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ACUTE TRIANGULATIONS OF SPHERE AND ICOSAHEDRON 

JIN-ICHI ITOH 

ABSTRACT. In this paper firstly we summarize the kuown results about acute 

triangulations. Next on the reound sphere for any e¥'en n ~~ 35 we coustruct an 

acute tria,ngulations with n triangles and on the icosahedron for any e¥ren n Z 24 

we construct an acute triangulation with n triangles. 

1. Introduction 

For compact surfaces with inner metric, triangulations are finite sets of triangrles 

sa=tisfying certain natural conditions: the intersection of any two of the triangles is 

eit,her empty or consists of a vert,ex or of an edge. The edges of any triangle must be 

shortest, paths. From the view point of approximating surface in Euclidearn space 

by polyhedron as using vertices of triangulations, the triangulations with ITLa,ny thin 

triangles or obtuse trianbo'les are not so conveniemt. 

Now, we raise the question of existence and minimality (least numbcr of triangles 

used) of acute triangulatior~s, for various types of surfa,ces. This means that the 

involved triangles must be acute, i.e. all their angles rnust be less than ~ 

~~fe settle the the following problems. 

Problem. Does therc exist a natural number N such that every convex surface 

admits an acute triangrulation consisting of at lrLost 1¥r triangles? If yes, flnd the 

minimal such N. 

This question does not, seem to be easy. A solution to this problem restrict,ed t,o 

smooth surfaces would also bc of interest. 

Part,ially supported by the Gra,nt-in-Aid for Scientific Research, 'l'he Ministry of Educat,ion, 

S(lence, Sports and Culture, Japan. 
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Prob1er＆．　Find－the　a至ユa王ogoしls　nnnユbe蝸i王ユもhe　cases　of　othcr　surfaces　or玉）o｝yhe一

由OnS．

　　工双　sectiOn　2　we　saエ皿marize　the　known　resu虻s　＆bo以t　ac㍊te　thangu王atioエ王s．　I泌

sec毛三〇エ｝3we　consider　the　variOas　acute　tria－ng毛至1＆t主○ns　on　the　stan（i＆rd　spherc　and

the　icos＆hedΣoエユ．Son蝸もin蛇s三n　th三s　paper　we　abbrcviatc　a至ユacuteむi跳）g皿！＆tion　with

れむiang1es＆s＆nれ一＆cute一もriangu1＆tion．

2．Survey　of　acuteも対angu1a吃io双s

　　Firsも1y　we　consid－er＆bo耐the　pmble㎜on　a　s夏双ooth　sえ1ざface　hom－eo㎜orphic　to　the

sphere　as　the　s三m－p1est　ex＆n至p1e．

TheOre㎜1．F0ザ㎝ひ舳ψCεん0㎜ε0肌0ψlC亡0伽功舳ω舳舳00仇肌ε加C、α〃
αcα亡ε亡ザ乞α肌9αZαれ0η3c0れ亡α乞n3α亡Zεα5左20亡れαれgZε3．

Pザoo∫　　For　each　vertexむ○f＆αエteむi＆ngulations　on　s㎜ooth　suxfaces　the　d－eg蝸e＆t

り㎜usもbe　at1e＆st5．Indeed，if　there　is＆veれexηwith　its　degr㈹4，then　there　is　a

tri＆ngユe　aroundηsひch　that　the　inner＆ng1e＆tむis　not＆cate．It　i㎜nユed－i＆te1y　fo王！ows

fron｝充he　above　discussion　and　Eu1er’s　fomユ泌王aもhat　any＆cuteむiang篶1就ion　of　sひch

a　sひrface　contains＆t　le泓st20td＆ng王es．

　　Nexも王et’s　consid破the丘ve　Plato山c　sohd＆s　the　easiest　ex包m－p王e　of　po1yhedron．

Of　course　the　regd肌もeもr＆hedron，octahe由on＆呈ユd　icosahedざon　h＆ve　thdr　natura1

泓cute　triangu1＆tions．

Theore㎜2（［2］）。　τんεcα6εα6η切ね3εりεmZαcα亡εか地れg〃α批oれ3ω乞流24か加れgZε3，

㎝6η0αC倣左ブ｛α犯〃肋㎝ω舳和胱ブ加α肌ψ3、

　　○鵬ex脳皿p！e　of　acute　triangd就iOn　of充he　cabe　is　indic就ced　as　Figare1．Coレ

ceming　the　dod－ecaheder　we　h＆ve　casiユy　the　fouowing．

Proposi吃ion3．　　r加rε加αηαc〃ε乏れα犯g〃α左｛o汎oプtんεdo此cα加かoれω乞仇20

亡れ㎝g／ε3。

Pグoo∫　　C0Rsider　the　d1枇1graph　on　dodecahedmn，i．e．t＆ke12vertices　onもhe

ce耐破of　e＆ch　pentago夏ユand　co夏mect　as　segments2ve｛ces　in　pe耐＆gons　which＆rc

adjacentラthen　we　get20c叩！i1ateぎa王もhang！es　s沿ch　thaもeac至1tri＆Rgle　contai双s　jえ且st

○至］一c　vcrtex　of　dodec＆hedぎon　a夏ユ（i　a．t　each　vertex　（cente夏　○f　pent＆gon）there　泳re　5
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t,r'ia,ngles. Then all t,he 'angles at ¥rert.ex of t,he equilat,eral tria,ngles are equ'a.1 t,o ~)_7r 

t,hen these 'a,re a=c,ut,e trian0'1es. 

Remark. But, it seems that t,he number is rLot best, possible. We don't, know whet,hcr 

t,hel'e is .a<n ac,ut,e t,riangul'at,ion of t,he doclecaheder ¥vith less t,han 20 t,riangles or prove 

tha<t, it holds t,hat 20 is the leasest nulrrber. 

Theorem 4 ([2]). The're is an acute triangula,ton of the regular icosahedron with 

14 triangles. 

Remarh. ¥Ve' expect t,ha,t, 14 is t>he best possible esthllate, but it ha=s not been 

proved yet. 

Furt,hen~nore, it seems dimc..ult,, but, interestingr for us even the following problem, 

too. 

Problem. Find the analogous nmrLber in the case of all tet,rahedral surfaces (not 

only the regular). 

Ncxt we consider the c'a,se of flat torus. 

Theorem 5. For any flat torus there is an acute triangulaton with 18 triangles. 

Pr'oof'. Eac,h flat torus corresporLds to a Z2-lattice on the plane with the shortest, 

distance with two la,ttice points l. We can take a parallerogram P with vertices 

(O O) a,nd (1.0) and (a.b). where a2 + b2 Z I and -~ _ , . . , 2 < a, ~ -; from the above 
Z'2-la,tt,ice. Indeed take (a, b) a,s a lat,t,ice point with the second shortest distance 

from (O, O) without lattice points on the x-axis. 

In t,he case of a ~ O, we can naturally divide the parallerogram t,o the similar 9 

parallerog~ram which are congfruent each other by the dividing a segment three equal 

pa,rts. ¥~re can divide each small parallerogram to 2 acut,e tria,ngfles from the figrure 

of para,llerogra,m P (See Figure 2.). 

In the case of a = O, P is a, rectangle, divide cach segrnent three equal part. 

Join with (0,0) and (31._, b), and so on. Join with (O,b) and (~,O), and so on. The 

intersec',t,ion points lie on the lines y = O, y = l, y = ~. T'a,king the a,bove three lines, 

we ~)"'et a,n acute t,riangula,t,ion with 18 triangles. 

Figure 1. Figure 2 . 
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　　h｝the　casc　Of且＆tもorus18一泓cute－thang之11at主or呈seen蝸I｝ot　best　possib王e。工t　is　known

t1ユat　so夏ne　fi＆t　tor汀s　att＆ins　14＿acute＿tria夏！g辺王ation　and　it　is　best　possible　nunユbeL

B雌n姐ybe　iもis　i至npossib！e　to　consむuct王4一＆c耐e－tr主＆ng汀！＆ti○エ王o盗＆盗y且at　torus．

Inth・c搬・f・t・nd・・dt・・a・（・btain・dby・・倣i㎎・・i・・1・…㎜d・cop！勧n・・，

non三ntersect主ng1ine　in　the　Euc1idean3＿sp泓ce），三t　seen主s　that　there　is　nOt　the盆ni尤e

ana！09o祉s　nu夏nber．It　s姐ggest　us　the　fouow三ng　Prob且e1η．

Prob1c㎜．Wh＆t　are　the　s㎜＆11est㎜㎜b棚尤αsuch　thaもany　st＆n虹dもorて1s　with

1ength蝸tio　of　the　nユin三皿a工cycles　equ＆王毛oαhas＆n＆c耐e　t更i＆ngu！ation　with就

mst尤αtri＆㎎les？

　　Importanもand　element鮒y　swfaces　with　bo祉nd蹴y　which　c＆n　be　cOnsidered拠e

p！anar　sets．In　this　c＆se　there　are　soI皿e　previous　works．

Th・o・・㎜一6（［21，［61）．肋榊加㎝gい甘1αれgα肋1ε〃んα1㎜・・け㏄此加㎝ψ・，

㎝6伽860α〃独6ε5け033｛61ε。

Theor⑧n17（〔2］）．　　Eαcんザε（：亡α肌gZεゼ3か乞αれg〃α6Zεω｛仇8αcu加かゼαηg2ε5，α犯∂仇狛

乞5伽6ε8け033伽θ3亡｛肌伽

　　In　the　case　of　squ勧reラit　was　disc鵬sed三n111．They　showed－the　sa皿e夏es姐1t狐d

tha．t　the8－acute一むiang1就ions　is　unique　in＆sense．Ex＆狐pks　of＆c耐e㍍iang■at主ons

of＆n　obtuse枕iang1e　and　a．rectangIe　are　indicated包s　Figure3and　Figure4。

酌脾e3． Figひre41．

Thcorem8．　　Eαcんcoれηεz　gαα6れZα加ザα／加か乞αれg〃α6Zεω〃んα亡㎜05亡9αcα乏6か乞一

α汎glε5，

H．M・・h…P・・v・dthisth・・夏・miRhi・p…f・fth・n・xtth・…m．（S・・［61．）

Ren｝a■rk．　　We（ioポt　know　whe比er　there　is　a　quadΣilatera！w王ユich　ca篶not　at－

t＆ines8－acute＿打i＆ngu王ation　or　it　holds　that＆王1quadri王＆te夏a1can創ttaine8＿acate＿

tria，ngし至1ation．

Thcorern9（〔6］）。　亙ηεrμ9αα∂ザ乞Zα加グαZ　rεりεれゲ犯o作co〃肥り加か｛α肌g〃α6Zεω批んα亡

肌05〕0㏄他か｛α肌glε5，α〃伽＾oαγ山36ε3け038伽川んεいll”oク／－co犯むεz．
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~,,10reover H. h,,Ia,ehara, disc:uss t,he in t)0'enaral polyg~on in [5]. 

Theorem 10 ([5]). Eve'ry potygon ad,rr~its a,rt, acute t7'iang'u,latior?.. 

It seems t,ha,t it is interesting to discuss on acute triangula,t,ions on sculre polygon 

(even a triangle) on anot,her surface (even on the standard sphere). But t,here a,re 

not any results. 

3. In the case of sphere and rcosahedron 

Recent,ly J. Hass and F. ~/iorga,n defined in [3] the geodesic net on surface as 

a graph embedded on a, sllrfa,ce that c,onsists of geodesic arcs whose ta,ngent unit, 

vectors sum to zcro at ea,ch vertex. They forrnulate the following problem. 

Problem. Let S be a smooth Riemannian 2-sphere and n be a natural number. 

Is there a geodesic net with ¥rertices of debCrree 3 or 4 partitioning S int,o n regions? 

In [4] A. Heppes solved this problem in the ca,se of the st,andard sphere. RelateinbCr 

the above problem, in this section we will consider the following problem in the case 

of the standard sphere and the icosa,hedron. 

Problem. Let S be a compact surface and n a natural number. Is there an acute 

triangulations with n triangles on S? 

Now we show thG main results of this pa,per. 

Theorem A. For any even number n which is Z 20 and excluded 22, 28; 34, there 

is an acute tr'iangulation of th,e raund sphere with n trian,gles. Furthermore for arry 

n ~ 19, odd number n or n = 22, there are not any acute tria?~,gulation of the round 

sphere w'ith n triangles. 

Remark. In the case of n = 28 and 34 we don't know whether there is an acute 

tria=ngulat,ion of the round sphere wit,h n tria,ngles or not. 

Prooj'. Firstly we show that a,ny t,riangulation of sphere has even number triangles. 

Let #f (resl.)･ #e) be the nmTiber of triant)o'les (resp. edges) of a t,riangrulation. From 

the elcment,a,ry equation 3#f = 2#e it, follows t,hat ~f must bc e¥ren. 

Next, we const,ruct t,hree t,ri.a,ngulat,ions ~vit,h 20 acut,e triangles, 24 ac,ut,e trina,gles 

and 30 a,cut;e t,ria,ng~les. A 20-a,cut.e-t,riauob'ul'a,t,ion is ea,sily follo~vS t,he ic,osa,hedron, a 

24-acl_rte-t,ria<ngulation is follo~vs frorn a.n ac.ut,e tria,ngulation of c',ube. Exact,ly it is 

c',onstructed ･a=s follows. Ta,ke an 'a.cute triangulation of cube as Theorem 2. Settle 
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をhc　i王王sαibed　c泌ve＆nd　prOject　t｝！e　th＆ngし王ユat三〇n　On　mmx王s至）heざe－A夏oミu｝d　the　point

on　rOund　sphere　which圭s　the　inユage　of　z　by　the王）rOjectioΣ王，

　　A40一＆c姐丈e－triangd＆tionisconsもr篶cted－a－sfo！1ows．L戌α三α2α3beaもh＆ng1eof

t王1e打主angモユ1＆tion　indnced　froIn　the　inscribedもet－r＆hedro夏！．　／DcnOte　t－he　cent脳of泓

枕i＆ng！e　by　g，the狐idd王e　poi趾of　of　opposite　side　ofα｛by肌｛．T＆ke言≡he　s狐a！王

eqni王就肌王tri＆ng1e6至わ2わ3s㍊ch　t■ha，tわ｛be！0ngs0R尤he　segn）ent　gα｛。D蛆w　the　edges

α16王、α262，α363，肌162，m．至63，m2わ3，肌26王，m3わ王，η一～。362－丁王蛇n　we　get泓nもri駆！gu！就io夏ユ

of　theもriang1e吻α2α3with　lO　ac耐e　tri＆ng王es．By　the　sa皿eもhan駅1就ions　of　the

other　three就riang！es　we　get　a　tri＆エ嶋u！就iOn　of　roひnd　sphere　with40ac耐e　tria■至！9！es．

Lc㎜㎜a．〃ん舳加αれαcル亡グ｛α犯g汕れ㎝ω肋パグ1αγψ53㏄ん舳川伽舳ゐ
oηε狛03cεZε8αわc3αcん乏んα乏芭んθれθ乞g／沁oれ肌g3か｛αηgZε3αわc∫，6cα1。（：αぴんα33ひηユηzε乏ザひ

ω舳ザ岬ε州・伽1｛舵伽・ψαα〃伽m〃∂1り・伽亡・μ・μ一μわ＝αc，左／舳

わC山・αれ1・…ε／ε川批んα1トα1・㎝dα6｛・・㎝gザむ舳乏0αCり，仇㎝〃榊岬伽ε

伽的εr肌伽ザe狛αγ1㏄仇老ザ｛肌〃α亡｛oれω舳れ十6肌乏γ’｛αれψ8．

Pザoo！o∫Zε肌mα。　Take　the　foods　of　p概pendicu1孤s　from♂，61，c’to6cラcα，α6．De－

note　new　th峨points　on　p岬endi㎝！棚1舳e泣side　theα6c　byα”，6”。♂、We　get

鵬w10＆c晦tria㎎1esusl㎎αラ6，c，α1，びラc1，α”ラ6”ラc”1nste＆dofα6c，α6c’、6c♂，cαわ1

with　the　property：α1ぴcl　is　isocse王es　with　sy皿methc　neighbor3tri＆ng1es．Then　we

continue毛he　s＆至ne　procedare．

　　A町thaRgle　of　the＆bove20一＆c耐e－triangu王＆tion　on＆更ound　sphere　s就主s貧es　the　as一

跳正n2玉）tio夏ユof　Le至湿Σna．In毛he　case　of　the　above2企＆c泄te＿は呈aRg“就ion　theけi泓ng1eα6c

sa，tis旋s　the　assumpt三cn　of　Le㎜五皿＆。In　the　c＆se　of　the　abovc30一＆cut糾曲孤gω就ion

the　triangkαわc　satis丘es　the　assuヱnptiOn　of　Lerαnユ＆．　Then　we　get　20＋6ηγacute＿

tri脳ユg葦ユ且ation，24＋6ηγacute＿むiangu王aもio夏）＆nd40＋6m＿acえ1te＿tri脳ユgulation　on　the

st＆1ユdardsphere．

　　At！asもweshowthenon－existenceof22一＆㎝te－tria㎎u1atl㎝ofro毛1ndsphere．Wh㎝

the1ユu夏五be資of　triang王es　is　equal　t022，it　hoユds　th劃t　theエ｝unユber　of　edges　is　eq泌a1t0

22．Fr○至n　the　fact　th＆t　the　degree≧5，it　fo王1ows　th就もhe　nし至mber　of　veれices　is　less

than14－We　get　tha川旧ユu1曲er　of　v献1㏄s　is　eqし1泳1to川）y　Elユlcゴs　fOmユ曲…t

ho1（is支］h献tIhere双王孤st　be12vcrtices　w比h　degree5脳｝d　o夏蛇veれex　with　deg〕：ee6．R

is　iΣnpOssib王c．

ThcoreI皿B．　Foヅα汎gεηε肌肌um6ε？¶ω肋cんお≧14α〃εzc1〃εd18二24、肋。ぴe｛8

αγ川C砒か1αη。9？〃1㎝0μんε乞C03αんεか㎝ω舳パザ1α肌ψ5。凡ザ乏加1WOrε伽α汎ひ0〃

舳’舳ε川，伽ザε舳れ0工α岬㏄ル乏れ㎝g／〃乞0れ0μ加｛C0舳／1εか01川”川か1㎝g／ε5一
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Re'm,aT'k. In t,he case of 'n. = 18, 24 we don't, k･now whet,her there is an a,cut,e t,ria,ngu-

la.tion of t,he ic;osahedron ~vith n tria,ng'lcs or not,. 

Proof of Th,co'rem B. To prove t,his, we neecl const,ruct 20-acut,e-triangula,tion, 30-

ac,ute-t,ri'angulat,ion a,nd 34-ac',ute-t,ria,ngfulation sat,isfyinbCr t,he condit,ion of Lemrna. 

The ic',osahedron has a, na,tural 20-acute-t,ri'd,ngul.a.,tion. A 14-ac'.ute-triangulation is 

construct,ed by Theorem 4. 

Firstly we construct a 30-acute-triangulat,ion. Take the 5 triant)crle abc, acd,ade, 

aef, cl,fb of ic,osahedron and denote the middle points of ab, ad, ae, de by b/, d/, e/, m 

(See Fig'ure 5.). Denote by b" t,he point which is moved b/ to a on t,he edge ab with 

d(b!,b") = e. Denote by d" (resp e ) the pomt which rs moved d (Iesp e ) to a 

on the edg'e ad (resp. ae) with d(d/, d") = ~ (resp. d(e!, e") = ~). We get new t,en 

t,ria,ng'rles 

bcb" bfb" cd" b" , fe"b" , cdd", ,fee" , d'md~', eme b d ' e" d me 

and new one vertex m on bounda,ry bcdefb. ¥Ve will c',heck that a,ll t,hese triangles 

are a=cl_Ite. Note that. ~b/d/e! = ~ble!d/ _ zl and ~db/e/ _ 7r ~ ~' If positive number 

~ is sn~iall, then ~d"b"e~~ < ~ From the defimtlon of b',d",e" it follows that 

l~b!d/e/ z~b/e/d/ < Zz Hence the triangle b' d e is acute Note that the triangle cb!dl 2* = ' " " ' is equilateral and all angles are ?r.__3 ' If posrtrve numbel e rs small then Zcb~' d'~ < ?ir 

l( "' 1." -. Hence t,he triangle cb" d" is acut,e. From the same < Ir and ~b cd" < 7r2 c(h o 

discussion it, follows that the triangle fb" e_" is acute. It is trivial that the rest 

triangles are ac,ute. Next, take t,he ot=her 5 triangles which is thc opposite side of 

de. By t,he same subdivision we get 10 ac',ute triangles (including only one rLew 

vertex m on de) instesad of 5 triangles. Hcnc'.e we get 30-acute-triangulation on the 

icosahedron. 

e~ 
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Figure 5 , Figure 6 . 
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iNo~v we constrllct, the 16-acute-triangulat,ion ~ls follo~vs (See Fig'~ure 7.). 

i
 

OLl 
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Figure 7, 

r ~
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Let a, a/ be t,wo vertic,es of t,he icosahedron such that they are a,nt,ipoda,1 poirLts 

each other. Take 5 triangles a,round a (resp. a/) and denote their vertices without a 

(resp. a/) by 1, 2, 3, 4, 5 (resp. 1!, 2/, 3!, 4/, 5!), where we may assume that there are 

10 triangles 

1 l!2, 22!3, 33/4, 44/5, 55! 1, ll22/, 2/33!, 3144!, 4/55/, 5!1 l!. 

Denote the gravit,ies of triangle 11!2, 22/3, 33l4, 44/5, 55!1, a/2/3/ and a!3/4/ by g, bg' c, 

dg'g/, eg a,nd fg' Take a point b (resp. d ) on the segIILent 2bg (resp. 5dg) enough 

close to bg (resp. dg)' It holds that ~abc < Zabgc = ~ and l~adc < Iadgc = 7F-2 ' 

These are derived a,s follows: it holds tha,t a??gle2bgp > ~, where ~ denot,es the point 

on the Euclidean plane on which the unfolded icosahedron is dra.~vn as Figure 6, 

correspondin"~)' to the point * on the icosahedron a,nd p is the middle point of the 

segment I e m Frgure 6. Indeed the inner product the vector from p t,o bg and the 

vector flom 2 to b Is negative (1 e ( I -2¥/~:) . (1,-~) l = -~ < O). It, holds that 

~llbeg < l~1!bgeg = ~ and Z5!dfg < ~5!dgfg = ??~2' These a.re shown as the above, 

too. Then ~~'~e ca,n take a point b/ (resp. d! ) on the ray from a to b (resp. ad) in 

the triangle 2bgg (resp. 5dgg!) very enough close to b (resp. d) as l(1lb!e_g < ~ (resp. 

~5ld!fg < ~ )･ N'ot,e t,ha,t l~b!egl/ < Ibgegl! = ~ and ~d!fg5/ < l~dgf95/ = ~ ･ Then 

we can ta,ke a point e (resp. f ) on the segment, 2/eg (resp. 5lfg) enou~g~h c,lose to 

e (resp frj) Is ~b el < 7? (resp l(d f5! < ~ )･ Note that we can take e,f as t,he 

length of eeg is equa.1 to the length of ffg' Take 16 tria,ngles 

a,lb/ ab/c a,cd/ ad/1 a,11!e alef alf5/ a o I 11/b/ l!b!e b!eC eCf Cfd/ f'd/5/ ~ ~ ? ' ~ ' ~ '!~/ /~ ~ ~ ' ~ _ ' * d!5! I , 5! I I l. 
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¥Ve will che(k that all these tnangles ale acut,e. It is easy that. all angles around 

a, a/ a,re 'acut,e. Indeed, Zlab! < ~labg = ~' 2 l(lad! < Zladg = ~~ 2 ' ~b/ac < ~2ac = ~, 

ld!ac < l:5a,c = ~･ Zl!a/e < Zlla/eg ~ ~, Z5!a/f < l(5la!fg = 7T2' Zea!J' = ~ + e, 

~:1/a/5f _ zr. Let's discuss for other a,ngfles of t,ria.n~)crle a,round a, af. Note that t,he 

segment lb Is contamed m t,he tiangfles ll/2,21/2/,22/3. It holds l(alb/ = l~al2 + 

~~2lb! < Ial2 + ~212! = ~~. Not,e tha,t l(a,bgl < l(lbgg = ~･ Then ~ve get, /ab!1 < ~ 

for b/ is very close t,o bg' It is trivial that ~ab/c < ~abc. It have been st,ill checked 

t,hat Zabc < 7~.-.2 ' Then, Zab/c < ?r._2 ' It holds tha,t ~acb! < ?r_2 ' for b/ is conta,ined in the 

triangle 2bgg. The a,ng'les ~acd, /adc, /adl, !ald are the sarne a,s a,bove. It, is t,rivial 

that l(a,/1!5/ = /a/5/1/ _ ~, l(a!1/e < Za/1/2/ _ ~, Ial5!f < /al5!4/ = ~, l(a!el! < 

~alegl! = 3, z(alf5f < Iicl.!fgor! _ Ic, l(a/ef < Z:alegf = ~, ~a!fe < ~alfge = ~ 7r 7T 

Let,~s consider the t,riangle lllb/. It holds t,hat Zll!b! < ~ll/bg ~ ~' It, is t,rivial _7r 
that ~lb/1/ < ?T_{2 a..nd ~b!11! < ~. Next lct s considel the tilanbCrle llb!e It holds 

that lb!1/e = l(blll2/ + l~211/e < Z21!2/ + Z2!l[e 7r and l~1leb/ < ~1 eb - 7T 

It ha,ve been st,ill checked that Z1lb/e < ~･ The triangle b/ec is enough close to the 

ecluila,teral triangle bgegc whose angles are equal to ~･ Then l~blec, Iecb/, ~:cb/e are 

almost equa,1 to 7T_3 ' For the triangle cef, Ifce is close to Zfgceg = ~･ It holds that 

= -. Indeed, note that, egfg C eg. The triangles cfd/, dlf5! are acute 7r Zcef < ~cegf.q 2 
triangles from the same discussions a,s a,bove. Tl-re triangle 15/1/ is an equilateral 

tria,ngle whose angles are equal to 7r_3 ' Hence we proved that the a,bove all triangles 

are acute. 

At, Iast we rnust, chec',k that these acut,e t,ria,ngulations satisfy the assmllpt,ion of 

Lernma. It is trivial that the 20-a,cute-t,ri'..~,ngulation satisfies it. In the case of 30-

acute tnant)ctulatron the Isosceles md"e" sat,isfies t,he condition of Lemma. In the 

case of IG-a,cute t,riangulat,ion, we can t'd,ke the point b/,d/ as the isocseles 15ll/ 

s'a,tisfies the condition of Lemma. Hence we get 14 + 6m, 30 + 6m, 16 + 6m-acut,e-

triangulations of t,he icosahedron for any posit,i¥re integer m. 
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