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Abstract

We review some of symbolic computation methods used in particle physics and astro-
physics. We first introduce a widely used mathematical package the FeynArts programmed
on the Mathematica. We show a new model for the FeynArts, where one can compute the
Feynman amplitudes in a symbolic manner for the hadron system. We then apply the model
to the hadron physics. The pion photoproduction reaction on the nucleon YN — 7N has
been studied with the model code. The Feynman diagrams and the Feynman amplitudes
have been calculated in a symbolic manner. Next we show an application of the Mathemat-
ica to astrophysics. An analytic expression has been derived for the Sunyaev-Zel’dovich
effect for the cluster of galaxies.

1 Introduction

In high-energy particle physics, symbolic computations on computers have a long his-
tory since the REDUCE][1] was invented in 1968. The code has been extensively used for
the trace calculation of the Feynman amplitudes in Quantum Electrodynamics (QED). Re-
cently more advanced and sophisticated tools have become available for symbolic manipu-
lations of mathematical formulas on computers. They are, for example, the Mathematica[2]
and the Maple V[3]. They have been widely used not only in sciences and technologies but
also in other fields such as economics, business and education.

In high-energy particle physics, in particular, a mathematical package called the Fey-
nArts [4, 5] has been developed. With the package, one can automatically generate the
Feynman diagrams for a fixed reaction process. With the code, one can also obtain the
Feynman amplitudes which correspond to the diagrams in a symbolic manner. The package
is executable on the Mathematica. The FeynArts has been used for drawing the Feynman
diagrams and for calculating the Feynman amplitudes for QED and Quantum Chromono-
dynamics (QCD). So far the package is available only for renormalizable field theories such
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as QED and QCD, where one can compute higher order loop diagrams with any desired
accuracy.

In the present paper, we show a model program of calculating the Feynman amplitudes
for hadronic systems such as photons (y), mesons (m, p, w) and nucleons (N). However the
following remark should be noted in applying the present model to the hadronic systems.
The strong interaction of the hadronic system is NOT renormalizable. Therefore the use
of the code should be restricted to tree diagrams (Not to loop diagrams). We have applied
the model code to particle physics problems.

A brief introduction of the FeynArts is given in section 2. We then construct a model
program for the hadronic system. The application of the code to particle physics is demon-
strated. We will show two examples: the pion photoproduction reaction on the nucleon
yN — 7NN, and its radiative reaction process YN — yw/N. We show an example of the
symbolic computation in astrophysics in section 3. We summarize the present results in
section 4.

2 Application in Particle Physics

2.1 FeynArts and Model Construction

The FeynArts is one of the mathematical packages on the Mathematice which calcu-
lates the Feynman amplitudes in a symbolic manner for QED, QCD and other interaction
models. The information in for the FeynArts is given in detail in Ref. 2. In the present
paper, we restrict ourselves for a model construction for the hadronic system. The model
is essential in applying the FeynArts to the hadronic system. Again the following remarks
are in order. Unlike QED and QCD the model for the hadron system is unrenormalizable.
Therefore the use of the model is restricted to the tree level calculation of the Feynman
diagrams.

Staring with the standard pseudovector Lagrangians[6], we find the following propagator
and vertex expressions for photons, pions and nucleons.

Nucleon propagator:

i(yup* +my) )
pP-my
where my and p are the mass and the momentum of the nucleon, respectively. The Greek
letter v, denotes the Dirac gamma matrix.

Pion propagator: )
i
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where m, and k are the mass and the momentum of the pion.
7NN vertex:
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where frnyn is the NN coupling constant', and 7; is the isospin Pauli matrix.

YN N vertex:

1473
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where e is the electric charge of the proton.
yrw vertex:

—ie (ku + k:;) €34k -
yr NN vertex:
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yyrT vertex:
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Using eqgs. (1) - (7), it is now straightforward to construct a model of for the hadronic

system. We show the list of the obtained model program “model. PIN” as under. In the

list, propagators, line specifications and coupling forms are defined. F, V and S denote the

nucleon (fermion), photon (vector particle) and pion, respectively.

(o stk stk ok ke ook ke skoke sk ok sk skok sk 3ok ok ok model.PIN sk ke ook ke ke ke ke ke ok ok s sk st ook ok ok ok sk ok ok ok ok

(** setting particle property specifications **)
ProplList [PIN] =
{
Proplin] [ F[-13], F[13], mom] ==

PV[ NonCommnutativel DiracSlash[mom] + MN]

I PropagatorDenominator [mom, MN] ] ,

Proplex] [ F[13], mom] == PV[NonCommutativel LeptonSpinor[ mom, MN] 1] ,

Proplex] [ F[-13], mom] == PV[NonCommutative[ LeptonSpinor[-mom, MN] 1] ,

Proplin]l [ V{4, 1i1l, V[4, 1i2], mom] ==
PV[ I PropagatorDenominator [mom, MLA]
( -MetricTensor[1i1,1i2] + (1 - 1/GaugeXi[A])

FourVector[mom,1lil] FourVector[mom,1i2]

PropagatorDenominator [mom, MLA/Sqrt[GaugeXil[Al]l ] ) 1 ,

Proplex] [ V[4,1i2], mom] == PV[ Polarizationvector[mom,1i2] ]

3

Proplin] [ S[4], S[4], mom] == PV[ I PropagatorDenominator[mom,MPI] ] ,

Proplex] [ S[4], mom] == PV[1]

(** setting line specifications *x*)
LineSpec[ F[13] 1]
LineSpec[ F[-13] ] = { straight, backward, "p" } ;
LineSpec[ V[4] ]
LineSpec[ S[4] ]

{ straight, forward, "p" } ;

1

{ wavy, none, Greek["g"]l } ;
{ dashed, none, Greek["p"] }

i

]
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(#* setting coupling specifications **)
CoupList [ PIN ] =
{
Coupl { V[4,1i1]1, moml}, { F[-13], mom2}, { F[13], mom3} ] ==
PV [ NonCommutative [DiracMatrix [1i1] 1 EL ,
Coupl[ { V[4,1i1], momi}, { S[4], mom2}, { S[4], mom3} ] ==
PV[ (FourVector[mom2, 1i1] - FourVector[mom3, 1i1] ) EL 1 ] ,
Coupl { S[4],mom1}, { F[-13], mom2}, { F[13], mom3} ] ==
PV[ NonCommunutativer DiracSlash[mom1] . DiracMatrix[5] FPI ] ,
Coupl { V[4,1i1], mom1}, { S[4], mom2}, { F[-13], mom3}, { F[13], mom4} ]
== PV[ NonCommutative [DiracMatrix [1i1,5] I EL*FPI]
}

(% sokskoksdsokssksooookkokkokkkk end of model.PIN  sekskokskskokskskoksksksksokkooorololk k)

2.2 Application to YN — 7N

Let us apply the constructed model to the pion photoproduction on the nucleon:
YN — wN. Running the FeynArts with the model program “model. PIN”, one obtains
four Feynman diagrams and their amplitudes. We write the obtained Feynman amplitudes
as follows.
amplitude # 1
{v-(p2 — k1) +mn}

(p2 — k1)2 —m?, 7 krvs un(p2), (8)

e fannn(kz)y - e(p1)

where T(k2) and un(p2) are the nucleon spinors. The Greek letter ¢(p;) denotes the photon
polarization vector.
amplitude # 2

(o —k
e fann Un (k2) ’(%1_?1%1—)2—9:% v kuys k- e(pr) un (p2) ©)

amplitude # 3

{v-(p1 +p2) +mn}
(p1 +p2)? — mzN

e fannUn(k2) v - k1vs v - e(p1) un(p2) - (10)

amplitude # 4
ie fanNTn(k2) Y - €(pr)ys un(p2) - (11)
Equations (8) to (11) are the Feynman amplitudes for the reaction. All physics observ-

ables such as cross sections and polarizations are calculable with these amplitudes. The
physics results have been shown in Ref. [6].
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We have also applied the present model to the radiative reaction yN — vy N. With
the model code, we obtain sixteen topologically distinct diagrams and their Feynman am-
plitudes. We skip to show their explicit forms in the present paper since their expressions
are rather lengthy. Instead we only refer the recent articles by C. Wolfe et al.[7]. In Ref
[7], the physics implications have been explored in great detail.

3 Application in Astrophysics

We now show the second example of the symbolic computation in physics. It is well
known that our universe is filled by the uniform Cosmic Microwave Background (CMB)
radiation as predicted by the big bang universe scenario. The CMB photon has extremely
uniform Planck distribution whose temperature is 2.7K.

On the other hand, it is also well known that the clusters of galaxies have extremely
high-temperature electron plasmas whose temperature exceed 10keV. If the CMB pho-
tons pass through the electron plasmas in the cluster of galaxies, the photon distribution
function is distorted by the Compton scattering of the photon by the electron gas. This
effect is called as the Sunyaev-Zel’dovich effect[8]. The SZ effect together with the X-ray
spectrum measurement of the cluster of galaxies, one can determine the Hubble constant,
which is one of the most fundamental constants in astrophysics. Therefore it is extremely
important to study the SZ effect theoretically. We have investigated the SZ effect. The
details of the physics implications have been explored in great detail in Itoh et al.[9] and
Nozawa et al.[10]. Therefore, we summarize some of main results in the present paper.
The main calculation has been performed in a symbolic manner with Mathematica.

The time evolution of the photon distribution function n(w) is written as

i = [ Ghedvenw
{n(W)[1 + nW"f (B) = n(W)[1 +n()]F(E} (12)
|14 %%64(p+k—p'mk')jf, (13)
X = -(g+%l)+4m4 (%+%>2—4m2<%+%) , (14)
kK = —20E (1 - %cosa) , )
K = WE (1 - i—%lcoso/) : (16)

In the above W is the transition probability corresponding to the Compton scattering. The
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four-momenta of the initial electron and photon are p = (E,p) and k = (w, k), respectively.
The four-momenta of the final electron and photon are p' = (E',7') and k' = (', k'),
respectively. The angles a and o are the angles between § and k, and between P and
K , respectively. Throughout this paper, we use the natural unit # = ¢ = 1 unit, unless
otherwise stated explicitly.

We expand eq. (12) in powers of Az by assuming Az < 1. We obtain the Fokker-Planck

expansion

672(20) = 2 gg+n(1+n)} I

[6%n on

+ 2 ~B;2—+2(1+n)5; +n(1+n)} Iy
[0%n 8%n on

+ 2 —a—m§+3(1+n)gﬁ+3(1+n)%+n(1+n)] I3
o 17

where
= L[ P soiiw () (Ax) (18)
F=R (27)3 p )

Analytic integration of eq. (18) is not possible except for doing power series expansions of
the integrand. The calculation of I}, was performed with a symbolic manipulation computer
algebra package Mathematica.

Finally we show the result of the Sunyaev-Zel’dovich effect of the cluster of galaxies. We
have obtained the following expression for the fractional distortion of the photon spectrum:

ﬁ?((;({)) - yf,ﬁ‘)fe; [Yo + 6.V + 62Ys + 63V3] , (19)

Yo = —4+X, (20)
v, = w10+fg5{—%§}22+%)€3 + 52 (—25—1+§X> , (21)
YV, = —1; + 1-%2—3)2 ~ §g§5{2 + %EXB ~ %X“ + %X"’

+ §? (—4—? + 6—?}? - %Q-Xz + -1—:%3)23)

Log (_§ + %x) , (22)
v, = 325_ N 25805 % 70598 N 14.12053 5 %55& I

+ %Z-g?-xs s o S

L@ (_ 7(1)38 . 14253 % 10?)267 %2 151647067 5 12716 o %4_ X5>
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o/ 18594 205003 . 1920 5, 1024 .
S4 _ X — X.‘Z 3
+ ( 35 T 280 T X)
o[ 544 992 .
6 ——— ———
+ S ( 1 +105X>. (23)
w
X = —
oo (24)
y = or / dLN, (25)
_ X
X = Xcoth <~2~) , (26)
; X
S = (27)

. X\’
sinh (3)

where o7 is the Thomson scattering cross section and N, is the electron number density.

The expansion parameter 8, is defined by

kT,
g, = ~Bre

(28)

me?

4 Summary

In the present paper, we have reviewed the results of the symbolic calculation in physics.
First we have constructed a model code model. PIN for the FeynArts, which is a package
software for the Mathematica. We have applied the code to the pion photoproduction
reaction. With the code, we have calculated the Feynman amplitudes and the cross sections
for the reaction.

As the second example, we have demonstrated the symbolic calculation in astrophysics.
The Sunyaev-Zel’dovich effect has been calculated with the power series expansion method.
The calculation has been performed with the Mathematica. The analytic expressions for
the SZ effect have been obtain up to O(f,).

References

(1] Hearn, A. C.: “REDUCE: A user-oriented interactive system for algebraic simplifi-
cation.” In M. Klerer and J. Reinfelds, editors, Interactive Systems for Experimental
Applied Mathematics, Academic Press, New York, 1968.

[2] Wolfram, S.: “Mathematica: A System for Doing Mathematics by Computer”,
Addison-Wesley Press, New York, 1988.

[3] Char, B. W., Geddes, K. O., Gentleman, W. M., and Gonnet, G. H.: ”The design
of Maple: A compact, portable, and powerful computer algebra system.” Appears in



42 Procedings of NLA99 (2000)

Computer Algebra (Proceedings of EUROCAL °83), J. A. van Hulzen (ed.), Lecture
Notes in Computer Science, No. 162, Springer-Verlag, Berlin, 1983.

[4] Kiiblbeck, J., Bohm, M., and Denner, A., Comp. Phys. Comm., 60, 1990, 165.

[5] T. Hahn, preprint, hep-ph/9905354, 1999.

[6] Nozawa, S., Lee, T.-S. H., and Blankleider, B., Nuclear Physics, A513, 1990, 459.
(7]

7] Wolfe, C. E., Nozawa, S., Butler, M. N., and Castel, B., Int. Jour. of Mod. Phys. 6,
1996, 227.

[8] Sunyaev, R. A., & Zel’dovich, Ya. B., Comm. Ap. Space Sci., 4, 1972, 173.
[9] Itoh, N., Kohyama, Y., & Nozawa, S., Astrophysical Journal, 502, 1998, 7.
[10] Nozawa, S., Itoh, N., & Kohyama, Astrophysical Journal, 508, 1998, 17.



