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integer or not, adjacent to a given vertex, by using Chernikova’s algorithm, and
then remove the noninteger ones. However, since the number of all adjacent ver-
tices can be vastly superior to that of the integer ones, this does not seem reasonable.
In the case of the above numerical example, for instance, Chernikova’s procedure
generates 10 noninteger vertices adjacent to zy=z3=1, z;=0, j#1, 3, in addition
to the three integer vertices that were also generated by our procedure.

3. SET PARTITIONING WITHOUT CUTTING PLANES

IN THIS sEcTION we describe two algorithms for solving the equality-constrained
set covering problem (P). Both algorithms share the feature that they apply the

TABLE I
AN ILrLusTRATION OF THE COLUMN-GENERATING PROCEDURE

10000111100] 1 p
1100000001 1| 1 1
A=f0 1100111000} 1 o
01110001101 0 1
00111010010 1 g
1 0 0 00
-1 1 0 oo
Br=l 1 -1 1 ool
0 0 -1 10
-1 1 0 -11
¢ 7 & a o M
1 1 1 1 0 0 1
-1 -1 -1 -1 1 1 0-)
Ty=Bi'Ri=| 2 2 2 1 -1 -1}, Bil=jl
-1 -1 0 1 0 1 OJ
-1 0 -2 -2 2 0 0

primal simplex method to problem (P’) without recourse to cutting planes, and
use a column-generating procedure to overcome the difficulties caused by degen-
eracy. In Algorithm I, the column-generating procedure is geared to producing
one ‘improving edge’ as soon as possible, i.e., & composite column that can be
pivoted into the basis so as to yield an integer solution adjacent to, and better
* than, the current one. In Algorithm II, CGP is used to generate all composite col-
umns that yield an integer solution adjacent to and better than the current one;
then, in view of Theorem 4, all remaining columns of the current tableau can be
removed. Itis not clear at this stage which of the two procedures is preferable, and
hybrid algorithms are also feasible.

Both algorithms start by applying the primal simplex method to (P’), and of
course onc has only to gain if one can simplify (P’) before starting. Thus, the
various ‘reduction rules’ proposed in the literature (see, for instance, references 7
and 8) should first be applied to (P’). Also, a good starting solution may be of
great help, and any efficient heuristics for finding one can help a lot.
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Avrgorithy 1

Privar.  Apply the primal simplex method to (P’) as long as you can pivot on +1ina
nondegenerate row. Whenever this becomes impossible, let Z be the current (integer) solu-

TABLE II
. TABLEAUX FOR THE ILLUSTRATION OF TaBLE I
6 7 8 9 10 1
2 1| 1| -t | =1 1 1 |8
'T: Ty: 4 -1 -1 0 1 0 1
5 -1 o | -2 | -2 2 0
6 1 8 9 (6,10) (8,100 (9,10) (6,11) (7,11)
2 -1 -1 -1 -1 0 0 0 0 0
Ty: 4 -1 -1l o 1| -1 0 1 0 0
5 -1 0 -2 -2 1 ()} 0 -1 0o ™
6 7 8 (5,100 (8,10) (6,11) (7,11)
2 | =1 | a1 ] a1 ] o] o o o
Ty 4 -1 -1 o | -1 0 0 0
5 -1 0| -2 1 0 ~1 0
.
[ 7 (8,100 (6,11) (7,11)
2 -1 -1 0 0 0
T.:.4 -1 -1 0 0 0
5 -1 0 0 -1 0 v
I,—\IO 6 7 8,100 (6,11) @,11)
S 1 1 1 1 1
1
3 2 2 1 1 1

tion, B the associated basis, I and J the basic and nonbasic index sets, 4 =(B, R), and
7 =B™R the current (all-integer) simplex tableau. Let a;, jeJ, be the columns of 7, and
&j, jeJ, the reduced costs, with c, 20 required for optimality. If &;20, \jeJ, stop: Z is
optimal for (P).
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“all vertices of X, adi ; ‘
Jacent to the current vertex i i
sy t X Z, hence in particy] ices
o 315 lcsezx: tzo ;n;d better tha‘n %, whereas the former guarantics tha:rtig :'Cg'ilceb
cor g solely of composite columns defining such vertices contai 1 o ol ;
ns needed to produce an optimal solution. e all the col ‘
¢
?
- 4. NUMERICAL EXAMPLE :
IN THIS SECTION we solve an example by Algorithm I
Table II¥ gives the vector ¢ and the matrix 4 for the example %
| | {
: TABLE III :
TRe NuMEericar, ExaupLe i
- =643 2223 1,221,110 o :{
1000011116l 01 ¢ §
1 ! {00110 1 1 Y :
A-OIOOO‘;OOOOIHOOOI
0 1061110001009 2 ! : ;
01110500110§10000 i 0 ¢ r
. 011101001011 g g b % ! :
The simplex tableau 7: < 3 % 5‘9 T84 !05” SRR (H'&) a5, %} '351 J
1 ] ] }Q‘ ;

v

Prayar produces the simplex tableau
on an element a;;=1 (such that ¢;<0).

MCGP. po= (3,4,5);

First ileration: No rows
. : marked.
'Su "Sh:o =S:n§ Sxa ={8, 14, 6, 94,
Brock Prvor int.roduces:r. aad

of Table II1, in which no more pivofs are possible

J=1{L,6,---, 12,14, 15).
Ce=—38, t=10; choose s
Cs4+Cr0=1-3=-2 <0, and @3+,
Z10 into the basis,

Slo=16, 8, 9, 14j;
satisfies (3').

P of Tabie 111 replacing 7' by the simplex tableau H
PrivaL sends to the next step. :
MOGP. 1°12,4,51,7=(1,3,6,7,9 1 .. 15

L9 11, ... 15}, ;
. .

ol
>

et

N { ) 1 2. -
88 Egon Balos and Manfred Podberg S;Q':{)}i_;i’%‘}/‘s?z‘d J) 4
First iteration: No rows marked. &= -5, {=12; chmseF2. Su=1{14, 9, 1}. &+
219=3-5 = —2<0, but g5 13+ds 1 =3—1=2, violates (3'). &+Eu=5-520.
" Remove column 12 and add columns (14, 12), (9, 12), and (1, 12) to T (not shown
in Table III) to obtain the tableau T of Table IV. %1 - 'S
Second iteration: No rows marked. &= ~3, t=3; choose F2. S:={14, 1}. 3-—‘{1)“’)/ 3
Remove column 3 and add columns (14, 3), (1, 3) to T to obtain T* as shown in Table IV.
Third ileration: The row with index { =2 is marked. &;=~2, call {14, 12} =Qyq, 50 ¢ =186.
Choose’rés. S =1{15, 11}. En+Eéis=1~2<0, and a,, +d;s satisfies (3). )

. TABLE IV
\/ TABLEAUX FOR THE NUMERICAL ExaMmpLE
1 3 6 'f: 9 1n 13 14 15 (14,12) (9,12) (1,12)
% .8 -3 1 ¢ 5 1 2 3 o0 -2 o0 —3
2 -1 1 o0 6 -1 ©0 -1 -1 0 o0 o 0
T3 4 0 0 -1 -1 1 1 1] 0 0 ~1 0 -1
. & -2 2 1 2 -2 -2 0 -1 ~1 2 1 1
| v L
1 6 7 9 11 13 14 15 (14,12) (9,12) (1,12) (14,3) (1,3)
g 8 1 a 5 1 2 3 0 -2 0 3 [} 5
2 |-1.0 d-1 0-1-1 0 © 0 o 0 0 mirrhed
T3: 4 0 -1 - 1 1 0 0 0 -1 0 -1 0 0
5 -2 1 j -2 -2 0 -1 -1 2 1 1 1 0 <
The simplex tableau T7: v
1 -2 —~Ty -~ ) -2y —Zs¢ —T1 —Ts ~—Ty —Tu —Tis
z -2 5 4 1 -1 3 2 1 1 -1 0
Zy0 0 1 0 ~1 ~1 0 1] -1 -1 4] 1
Ziz 1 0 1 1 o 1 1 1 0 0 0
T 1 1 ] 0 0 1 1 1 1 1 L]
zZn 1 0 1 1 -1 0 0 1 1 0 0
s (1] -1 -1 1 2 —~1 0 0 1 1 -1

Brock Pivor introduces i, 1, and 2y into the basis and produces the simplex tab-

leau 7" of Table IV. ;

" Provar sends to the next step. Sl= {2 ‘5‘} st - ‘53
MCGP. [9={10,5],J ={1, ---,4,6,---,9, 13, 15]. ' 3 WYY T/ )
First iteration: No rows marked. & =1, ¢=13; choose §=5. Sis={15,2}. The next

tableau is 72 of Table V. :

Second interation: No rows marked. & =—1, call {15, 13} =Q, so t=16. Choosc
' Y- /a8 Remove column 16 to obtain 7* of Table V.
b o “Third iteration: No rows marked. 2 = -1, t =4; choose F& S.=1{15, 6, 1}.
Remove column 4 and add columns (15, 4), (6,4), and (1, 4) to T* to obtain T4 of Table V.

W
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.Fourth deration: No rows marked. &, = ~1, call {15, 4} =Q.s, so t=17. Choose FS.
- Si7={6}. Remove column 17 and add column (6, 15, 4) to obtain T* with ¢; 20, VjeJ.

Hence the solution £, =213 =21 =1, z; =0 for j 11, 12, 14 is optimal.
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.TABLE V
ApprtioNaL TABLEAUX FOrR THE NUsEeRrICAL ExampLe v il

1 2 3 4 6 7 -8 9 15 (15,13) (2,13)

Z 5 4 1 -1 3 2 1 1 0o -1 3
™ 10 1 0 -1 -1 o0 0 -1 -1 1 1.0
5 -1 -1 1 2 -1 0 0 1 -1 ¢ 0
v
1 2 3 4 6 7 8 9 15 (2,13)
z; 5 4 1 -1 32 1 1 0 3
7% 10 1 0 -1 -1 0 6 -1 -1 10
5 -1 -1 1 2 -1 0 0 1 -1 0 g
W
v
1 2 3 6 7 8 9 15 (2,13) (154) 6,4 (1,4)
L& 5 4 1 3 2 1 1 o 3 -1 ‘2 4
7 10 1 0 -1 0 0 -1 -1 1 @ o -1 o
5 -1 -1 1 -1 0 6 1 -1 o0 1 11
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