○n　the　other　hand一，there　exis毛sωo∈Xo　with　F（ωo）＜F（zo）．This

iS　a　COntradiCtiOn．　口

Comu鮒y2・3・ムε彦X6εαcomμθまεmε亡れc3μcεα汎61θ乏F：X→（一○o，oOlろεα

ρ岬εブlo胱ザ舵m乞co舳nαoα3加nc左1㎝，6o泌れ棚加mわeloω．珊㎝，伽α肌ひε＞0，

伽グεε挑左”∈X3α吋伽g伽アo〃oω1れg汕ocoη倣㎝31

（1）F（η）≦i・f、αF（z）十ε1

（2）F（ω）≧F（η）一εψ，ω）∫・ザα〃ω∈X．

Proof．　For　a．nyε＞O，there　existsαe　X　sαch　that

　　　　　　　　　　　　　　　　F（u）≦i巫fF（z）十ε．
　　　　　　　　　　　　　　　　　　　　工ξx

By　Theorem2，2，there　exisもs　U∈X　s＆tisfying

　　　　　　　　　　　　　　F（り）≦F（u）≦i・fF（z）十ε
　　　　　　　　　　　　　　　　　　　　　　　托x

and

　　　　　　　　　　F（ω）≧F（り）一εψ，ω）fo・捌ωeX．0

　　Using　Theorem2ユ，we　prove　Car三sもゴs丘xed　point　theorem［3］in　a　co㎜p1ete

metricspa㏄．

Theorem2－4（Caristi，s丘xed　poi批theore㎜）．Zε左X6εαcomμε去εme吉汽c3μcε

㎝∂1εけ6εαmαρ的g0！X伽オ0ぬψ脳Cん老んαむ

　　　　　　　　　　ψ，ル））十F（ル））≦F（・）∫・ザ〃・∈X，

ωんεザεF：X→（一・・，・・い・αρ岬州・ωε閉肌北・れ乏加泌・ω伽・加㎝，わ・㍑れ棚加㎜

6ε1・ω。rん・n伽ブεε洲・・∈X舳Cん伽け（・）二・㎝〃（・）＜・・。

Proo£　　Siαce　F　is　proper，there　existsα∈X　with　F（α）〈○c．So，1et

　　　　　　　　　　　X1＝｛z∈X：F（z）≦F（㍑）一d（α，z）｝．
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Theo，X’i”㎝empty　and　c！osed．We　c狐a1so　see　that　X’is　iny＆r1ant㎜der　the

㎜apPl㎎∫、In£act，fore＆ch妊X1，weha・e

　　　　　　　　　　F（∫（z））十d（工，∫（z））≦F（z）≦F（α）一d（u，z）

andhen㏄

　　　　　　　　　　　F（∫（z））　≦　F（u）一｛∂（u，z）十∂（z，∫（z））｝

　　　　　　　　　　　　　　　　≦　F（似）一d（α，∫（z））、

This　imp1三es∫（z）∈X1．S坦ppose　th就∫（z）≠エfor　every　z∈X1．Then，for　every

z∈Xf，th・・e・・ist・ω∈Xlsuchth・㍑≠ωa・dF（ω）十ψ，ω）≦F（z）．So，

by　Theore㎜2．1，we　obtain　an　zo∈Xチwith　F（zo）：inf、α。F（z）．For　sucb．狐

Z0∈X1，WehaVe

　　　　　O＜ψ。，ル。））≦F（・。）一F（ルo））≦F（ル。））一F（ル。）ト0．

This　is＆contradiction．0

　　Fina11y，皿sing　Theorem2．1，we　obtain　Na（uer’s£xed　point　theore㎜〔11］．Before

obt＆ining　it，we　give　so㎜e　de丘nitions＆nd　notaもions．Let　X　be　a㎜etric　space．Then，

forzξXandλ⊂X，de丘ne

　　　　　　　　　　　　　　ψ，λ）＝iΩf｛ψ，ひ）：峠λ｝．

W・＆1sod㎝otebyOB（X）th・c1棚ofa11n㎝emptybo㎜dedc1oseds・bs・t・ofX．
Fo・λ，B∈σB（X），de丘ne

　　　　　　　　　　　　　　δ（λ，3）：・・p｛ψ，B）：zξ4

andfo・λ，8∈03（X），dぬe

　　　　　　　　　　　　　H（λ，8）＝㎜・・｛δ（A，B），δ（B，λ）｝．

Then，亙is　a　metric　on03（X）．A　metric∬on03（X）is　sa三d　to　be　the亙αα3dorガ

m州・．We㎞owth誠foτ狐y妊XandB，0∈08（X），

　　　　　　　　　　　　　　ld（z，8）一d（z，0）1≦亙（8，0）．

LetTbea㎜apPl・gofam・む・icspa・eXi・to08（X）．The・ri・ca11edη・れθz岬地θ一
i
f

　　　　　　　　　　　　H（乃，η）≦ψ，ひ）f・・a11・，ひ∈X．

If比ereexistsんく1sdcbthat

　　　　　　　　　　　　亙（T・，瑚≦たψ，ひ）fO・鼠nZ，峠X，

τis　ca11ed　con炉αc加りθorた一co几かαc加ηe．　If　T　is　nonexpansive　orん一contractive，the

rea1v泓1ued　f泌nction　g　on　X　d－e丘ned　by

　　　　　　　　　　　　　　9（z）＝ψ，Tz）f・・a11・∈X

iS　C00tin泌OuS．
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Coro11泌y2－5（N＆d1er，s£xed　p〇三批曲eore肌）．ムε亡X6eαco肌ρ1娩mε君向c即㏄ε

㎝仙げわ・αん一・㎝1ザα伽εm岬伽g・∫X1肋08（X）．伽犯丁んα・α伽eむo械

伽X．

h・o£　S岬Posethatψ，rz）＞0fo・ewyzeXa・dch・ose・positi・・巫・㎜b欲
εwi比ε〈ユ／ん＿1．Then，fo更every　zξX，we　c鋤chooseひ∈Tz　s就isサi皿g
伽，ひ）≦（1＋ε）ψ，rz）。Si双・・

　　　　　　　　　ゴ（ひ，rひ）≦亙（Tz，τμ）≦んd（z，ひ）≦ん（1＋ε）d（z，Tz），

we　have　i烈f、∈x　d（z，Tz）二〇．Further，we　have

　　　　　　　　　　6（z，Tz）一d（ひ，rひ）　≧　d（z，rz）一んd（z，ひ）

　　　　　　　　　　　　　　　　　　　　　　　　　　1
　　　　　　　　　　　　　　　　　　　　　　　≧　　　　d（z，ひ）一んd（z，ひ）
　　　　　　　　　　　　　　　　　　　　　　　　　1＋ε

　　　　　　　　　　　　　　　　　　　　　　　一（、十、一ん）～）

De貧ning　F：X→R　by

・（・）一（、1、寸牝叫・1吋

we　have　d（z，ひ）≦F（z）＿F（g）缶o肌比e　above　inequahty．Now，泌s泣g　Theore㎜2．！，

we　obtain　zo∈X　sach　tha七F（zo）二0．This　imp王ies∂（zo，τzo）二0．Th三s三s　a

coatτad，ictioηI0

3　D豆stances　on　Me加ic　Spaces

　　L・tXb・・met・icspacewithm・t・icd．Th・naf㎜cもionp：X×X→10ラ・・）is
ca．ned　aω一幽3乏αれcεon　X　if　the　fo11ow三ng飢e　satis£ed：

　（1）P（Z，Z）≦ρ（Z，ひ）十ρ（ひ、Z）fOr狐yZ，〃ZeX；

　（2）£or　any　z　e　X，ρ（z，・）：X→10，○o）is1ower　se㎜ico砒in泌ous；

（3）あ・狐yε＞0，th・・…i・t・δ〉O・㏄いh・tp（・，・）≦δ狐dρ（・，9）≦δi㎜p1y

　　　ψ，ひ）≦ε。

　　The　concept　of阯distances　was趾sい就roduced　by　Kad＆，Suzuki鋤d　T詠k出鎚hi

181．Letじs　give　some　exa㎜p王es　of　w一（i呈stan㏄s・

Exa㎜p1e3．1．Zε左Xわεα？ηθか北3ραcεω｛肋？ηeか比d．rんε几p＝d狛αω一曲3左α肌cε

0肌X．
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Example 3.2. Let X be a metric space with metric d. Then a function p : XxX ~ 
[O, oo) defined by p(x,y) = c for every x, y e X is a w-distance or~ X, where c is a 

positive real number. 

Example 3.3. Let X be a noTVT~ed linear space with norm ll ･ Il･ If p X x X ~~ 
[O, oo) is defir~ed by 

p(x,y) = Ilxll+1lyjl for every x,yeX, 

then p is a w-distance on X. 

Example 3.4. Let X be a normed lineaT' space with norm ll ･ I. If p X x X ~. 
[O, oo) is defined by 

p(x, y) = Ilyll for all x, y e X, 

then p is a w-distarhce on X. 

Example 3.5. Let X be a metric space and let T be a corhtinuous mapping from X 
into itself. Then a function p : X x X ~ [O, oo) defined by 

p(x,y) = max{d(Tx,y),d(Tx,Ty)} for every x y e X 

is a w-distance on X. 

Example 3.6. Let F be a bounded aud closed subset of a metric space X. Assume 
that F contains at least two points and c is a constant with c Z 6(F), where 6(F) is 

the diameter of F. Then a function p : X x X ~:~ [O, oo) defined by 

{
 

d(x,y) if x,y~F, 
p(x,y) c if x ~ F ory ~ F 

is a w-distaT~ce on X. 

Let c ~ (0,00]. A metric space X with' metric d is called c-chainable [4] if for 

every x, y ~ X there exists a finite sequence {uo, ul' ' ' ' , uk} in X^ such that uo = x, 

uk = y and d(ui,ui+1) < c for i = 0,1,. . . , k - l. Such a sequence is called an 

c-chain in X Iinking x and y. 

Example 3.7. Let c C (O, oo] ar~d let X be an c-chainable metric space with metric 

d. Then the function p ; X x X ~ [0,00) defined by 

k-l 
p(x'y) :::: inf ~d(ue ut+1) {uo ul"" 'uk} is an ~-chain linkin9 x and y 

i:::o 

is a w-distance on X. 
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Next, we discuss properties of w-distances. The following lemmas are crucial in 

the proofs of the theorems in this article. 

Lemma 3.8. Let X be a metric space with metric d ar~d let p be a w-distance or~ 

X. Let {xn} and {yn} be sequences in X. Let {ain} and {pn} be sequences in [0,00) 

c071;vergiT~g to O, and let x, y, z e X. Then the following hold, 

(i) Ifp(xn'y) ~ an and p(xn'z) ~ pn for any T7; e N, then y = z. In paticular, if 

p(x, y) = O arrd p(x, z) = O, then y = z, 

(ii) if p(xn'yn) ~ oi~ and p(xn' z) ~ pn for any n e N, then {y~} converges to zj 

(iii) if P(xn'xm) ~ ai* for any n,m e N with m > n, then {xn} is a Cauchy 

sequencei 

(iv) ifp(y,xn) ~ c~n for aTry r~ ~ N, then {xn} is a Cauchy sequence. 

Lemma 3.9. Let X be a metric space and let pl artd p2 be w-distances on X. If 
p : X x X ~~ [O, oo) is defined by 

p(x,y) = max{pl(x,y),p2(x,y)} for all x y e X 

theTh P is a w-distance on X. 

Lemma 3.10. Let X, pl aT2;d p2 be as in Lemma 3.9. Ifp : X x X ~ [0,00) is 
defined by 

p(x, y) = apl(x, y) + pp2(x, y) for all x, y ~ X, 

where a! and p are nonnegative real rtumbers such that (y ~ O or p ~ O, theT~ P is a 

w-distance or} X. 

Lemma 3.11. Let X be a metric space, Iet p be a w-distance on X and let f be a 
function of X into [O, oo). If g : X x X ~~ [O, oo) is defined by 

g(x>y) = max{f(x),p(x,y)} for allx,y ~ X, 

then g is a w-distance oT~ X. 

We first prove a. nonconvex minimization theorem [8] ¥vhich improves the result 

in Section 2. 

Theorem 3.12. Let X be a complete metric space, and let f : X ~~ (-c<), oo] be a 

proper lower semicontinuotts fur~ction, bounded from below. Assume that there exists 

a w-distance p on X such that for any u e X with infxex f(x) < f(u), there exists 

v c X with v ~ u aTrd 

f(v) +p(u, v) ~ f(u). 

Then there exists xo e X such that infxex f(x) = f(xo)' 
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Proof. Suppose inf.ex f(x) < f(u) for every y ~ X and choose u e X with 
f(u) < oo. Then we define inductively a sequence {u~} in X, starting with ul = u. 

Suppose u~ e X is known. Then choose un+1 e S(u~) such that 

S(u~) = {x cX : f(x) +p(un'x) ~ f(u~)}, 

k (u~ ) f (x) = inf 
'es(u~) 

an d 

l
 f(u~+1) ~ k(u~) + -. 
n 

Smce f(u~+1) + p(u~,un+1) ~ f(u~), {f(u~)} is nonincreasing. So, lim~~oQ f(u ) 

exists. Put h = Iim~~* f(u~). We claim that {u~} is a Cauchy sequence In fact 

if n < m, then 

*- l 

p(u~,um) ~ ~p(u3'uj+1) 
j =~ 

m-l 
- ~;{f(u3)-f(uj+1)} < 

3 =~ 

= f(tc~) - f(u~) ~ f(u~) - k (*) 
From Lemma 3.8, {u~} is a Cauchy sequence. Let u~ ~ vo' Then, if m ~ oo in 
(*), we have 

p(u.,, vo) ~ f(u~) - h ~ f(u~) - f(vo)' 

On the other hand, by hypothesis, there exists vl e X such that vl ~ vo and 
f(vl) + p(vo' vl) ~ f(vo)' Hence, we obtain 

f(vl)+p(u~,vl) ~ f(vl)+p(u~,vo)+p(vo,vl) 

~ f(vo)+p(th~,vo) 

and hence vl e S(u~). Since 

f(vo) ~ f(un+1) ~ k(un) + ~ ~ f(vl) + ~ 
n 

for every n C N, we have f(vo) ~ f(vl)' Then, f(vo) = f(vl). So we have 
P(vo,vi) = O. By hypothesis, there exists v2 ~ X such that v2 ~ vl and f(v2) + 

p(vl'v2) ~ f(vl)' As in (**), we have f(v2) + p(u~,v2) ~ f(u~) and hence v2 ~ 

S(u~). So, we have f(vl) = f(vo) ~ f(v2)' This implies p(vl'v2) = O. From 
p(vo, v2) ~ p(vo, vl) +p(vl, v2) = O, we have p(vo, ~2) = O. Hence, from p(vo, vl) = O, 

p(vo, v2) = O and Lemma 3.8, we have vl = v2' This is a contradiction. C] 

The following theorem [8] is a generalization of Caristi's fixed point theorem. 
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Theorem 3.13. Let X be a complete metric space and let f : X ~. (-oo, oo] be 

a proper lower semicontinuous function, bounded from below. Let T be a mapping 

from X into itself. Assume that there exists a w-distance p oT~; X such that f(Tx) + 

p(x, Tx) ~ f(x) for every x e X. Then there exists xo e X such that Txo = xo and 

p(xo, xo) = O. 

Proof. Since f is proper, there exists tc e X such that f(u) < oo. Put 

Y= {x eX f(x) < f(u)} 

Then, since f is lower semicontinuous, Y is closed. So Y is complete. Let x c Y. 

Then, since f(Tx) + p(x,Tx) ~ f(x) ~ f(u), we have Tx e Y. So, Y is invariant 

under T. Assume that Tx ~ x for every x e Y. Then by Theorem 3.12, there 
exists vo e Y such that f(vo) = infxeYf(x). Since f(Tvo) + p(vo,Tvo) ~ f(vo) 

and f(vo) = infxeY f(x), ¥ve have f(Tvo) = f(vo) = infxeY f(x) and p(vo, Tvo) = O. 

Similarly we obtain f(T2vo) = f(Tvo) = infxeY f(x) and p(Tvo,T2vo) = O. Since 

p(vo,T2vo) ~ p(vo,Tvo) + p(Tvo,T2vo) = O, we have p(vo,T2vo) = O and hence 
Tvo = T2vo by Lemma 3.8. This is a contradiction. Therefore T has a fixed point 

xo m Y. Since f(xo) < oo and 

f(xo) + p(xo, xo) = f(Txo) + p(xo, Txo) ~ f(xo), 

¥ve have p(xo,xo) = O. [] 

Let X be a metric space with metric d. Then, a set-valued mapping T from X 
into itself is called weakly contTactive or p-contractive if there exists a w-distance p 

on X and T e [O, 1) such that for any xl,x2 ~ X and yl e Txl there is y2 e Tx2 

with p(yl'y2) ~ rp(xl,x2)' In particular, a single-valued mapping T from X into 

itself is called weakly contractive or p-contractive if there exists a w-distance p on 

X and r ~ [O, 1) such that p(Tx,Ty) < rp(x,y) for every x,y e X. The following 

theorem was proved by Suzuki and Takahashi [16]. 

Theorem 3.14. Let X be a complete metric space and let T be a set-valued p-
contractive mappir~g from X into itself such that for any x ~ X. Tx is a nonempty 

closed subset of X. Then there exists xo e X such that xo e Txo and p(xo,xo) = O. 

Proof. Let p be a w-distance on X and let r be a real number with r e [O, l) 

such that for any xl' x2 e X and yl C Txl, there exists y2 e Tx2 with p(yl'y2) ~ 

rp(xl, x2)' Let uo e X and ul e Tuo be fixed. Then there exists u2 e Tul such that 

p(ul'u2) ~ rp(uo, ul). Thus, we have a sequence {un} in X such that un+1 e Tun 

and p(un' un+1) ~ Tp(un-1' un) for every n e N. For any n ~ N, we have 

p(u~,u~+1) < rp(ur' l'?In) < r p(u 2,un l) ~ ' ' ' ~ rnp(uo,ul) 

and hence, for any n, m e N ~vith m > n, 

p(un'um) ~ p(un'un+1) +p(un+1,un+2) + ' ' ' +p(um-1'um) 

~ rnp(uo, ul) + Tn+ip(uo,ul) + ' ' ' + rm-lp(uo,ul) 

~ Ir_TP(tLo,ul)' 
< 
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By Lemma 3.8, {un} is a Cauchy sequence. Then {un} converges to a point vo e 

X. Let n e N be fixed. Then since {um} converges to vo and p(un") is lower 

semicontinuous, we have 

p(un' vo) ~ Iim infp(un' um) ~ r 
mH'oQ I - rP(uo, ul)' (*) 

By hypothesis, we also have wn ~ Tvo such that p(un'~)n) ~ rp(u~_1, . vo) So, we 
have, for any n e N, 

p(un'wn) ~ rp(un-1'vo) 

~ I - rP(tho, ?ll) 

By Lemma 3.8, {wn} converges to vo' Since Tvo is closed, we have vo e Tvo' For 

such vo, there exists vl ~ Tvo such that p(vo,vl) ~ rp(vo,vo)' Thus, we also have 

a sequence {vn} in X such that v~+1 e Tvn and p(vo,vn+1) ~ rp(vo,vn) for every 

n ~E N. So, ¥ve ha¥'e 

P(vo,vn) < rp(vo,vn l) ~ ' ' ' ~ rnp(vo, vo)' 

By Lemma 3.8, {vn} is a Cauchy sequence. Then {vn} converges to a point xo e X. 

Since p(vo, ') is lower semicontinuous, we have p(vo, xo) ~ Iim infn P(vo, v~) ~ o and 

hence p(vo, xo) = O. Then, we have, for any n ~ N, 

p(un'xo) ~ p(un'vo)+p(vo,xo) 

< p(uo, ul ) 
~ l-r 

So, using (*) and Lemma 3.8, we obtain vo = xo and hence p(vo, vo) = O. [] 

Corollary 3.15. Let X be a complete metric space. If a mapping T from X into 

itself is p-contractive, then T has a unique fixed point xo C X. Further such xo 

satisfies p(xo, xo) = O. 

Proof. Let p be a ¥v-distance and let r be a real number with ~ e [O, l) such that 

p(Tx,Ty) ~ rp(x,y) for every x,y e X. Then from Theorem 3.14, there exists 
x ~ X ¥vlth Tx = xo and p(xo,xo) = O. If yo = Tyo, then we have 

p(xo, yo) = p(Txo, Tyo) ~ rp(xo, yo)' 

Since r e [O, 1), we have p(xo,yo) = O. So by p(xo xo) O and (1) of Lemma 3 8 

we have xo = yo' [] 
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4 CharaCterizationS Of Metric CorrlpleteneSS 

In this section, we discuss characterizations of metric completeness. We first give 

the following example [16] : Difine 

n {( t
 , e ~2 : t ~ (O, Ij f for every n e N t

 Tb 

and 

S = U A~ U {O} 

~eN 

Then S is not complete and every continuous mapping on S has a flxed point in S. 

Motivated by this example, we shall discuss characterizations of metric com-

pleteness. Before discussing them, Iet us study the relationship between contractive 

mappings and Kannan mappings [15j. Let X be a metric space ~vith metric d. Then 

we denote by W(X) the set of w-dlstances on X. A w-distance p on X is called 
symmetric if p(x, y) = p(y, x) for all x, y e X. ¥Ve denote by Wo(X) the set of all 

symmetric w-distances on X. Note that the metric d is an element in Wo(X). We 

denote by WC1(X) the set of all mappings T from X into itself such that there exist 

p e W(X) and r ~ [O, l) satisfying 

p(Tx,Ty) ~ rp(x,y) for all x y e X 

i.e., the set of all weakly contractive mappings from X into itself. We define the 

sets WC2(X) , WCo(X), WKl(X) , WK2(X) and WKo(X) of mappings from X into 
itself as follows: T ~ WC2(X) if a,nd only if there exist p ~ W(X) and r ~ [O, 1) 

such that 

p(Tx,Ty) ~ rp(~,x) for all x y C X 

T ~ WCo(X) if and only if there exist p ~ Wo(X) and T C [O, 1) such that 

p(Tx,Ty) ~ rp(x,y) for all x y e X 

T e WKl(X) if and only if there exist p ~ W(X) and ct! C [O, 1/2) such that 

p(Tx,Ty) ~ oi{p(Tx,x) +p(Ty>y)} for all x,y e X; 

T ~ WK2(X) if and only if there exist p e W(X) and (~ e [O, 1/2) such that 

p(Tx,Ty) ~ Oi{p(Tx,x) +p(y,Ty)} for all x,y e X; 

T ~ WKo(X) if and only if there exist p ~ Wo(X) and c~ ~ [O, l/2) such that 

p(Tx,Ty) ~ oi{p(Tx,x) +p(Ty, y)} for all x,y ~ X. 

For proving the theorems in this section, we need some lemmas. 
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Lemma 4.1. Let X be a metric space with metric d, Iet p be a w-distance On X 
and let f be a function from X into [O,cO). Then a function q from X x X into 

[O, oo) given by q(x, y) = f(x) +p(x, y) for each (x, y) e X x X is also a w-distance. 

Lemma 4.2. Let X be a metric space with metric d, Iet p be a w-distance on X, 

let T be a mapping from X into itself a71~d let u be a point of X such that 

lim p(T"u,T"u) = O. 
",n~-

Then for every x e X, IimkH,ooP(Tku, x) and limk~ooP(x,Tku) exist. Moreover, Iet 

p and n/ be fu7~;ctior2;s from X into [O, oo) defined by 

p(x) = kli~mooP(Tku,x) and 7(x) kli~mooP(x T u) 

Then the following hold, 

(i) p is lower semicontinuous OT~ X, 

(ii) for ever~ c > o, there exists 6 > o such that p(x) ~ 6 aTrd p(y) ~ 5 imply 

d(x,y) ~ c. IT~ Particular, the set {x ~E X : p(x) = O } COnsistS of at most one 

pointj 

(iii) the fur~ctions ql and q2 from X x X iT~to [0,00) defined by 

ql(x,y) = p(x) + p(y) and q2(x, y) = 7(x) + p(y) 

are w-distances on X. 

We study the relationship between the classes of mappings by using Lemmas 4.l 

and 4.2. 

Lemma 4.3. WCl(X) C WKo(X). 

Proof. Suppose T e WCl(X), i.e., there exist a w-distance p and r e [O, 1) such 

that p(Tx,Ty) ~ rp(x,y) for all x,y ~ X.. Fix ?1 ~ X. Then we have, for each 

m,n c N, 

p(T"u, T"u) ~ r~~~{~,"} max{p(u, u), p(Tu, u), p(te, Tu)} 

l-r 
Since O ~ r < l, we have limm,~H'coP(T"u,T~tt) = O. So, by Lemma 4.2, p(x) = 
limkH,ooP(Tku, x) is well-defined and ql(x, y) = p(x) + p(y) is a w-distance on X. 

From p(Tx) ~ Tp(x) for every x c X, we have 

ql(Tx,Ty) ~ r(1 +T)~l{ql(Tx,x) + ql(Ty,y)} for all x y e X 

This implies T C WKo(X). [] 
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Le㎜、㎜a4．4．　WK至（X）Cη10o（X）．

Proo£　　s池pPoseτ∈wK1（x），i．e．，比鉗e　exisも＆w－distance　p　a皿dα∈lo，1／2）

s㏄h　thatp（n，乃）≦αρ（Tz，z）十αp（巧，ひ）for釧z，峠X．Wep砒ブ竈α（トα）一夏．

Note比就p（T2z，Tz）≦rp（τz，z）foζey飲y父e　X．Fixα∈X．For　mラ肌∈Nラwe

haVe

　P（T～，㌘犯）≦αp（T～，丁肌一㌦）十αp（T㌦，丁卜王α）≦α（・肌一王付η一至）P（”，α）

and　hence　hm閉，れ→◎op（＝ヱ「凧α，lZ「肌α）讐0．So，by　Le㎜㎜a4．2，β（z）…11三㎜一先→o◎p（rん泌，z）

is　we1レde丘αed＆nd虹（z，9）＝β（z）十β（ひ）is　a　w－distance0R　X，We舵xt　prove比at

β（TZ）≦ブβ（Z）fOΣeVery　Z∈X．IR　faCt，frOm

P（乃，・）≦P（T・，τ㌦）斗p（τ㌦，・）≦αp（乃，・）十αp（内，丁烏一㌦）切（T㌦，・），

We　haVe

　　ρ（τ㌦，τ・）≦αρ（T㌦，丁先㍉）十αρ（T・，・）≦・p（r㌦ヨTk㍉）打ρ（τ㌦，・）．

He巫ceβ（rz）≦rβ（z）．So　we　have　q1（Tz，Tμ）≦ブ軌（z，ひ）for　au　z言ひ∈X．This

imp1lesT∈〃0。（X）』

L・㎜㎜a4．5．W0。（X）＝WK。（X）。

Proo£　　㌻Ve趾st　show　W02（X）⊂WK2（X）．Sαppose　rξ〃02（X），i．e．，there

e・i・迄・w－di・t…ep・・d・∈［0，1）…hth・tρ（T・，瑚≦ブp（9，z）fo・・11z，峠X．

FixαξXandm，η∈N．If㎜〉阿，then

　　　　　　　　　　　　　　　　　　　　　　　　π卜至
　　　　ρ（T～、川・・（T㌦，丁帆α）≦Σ／ρ（T｛へ，T㌦）十ρ（τ㌦，T｛へ）／

　　　　　　　　　　　　　　　　　　　　　　　　㌧

　　　　　　　　　　　　　　　　　　　　　　　　　ブ　　　　　　　　　　　　　　　　　　　　　　≦　　　　｛P（丁以，以）十P（犯，τ以）｝

　　　　　　　　　　　　　　　　　　　　　　　　王一ザ

エfm二n，比eリ（T～，㌘α）≦ブ肌ρ（α、㍑）．So，weha・e

　　　　　　　　　　　　　　　　　ブ㎜i口｛岬｝
　　　　　　　　ρ（τ肌似コτれ枇）≦　　　　｛ρ（似，泌）十ρ（τ以，泌）十P（α，丁泌）｝

　　　　　　　　　　　　　　　　　　1一ザ

・ωh舳・h叫，れ→。。P（τ～，㌘泌トO－S・，byL・㎜㎜・4．2，β（・）＝1i叫吋。。P（T㌦，・）

and7（Z）工h㎜た→◎oρ（Z，rた似）泌e　We1レde丘ned鋤d　g2（”，μ）＝7（”）十β（ひ）iS　a　W－

dist狐ce　on　X．Fromβ（Tz）≦ブ7（z）aむd7（T¢）≦ブβ（z）for　ev鉗y　z∈X，we

have

　　　　　9。（h，瑚≦ザ（1＋・）■’｛9。（h，・）十9。（ひ，Tμ）｝f…11・，峠X．

This　imp王ies　r∈WK2（X）．
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　　VVe　next　sb－ow　WK2（X）C町02（X）．Suppose　T∈〃K2（X），i．e．，there　exist

a　w－distanceρandα6Eo，1／2）such　thatρ（Tz，τμ）≦αρ（τz，z）十αρ（ひ，τひ）for

＆11z，g∈X．We　put　r：α（1＿α）一1．Note尤hat　p（τ2zヨτz）≦ブρ（z，Tz）狐d

p（Tz，r2z）≦ブρ（Tz，z）for　every”∈X．Fix　u∈X．For肌，肌∈N，we　h＆ve

　　　　　　　　　P（τ柳α，T㌦）≦P（r㎜α，Tm一㌦）十p（Tれ■㌦，r㌦）

　　　　　　　　　　　　　　　　　≦（ブ㎜一王十r伽1）｛ρ（rα，α）十P（α，Tα）｝

and　hence1im凧，れ→o◎P（Tmu，丁冗α）＝O．So，by　Le㎜㎜a4．2，β（z）二1i㎜た→◎oP（Tたα，z）

aDd7（z）二1im先→◎oρ（父，r㌦）are　we1レde丘ned　and　g2（z，ひ）＝7（z）十β（ン）is　a　w－

distance　on　X．We　next　p£oveもhatβ（乃）≦ブ7（¢）for　every　z∈X．In　f＆ct，

frOm

ρ（・，T・）≦P（・、T㌦）十ρ（T㌦，r・）≦ρ（・，T㌦）十αp（T㌦，τ先■㌦）十αp（・，τ・），

we　h＆ve

　　ρ（T㌦，T・）≦αρ（T㌦，Tト1α）十αル，r・）≦ブρ（T㌦，rた一1泌）十ザp（・，r㌦）．

Soβ（rz）≦r7（z）、Simi1飢｝y，we　have7（Tz）≦rβ（z）．Hence　we　have　g2（Tz，rひ）≦

吻（ひ，z）fo・・11・，μ∈X．Thi・imp1iesT∈〃0。（X）』

　　Now　we　can　state　the丘rst　theorem〔151虹tb－is　secti0R．

Theore㎜4．6．　ムε左X5θα㎜66ザ比3ραc巴　rんεη

　　　　〃0王（X）＝WOo（X）：WK王（X）；WK。（X）⊂W0。（X）二WK。（X）．

Proo£　　It　is　c1ear　th就WOo（X）⊂阪01（X）狐d　Wκo（X）C　WK1（X）．So，by

Le㎜㎜as4，3a。◎d4．4，we　have

　　　　　　　　　　　W0。（Xト〃0王（X）；WK。（X）＝〃K至（X）．

Hence　by　Le㎜ma4．5，we　obt＆in　the　des虹ed　resωt．0

　　Next，we　discuss　ch肌actehzations　of㎜etric　comp1eteness．　Befoζe　discussing

もhem，1eもus　give　a　de舳itio臥　Letμbe　a　mean　on　N，i．e．，a　continuous正inear

～cntion＆王on　zoo　satisfying　llμll＝1：μ（1）．Then　we　know　thatμis　a　m脇n　on　N

if　a泌d　on1y　if

　　　　　　　　　　　　i・f｛αぺη∈N｝≦μ（α）≦・叩｛αパγ1∈N｝

f・・…Σyに（α1，α・，＿）∈1。。。A・CO・di㎎t・ti㎜・鋤dCl・㎝m・t・・…，W・…μ汎（α。）

hsteadofμ（α）．A㎜e＆むμonNistobe＆3αnαcんれm枇ifits誠is丘esμれ（α糾王）二

μれ（α肌）．We㎞ow比aいfμis　a　B肌ach1i㎜it　andαれ→ん，th㎝μ。（αη）二ん一The

fo｝1owing　theo亙e㎜was　proved三n〔22］and王15］by　usi巫g　the　no巫c0Rvex　mini㎜i脇tion

theorem．
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Theorem 4.7. Let X be a metric space with metric d. Then the following are 
equivalent; 

(i) X is complete! 

(ii) every Kannan mapping T from X into itself has a fixed poiT2;t in Xj 

(iii) for every bounded sequence {xn} in X and every mean ~t on N such that 
infxex ktnd(xn' x) = O, there exists xo ~E X with ktnd(xn' xo) = O. 

(iv) uf for every uniformly continuous function c : X ~ [O, oo) and every u e X 

with infxex ip(x) < ip(u), there exists v ~ X such that v ~ u and ip(v) + 

d(u, v) ~ ip(u), then there exists z e X such that ip(z) = inf.ex ip(x). 

Proof. (i) ~ (ii) is obvious from Corollary 3.15 and Theorem 4.6. (We also lea¥'e 

another proof to the reader.) We show (ii) ~ (iii). Let {xn} be a bounded sequence 

in X and let /1 be a mean on N such that infxex pt~d(xn'x) = O. Let us deflne a 

mapping T from X into itself as follows. For each x ~ X, we choose a point Tx ~ X 

with fhnd(xn'Tx) ~ l/4fxnd(xn'x). We show that T is a Kannan mapping. Let x 

and y be arbitrary points in X. Then 

kt~d(xn' Tx) ~ j~nd(xn' x) ~ j{klnd(xn' Tx) + kbnd(Tx, x)}. 

Hence pl d(xn'Tx) < ll3d(Tx x) Slmilarly pt d(xn'Ty) < l/3d(Ty,y). So we 
have 

d(Tx, Ty) = ~nd(Tx, Ty) ~ /d;nd(x~, Tx) + /~nd(xn' Ty) ~ ;d(Tx, x) + ;d(Ty, y). 

Hence T is a Kannan mapping. From (ii), there exists a point xo e X such that 

Txo = xo' So ¥ve have 

/1~d(xn' xo) = ktT)d(xn' Txo) ~ Iklnd(xn' xo)' 

Hence kend(xn'xo) = O. This implies (iii). We next show that (iii) ~ (i). Let {xn} 

be a Cauchy sequence in X and let ~t be a Banach limit. Then it is easy to see that 

ptnd(xn'x) = Iim d(xn'x) 
n~'oo 

for every x e X and 

~enxf kt d(xn'x) = O. 

So from (iii), there exists a point xo C X such that p;nd(xn'xo) = O. Hence 

lim~ d(xn'xo) = O. Therefore X is complete. (i) ~> (iv) is immediate from The-

orem 2.1. Let us prove (iv) ~ (i). Let {xn} C X be a Cauchy sequence and 
consider the function c : X ~~ [O, oo) given by 

c(x) = Iim d(x~,x). 
n~oo 
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Then, ip is uniformly continuous and infxexip(x) = O. Let O < c(u). Then, there 

exists an x.~ C X such that xm ~ u, ip(x~) < -･･}ip(u) and d(xm'u) - c(u) < ip(u). 

Hence, ~ve ha¥'e 

3ip(x~) + d(x~, u) < ip(u) + 2ip(u) = 3ip(u) 

So, there exists an xo e X ¥vith O = c(xo) = Iim~~oo d(x~,xo). This completes the 

proof. [] 

Using the above theorems, we obtaln the follo~ving: 

Corollary 4.8. Let X be a metric space. Then the following are equivalent, 

(i) X is complete, 

(ii) every weakl~ contractive mapping from X ir~to itself has a fixed point in X. 

Proof. (i) ~> (ii) is proved in Section 3. By Theorem 4.6, we have WKo(X) = 

WCl(X). Since WKo(X) contains all Kannan mappings from X into itself, we can 

prove (ii) ~ (i) from Theorem 4.7. [] 

We also know the following theorem [16] 

Theorem 4.9. Let X be a normed linear space and let D be a convex subset of X. 

Then D is complete if arrd only if every contractive mapping from D into itself has 

a fixed point in D. 

As a direct consequence of Thorem 4.9, we obtain the following. 

Corollary 4.lO. Let X be a normed linear space. Then X is a Banach space if 
and only if every contractive mapping form X into itself has a fixed point in X. 
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