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1. Introduction

Drying of colloidal suspension on a substrate is a key process to fabricate particulate films that constitute various
electronic devices, such as solar cells, flat panel displays and biological/chemical sensors [1]. The colloidal particles in a
suspension spontaneously form a variety of microstructures on the substrate during drying [2-8]. The microstructure for-
mation of the colloidal particles is a type of self-organization. Elucidation of the self-organization is crucial to control the
microstructures of the colloidal particles. During drying, the colloidal particles are influenced by various non-linear interac-
tions, such as contact interaction, van der Waals interaction, electrostatic interaction, capillary interaction and hydrodynamic
interaction including thermal fluctuation of a solvent. A simulation of drying colloidal suspension is a major challenge even
though computational fluid dynamics is now well developed. Recently, many researchers have been performed macroscopic
simulations of the drying colloidal suspension [9-13], in which the evolution of the solid phase fraction in the suspension
has been solved. Although the macroscopic simulations are applicable to systems in actual size, the microstructures of the
colloidal particles cannot be obtained. On the other hand, several researchers have addressed direct simulations of the dry-
ing colloidal suspension [14,15], in which the motion of each particle has been solved. Although the direct simulation is
rather expensive in computation than the macroscopic simulation, it has the advantage of obtaining the microstructures of
the colloidal particles during drying.
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Fig. 1. Forces exerted on colloidal particles that are included in the present simulation method.

For the direct simulation of the drying colloidal suspension, mesoscale gas-liquid-solid three phase flow with phase
change should be taken into consideration. The problem can be divided into two issues; mesoscale solid-fluid two phase
flow and gas-liquid two phase flow with phase change. Firstly, there are two issues in the mesoscale solid—fluid two phase
flow. They are to apply the no-slip boundary condition on the solid-fluid interface and to reproduce the Brownian motion
that satisfies the fluctuation-dissipation theorem. The immersed boundary (IB) method [16] is an efficient way to apply the
no-slip boundary condition on moving solid objects in a fixed Cartesian coordinate system. Many researchers have applied
the IB method to the simulation of particulate flows [17-21]. The fluctuation-dissipation theorem can be satisfied by use of
the Landau-Lifshitz Navier-Stokes (LLNS) equations in the fluctuating hydrodynamics [22,23], which includes the stochastic
fluctuation stress. Several researchers have simulated the Brownian motion of colloidal particles by use of the LLNS as
well as the IB method [24-27]. Secondly, an issue of the gas-liquid two-phase flow is to capture a free surface on which
surface tension is exerted. The level set method [28] is one of the most reliable approaches to capture the free surface,
because it enables us to calculate accurately the normal vectors and curvatures of the free surface, compared with other
capturing methods [29-31]. Many researchers have applied the method to simulations of gas-liquid two-phase flows with
phase change [32-37].

Although both colloidal suspension flows and two-phase flows with phase change have been successfully simulated,
few direct simulations of the drying colloidal suspension have ever been presented in the literature. A difficulty with the
simulation is modeling of the capillary force exerted on the particles protruding from a free surface. In Ref. [15], the
capillary force is modeled as the simple spring force that is a function of the immersed height of the particle, in which the
free surface is not deformed. In Ref. [14], the capillary force and the deformation of the free surface are calculated through
the specified wettability parameter, in which the contact angle on the particle surface cannot be explicitly specified. Most
recently, we have developed the immersed free surface (IFS) model to estimate accurately and efficiently capillary forces
exerted on many particles at a free surface [38]. The IFS model is used along with the immersed boundary method and
the level set method to accomplish a three-way coupling of the fluid flow, the free surface motion and the particle motion.
This paper aims to develop a new direct simulation method for a drying colloidal suspension on a substrate using the IFS
model. The present simulation method includes the crucial forces exerted on colloidal particles, such as the contact force,
the van der Waals force, the electrostatic force, the capillary force, and the fluctuating hydrodynamic force, as shown in
Fig. 1. Therefore, the present method enables us to estimate a variety of microstructures of colloidal particles on a substrate
during drying.

This paper consists of the following parts. In Section 2, mathematical formulation in the present method is described.
Namely, the governing equations of free surface motion, gas-liquid two-phase flow with phase change and particle motion
are derived from the conservation laws. The IFS model is introduced into the equation of the free surface motion. In Sec-
tion 3, numerical solver is described, in which the solution algorithm and the discretization of the governing equations are
given in detail. In Section 4, some simulation results are illustrated to stress the capability of the present method. All the
simulations in this paper are applied to gas-liquid two-phase flows with density ratio of 1000. Finally, the conclusion of
this paper is stated in Section 5.

2. Mathematical formulation

A gas-liquid-solid three phase flow is considered in this paper, in which a liquid and its vapor, spherical solid particles
and a substrate exist. Fig. 2 shows a two-dimensional schematic picture of the flow field on a Cartesian grid modeled
in the present simulation method. The gas-liquid two-phase flow is treated as a single-field model, in which one set
of conservation equations with the variable density and the variable viscosity is adopted. The free surface has a finite
thickness, in which the density and the viscosity changes continuously. Each spherical particle is treated as a rigid body, in
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Fig. 2. A two-dimensional schematic picture of the flow field on a Cartesian grid modeled in the present simulation method. The upper thick line represents
the sharp interface between gas and liquid. The lower thick line represents the sharp interface between liquid and solid. The thick circle represents the
sharp interface between solid and fluid.
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Fig. 3. A schematic picture of flow across a free surface. v| is the velocity of liquid phase, v; is the velocity of gas phase, v; is the velocity of free surface,
p1 is the density of liquid phase, pg is the density of gas phase, @ is the vaporization mass flow rate per unit surface and n is the unit normal to the free
surface toward the liquid phase.

which the particle motion has 6 degrees of freedom: 3 for translation and 3 for rotation. The interface between the solid
phase (particle and substrate) and the fluid has a finite thickness to accomplish the solid-fluid coupling in the IB method.

2.1. Free surface motion: level set method

Fig. 3 shows a schematic picture of flow across a free surface. The mass conservation law between the liquid phase and
the gas phase is expressed as
P1(Vs = V) -n=pg(Vs —vg) - n=(1 - V), (1)

where V¥ is the total fraction of solid phase that is introduced to eliminate the phase change in the solid phase. The velocity
of the free surface leads to

w )
vi=vi+(1-¥)—n=vg+(1-¥)—n. (2)

L1 g
Then the velocity of the free surface can be expressed in a single-field model as

ve=v+1-—v)Zn, (3)
0

where v and p are the velocity and the variable density of fluid, respectively. Using the level set (LS) method [28], a free
surface is defined as the zero level surface of a level set function ¢. The advection equation of ¢ is given by

d¢

— +v5-V¢p =0, 4

ac TV Ve (4)
where the domain of ¢ > 0 represents the liquid phase and the domain of ¢ < 0 represents the gas phase. The reinitializa-
tion of the level set function is accomplished using a converged solution of the advection equation as

d¢

3—+5(¢o)"-V¢=5(¢0), (5)
T
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Fig. 4. A schematic picture of the immersed free surface (IFS) model for a particle on a free surface. S is the virtual free surface in the particle and S is
the contact line. o is the surface tension exerted on the contact line and oy is the net surface tension exerted on the virtual free surface.

where
S =1 ol < 31 (6)
YT % 190> 3h

is the modified sign function [39], T is the pseudo time step, ¢ is the level set function before the reinitialization and h is
the grid spacing. The unit normal vector to the free surface toward the liquid phase is given by

\%
ne 29 )
Vol
In addition, the fraction of liquid phase is calculated from the level set function using a smoothed Heaviside function as
0 ¢ <—«o
F={LtsinZ24+ 241 —a<gp<a (8)
1 ¢ >a,

where o = 1.5h represents the half thickness of the free surface.

It is generally required to solve the transport equations of energy and vapor to estimate the vaporization mass flow rate
per unit surface @, because @ is the function of the mass fraction of vapor species and temperature at the free surface
[40]. During drying of a colloidal suspension, @ may change in space and in time. Nevertheless, a constant w is used in this
paper, because the focus of this paper is not to reproduce the behavior of phase change but to simulate the interactions
between colloidal particles and a moving free surface. Therefore, the simulation results that are insensitive to a change of @
are illustrated in this paper. Actually, a constant @ could be an acceptable assumption, if the deformation of a free surface
would be small enough for the diffusion of the vapor to be assumed constant in space.

2.2. Virtual free surface: immersed free surface model

Most recently, we have proposed the immersed free surface (IFS) model [38], in which a free surface is extended into
the solid phase as a virtual free surface that is smoothly connected to the free surface at the three-phase contact line. Fig. 4
shows a schematic picture of the IFS model for a particle on a free surface. The total surface tension exerted on the contact
line is replaced with the total surface tension exerted on the virtual free surface as

fadr =/0V ds. (9)
as s

A proof in two dimensions of Eq. (9) is described in Ref. [38]. Furthermore, the total surface tension exerted on the virtual
free surface is transformed into the body force using the continuous surface force (CSF) model [41]. In a word, the force
and the torque exerted on a solid phase are obtained from the volume integration of the body force in the solid phase
instead of the line integration of the surface tension at the contact line. The transformation from the line integration into
the volume integration leads to great savings of computational effort, because we do not have to define the contact line on
the surface of solid phase. The shape of the virtual free surface may be arbitrary if the following conditions are satisfied.
Firstly, the virtual free surface is required to intersect with the solid-fluid interface at a specified contact angle. Secondly,
the whole virtual free surface is required to be inside the solid phase. To satisfy the above conditions, the level set function
is modified in the I-th solid-phase using the advection equation as

d¢
£+We,.v¢=ww¢|cos9,, (10)

where e; is the inward unit normal to the I-th solid phase and 6, is the specified contact angle at the surface of the I-th
solid phase. At each time step, the level set function in the solid-phase is modified using Eq. (10) after solving Eq. (4) in



M. Fujita et al. / Journal of Computational Physics 281 (2015) 421-448 425

the whole domain. The equation is solved in an iterative manner as well as Eq. (5). The converged solution of Eq. (10) is
expressed at the surface of the I-th solid phase as

e -n=coso, (11)

which means that the free surface intersects with the surface of the I-th solid phase at the specified contact angle. The
modification of the level set function in the solid phase is followed by the reinitialization of the level set function in the
whole domain.

Due to the above modification, the total volume of liquid phase is prone to be erroneous. Therefore, a simple correcting
method of the level set function is introduced to conserve the total volume of liquid phase. After the reinitialization, the
level set function is corrected as

AV
¢ =de — < (12)
S
where ¢e is the erroneous level set function, AV is the volumetric error of liquid phase between before and after solving
the level set equations and S is the area of free surface. The area of free surface is given by

JoF
Ss = /(1 - W)%dxdydz, (13)
2

where §2 is the whole computational domain. The volumetric error of liquid phase is expressed as
AV = Vafter o (Vbefore _ E) (14)

where Vbefore js the volume of liquid phase before solving the level set equations, V3T is the volume of liquid phase after
solving the level set equations and E is the phase change volume of liquid phase at each time step. The volume of liquid
phase is given by

V= /(1 — W)Fdxdydz, (15)
Q
and the phase change volume of liquid phase at each time step is given by
0]
E = —SsAt, (16)
L1

where At is the computational time step. The above correction means a parallel translation of the level set function, so that
it does not impair the property of the distance function ¢. It is noted that Eq. (12) may be only valid for such a simple
topology of the liquid phase that will be presented in this paper. We are planning to introduce a more sophisticated method
to correct the level set function that is applicable to a complicated topology of the liquid phase.

2.3. Multiphase flow: immersed boundary method

The law of mass conservation of multiphase flow is expressed as

a
—p—i—V-(pv):O. (17)
ot

To employ a pressure-based solver, the continuity equation is derived from Eq. (4) and Eq. (17) as follows: multiplying

Eq. (4) by dp/d¢ and substituting n = Vp/|Vp| yields

ap 1-vw
- +V-(pv)—pV- v+ ———|Vp|=0. (18)
at o)
Comparing Eq. (18) with Eq. (17), a non-conservative form of the continuity equation is given as
1-v)w
V'V:%WPL (19)
ol

Eq. (19) is rewritten in a conservative form as

;)

which is adopted in the present method. The velocity jump condition at the free surface induced by phase change is
naturally imposed through the continuity equation of Eq. (20). In a free surface with finite thickness, the smoothly varying
density of fluid yields a non-zero divergence of velocity. As a result, the velocity jump takes place across the free surface
with phase change.

Vov=>1-¥)d , (20)
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The law of momentum conservation is based on the Landau-Lifshitz Navier-Stokes (LLNS) equations and expressed as

ov T 2
pE:—pv-Vv—Vp-i-V-,u,{Vv—i-(Vv) }—gv-{u(v-v)l}
+V-S+pg+Fs+Fp, (21)

where p is the pressure, w is the variable viscosity of fluid, I is the identity matrix, S is the stochastic stress tensor, g is
the gravity acceleration, F; is the surface tension, and Fp is the body force that is introduced for solid-fluid coupling in the
immersed boundary (IB) method [17]. Note that the fourth term in the right-hand side cannot be eliminated, because the
divergence of velocity is not equal to zero for a flow with variable density. The variable density and the variable viscosity
are given by

p=Fp+1—F)p,g, (22)
m=Fu+1—F)ug, (23)

where p is the viscosity of liquid phase, jig is the viscosity of gas phase.
The stochastic stress tensor [42] is given by

Sxx  Sxy Sxz
S=|Syx Syy Syz |, (24)
Szx  Szy Sz

where

(Sxx) = (Sxy) = (Sxz) = (Syx) = (Syy) = (Syz) = (Szx) = (Szy) = (52z) =0,
8
502) = s = 52 = ShaTias )y — ¥)o(z - 2)3(c 1),
4
(SxxSyy) = (SxxSzz) = (SyySzz) = —§kBT,u8(x —xX)8(y—y)8(z—2)s(t—t'),
(sxyz) = (Sx22> = (syf) =2kpTusd(x —x)8(y — y')8(z —2)8(t —t'),

)=o) (sa®) =), [s2”) = {s3"): (25)

Here () denotes an ensemble average, kg is the Boltzmann constant, T is the temperature and § is the Dirac’s delta function.
The surface tension is expressed according to the CSF model as

Fs=0kVF, (26)

where o is the surface tension coefficient, k¥ is the mean curvature of free surface that is calculated from the level set
function [43] as

1 2 2 2 2
Kk==-V.-n=-— (d)xz n ¢y2 n ¢22)3/2 (¢x Dyy — 20xPydxy + Dy bxx + Ox“ P2z — 20xPzPxz + P2 Pxx
+ ¢y b2z — 20y D2y + b Byy)- (27)
The body force is expressed as
Fo=wp? Y (28)

At

where vy, is the total velocity of solid phase. This simple immersed boundary method may have such numerical problems
as temporal oscillation, grid dependency and velocity divergence [44]. From our experience, however, those problems are
practically unnoticeable for a particulate flow of low Reynolds number that contains the particles heavier than the fluid.
It is probably because the inertia effect is very small. In fact, the particle Reynolds number is at most 0.05 in the present
simulations. The total fraction of solid phase is a summation of the fractions of the solid phases (particles and substrate)
that overlap one another as

v = Z Vi, (29)
I
where v is the fraction of the I-th solid phase. Here v is calculated using a smoothed Heaviside function as
0 d<—«a
_ 1 i 704, d 1
Vi=3gpsingl+50+5 —a<d=<a (30)

1 d > «a,
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where d; is the signed distance function from the I-th solid-fluid interface and o = 1.5h is the half thickness of the solid-
fluid interface. For a spherical particle, d; is given by

di=a—|rl, (31)

where q; is the radius of the [-th particle and 7, is the position vector from the center of the I-th particle. The total velocity
of solid phase is a weighted average of the rigid velocities of the solid phases that overlap one another as

v
v, = Zivvpl bl (32)
2V
where vy, is the rigid velocity of the I-th solid phase. For a spherical particle,
vp =V + 2 x7, (33)

where V| is the translational velocity of the I-th particle and £2; is the rotational velocity of the I-th particle. The body force
works only in the solid phase, in which the velocity in Eq. (21) is forced into the total velocity of solid phase. As a result,
the no-slip boundary condition on the solid-fluid interface is implicitly fulfilled.

2.4. Particles: Newtonian dynamics
Based on the Newton’s second law of motion. The translational motion of the I-th particle is expressed as

dv,

MIF=FC,I+FEJ+FV,I+Fh,la (34)
where M is the mass of particle, F is the contact force, Fe is the electrostatic force, Fy is the van der Waals force and
Fy is the hydrodynamic force. The rotational motion of the I-th particle is expressed as

L (35)

=g = el h,l>
where [; is the inertia moment of particle, T is the contact torque and Ty, is the hydrodynamic torque. The trajectory of
the I-th particle is calculated from the translational velocity as

X
Ay, 36
i ! (36)

where X; denotes the center of the I-th particle.
The contact force and the contact torque are obtained by a summation of the forces exerted by solid objects (particles
and substrate) that are in contact with the [-th particle as

Foi=Y (fam+ Fem): (37)
Tei=a ) (mx fem). (38)

Here m is an index of the solid object that is in contact with the I-th particle, f, p, is the normal force exerted by the m-th
solid object, f,, is the tangential force exerted by the m-th solid object and ny, is the unit normal vector to the m-th solid
object. The normal force and the tangential force are given by the Voigt model [45] used in the discrete element method
(DEM) [46]. The tangential force consists of a slider as well as a spring and a dashpot, so that the model is able to describe a
friction between solid objects. The reason why we adopt this sophisticated model is that the frictions of particle-to-particle
and particle-to-substrate play a crucial role for a structure formation of the colloidal particles [47,48]. The Voigt model is
described in our previous work on a DEM simulation [49] in detail.

The electrostatic force and the van der Waals force are obtained by a summation of the forces exerted by solid objects
that are close to the I-th particle as

Fei+Fy = Z(_fe,m + fv,m)nma (39)
m

where m is an index of the solid object close to the particle, f. , is the magnitude of two-body electrostatic force and fy m
is the magnitude of two-body van der Waals force. Both the two-body electrostatic force and the two-body van der Waals
force are given by the DLVO (Derjaguin-Landau-Verwey-Overbeek) theory [50]. The magnitudes of the forces are functions
of the inter-surface distance between two solid objects. If the electric charges on the two solid objects have the same sign,
the electrostatic force is repulsive. On the other hand, the van der Waals force is always attractive. The formulae of the
two-body forces are described in Ref. [49] in detail. It is noted that the surface of solid object is treated as a sharp interface
to estimate F¢;, T¢, Fe; and Fy, unlike the hydrodynamic force and the hydrodynamic torque described below.
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Fig. 5. Solution algorithm in the present simulation method.

The hydrodynamic force and the hydrodynamic torque are obtained by the volume integration of the body force in
Eq. (28) as

Fh,lz—/{Fp—W(pp—p)g}dV, (40)

Th_1 = —/(f'[ X Fp)dv, (4])

where p,, is the density of particle. As shown in Eq. (40), the buoyancy is included in the hydrodynamic force. Using the
immersed free surface model, the capillary force and the capillary torque exerted on the particle are naturally introduced
into Fy; and Ty, respectively. This is because Fy is a function of v in the particle that is induced by the surface tension
exerted on the virtual free surface. Then we can compute efficiently the capillary force exerted on a particle by the present
method, because any explicit treatment of the contact angle boundary condition is not necessary. Furthermore, it is noted
that Fy and T} are stochastic because Fy is a function of fluctuating velocity v. Then the translational and the rotational
Brownian motions of the particle emanate from the above stochastic hydrodynamic force and torque.

3. Numerical solver

The present simulation method employs a weakly-coupled numerical solver for gas-liquid-solid three-phase flows. In a
word, the equations of free surface motion, multiphase flow and particle motion are solved in sequence at each time step.
Fig. 5 shows the solution algorithm in the present simulation method in a flow chart. Major discretization schemes to solve
the equations are described in the following subsections.

3.1. Solving free surface motion: TVD Runge-Kutta and WENO scheme

The free surface and the virtual free surface are represented by the level set function. The equations of the level set
function, Egs. (4), (5) and (10) must be solved accurately, especially for gas-liquid two-phase flows with high density ratios.
Therefore, a third-order total variation diminishing (TVD) Runge-Kutta scheme [51] and a fifth-order weighted essentially
non-oscillatory (WENO) scheme [52] are adopted to solve the equations in this paper. These schemes allow us to simulate
gas-liquid two-phase flows with density ratio up to 1000. All the variables in the level set equations are defined at cell
centers. Expressing the right-hand side of the equations as R(¢), a third-order TVD Runge-Kutta scheme is expressed as

&= Piju+ AR(S] ).

3 1
i = 790ix+ 7 {801+ AR50
1 2
¢1n7}< = §¢2j,k + §{¢1*7k + AR (¢1*7k)}’ (42)

where n and n + 1 are indices for temporal discretization. The right-hand side of the level set equations has a uniform
expression as

R(i ji) = — (i jkbeijk + Vi jky.ijk + Wi jkbzi i) + Hi o (43)
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where il; jk, Vi jk Wi jk are the components of the advection velocity and I:I,-,j,k is the source term. Note that i, j, k are
indices for spatial discretization. Using an upstream differencing scheme, the advection term in x direction is discretized as

Ui j e+ 10kl
2

Ui je— 14 j kel
2

Ui jkdxi jk = oyt Puiv (44)
where qb;L ; represents a forward differencing and ¢, ; represents a backward differencing, respectively. The advection terms
in y and z directions are discretized in the same manner.

In the fifth-order WENO scheme, the forward differencing and the backward differencing are expressed as weighted
averages of three third-order differencing schemes as

+ _  +1,+1 +,2 ,+,2 +,3 ,+.3
¢x,i _wx,i d’x,i +a)x,i ¢x,i +a)x,i ¢x,i ’ (45)

+.m

. is the weighting coefficients. The third-order differencing schemes are expressed as

where w

+1 +,2 +,3
d; 7d,; 11d;;

+1_ “xi %, )
Pui =3 6 " 6
+,2 +,3 +.4
¢i32 _ _dx,i de,i X, i
xt 6 6 37
+,3 +.,4 +,5
¢:|:‘,3 _ x,1 dei _ dx,i (46)
xt 3 6 6’

where df;m is the first-order differencing scheme defined as

Dit(a—m),jk — Pi+(3—m),jk

+.m _
di" ==+ AX (47)
Here Ax denotes the grid spacing in x direction. Each weighting coefficient is expressed as
+.m
o
+,m X,1
- (48)
X, 1 3 +,m
Zm:l O[x,i
where
0.1 0.6 03
a:’:lzl =—7 a:’:lzl =3 5 oti:;l =33 5 (49)
(Syi +6€ Syt Sy +o)

Here € = 10710 is a small value to avoid dividing by zero and Sf;m is the smoothness indicator of each third-order differ-
encing as '

13 2 1 2
+,1 +,1 +,2 +,3 +,1 +,2 +,3
sx.i = ﬁ(dx,i - de,i + dx.i ) + Z(dx,i - 4dx,i + 3dx,i ) ’
13 1
+,2 +,2 +,3 +,4\2 +,2 +,4\2
Sx,i - E(dx,i - 2dx,i +dx,i ) + Z(dx,i - dx,i ) ’
13 2 1 2
+,3 +,3 +.,4 +.5 +,3 +.,4 +.,5
sx,i = ﬁ(dx,i - 2dx,i + dx,i ) + Z(3dx,i - 4dx,i + dx,i ) : (50)

The advection velocity and the source term in Eq. (43) depend on each equation of the level set function. For the
advection equation of Eq. (4),

N _ - 0w
Ui jk =Uijk+ ———— M jks

Pi,jk
R _ - 0w
Vijk=Vijk+ —————Nyijk

Pi,jk
. _ 1 - 0w
Wijk = Wijk+t ——————Nzj jks

Pi,jk

Hijr=0, (51)

where ny, ny, n, are the components of n as
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bx,i ik
Ny jk= : - =
\/¢x,i,j.k + &y bk
Dy.i,jk
Nyijk= > > >
\/¢x,i,j,k + &y kT bzijik
Oz,i,jk
Nzijk= (52)

2 2 2
\/¢x,i,j,k + &y ikt bzijk

Here derivatives ¢y, ¢y, ¢, are obtained using the second-order central differencing. In addition, u, v, w in Eq. (51) are
the components of cell-centered flow velocity. Since the flow velocity is defined at cell faces on a staggered grid, the
cell-centered velocity should be estimated using the cell-faced velocity. In the present method, it is achieved based on the
assumption that a cell face is occupied by the fluid with larger density between both sides of the cell face. According to this
assumption, the components of the cell-centered velocity are expressed as

= | ik Mxijk >0
b Uip1,jk Nxijk <0,

T
s Vijrik Nyijk <0,

Wi jk Ngzijk>0

Wi ip=
bk { Wijk+1 Nzijk <0.

For the reinitialization equation of Eq. (5), the advection velocity and the source term are expressed as

Ui, j g = S(P0,i.jh)Mx.i,jkes

Vijk = S(@0.i.jl)My.ijk>

Wi jk = S(¢0.ij )Nz jk>

Hijk=S(¢o.i k) (54)
where S(¢o i j k) is the discretized form of Eq. (6). For the modification equation of Eq. (10),
D Vi jkelxij k

Ui jk=Wijk
DuViiik
. DoV jkelLy.ijk
Vijk=W jk—m—
DuViik
. YV keLzi,jk
Wijk=¥Yjk— ="
2 Vigk
A Vi kO
Hijr=¥jr—=—7""": (55)
Dok

where e x, ey, e, are the components of e;. In a word, the normal vector and the contact angle are given by a linear
combination of those of the overlapped solid phases.

The advection equation of the level set function is evolved with an actual time step At that is used in the multiphase
flow computation. On the other hand, the reinitialization equation and the modification equation of the level set function
are evolved with a pseudo time step At that is decided under the condition of a numerical stability. If a smaller time step
is used, the number of iterations N required for a convergence is increased. We use typically At =0.5h and N = 10 for
both equations in this paper.

3.2. Curvature estimation: virtual grid differencing

For surface tension-dominated flows, an imbalance between the surface tension on the free surface and the pressure
gradient across the free surface leads to unphysical flows (spurious flows) around the free surface. Many researchers have
ever proposed accurate methods of curvature estimation to fix the problem [53-57]. A common principle in those methods
is that a curvature at a cell is estimated at the foot of a perpendicular from the cell to the sharp interface between gas
and liquid. Holding the principle, the curvatures in a free surface remain constant, which is crucial for the balance be-
tween the surface tension and the pressure gradient. In this paper, the foot of a perpendicular is obtained by the following
method, which is similar to and simpler than the method in Ref. [57]. Fig. 6 shows a two-dimensional schematic picture
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Fig. 6. A two-dimensional schematic picture of the present way of curvature estimation. The thick solid curve represents the sharp interface between gas
and liquid of ¢ = 0. The solid circle (@) represents the foot of perpendicular from the cell center (i, j) to the sharp interface. The foot is contained in the
cell whose vertices are (ig, jo), (io + 1, jo), (io, jo + 1) and (ip + 1, jo + 1). The location parameters in the foot-containing cell are given by px, py. The
open circles (O) represent virtual grid points at which the level set functions qg,_] are interpolated.

of the present way of curvature estimation. Using the level set function and its normal, the position vector of the foot of
perpendicular from the cell center to the sharp interface between gas and liquid is expressed as

Te="1; i+ Al jk, (56)
where r; j i is the position vector of a cell center and
ATy j k= =i, j kM j k- (57)

If a regular grid is used, the indices of the foot-containing cell is readily obtained as
Al j
ip=1—int{1—sign(0.5, Ary; j i)} + int(%”k)

Aty
jo=Jj—int{1—sign(0.5, Ary; i)} + int<27’;j’k>,

. ) ATk
ko =k —int{1 —sign(0.5, Ar; j i)} + int — ) (58)

where ig, jo, ko are indices of the foot-containing cell, Ary; jk, ATy jk, ATz jk are the components of Ar; jy, int(a)
returns integer part of a and sign(a, b) returns the absolute value of a times the sign of b. The location of the foot is
parameterized in the cell as

Al j
Py = mod(%l’k, 1) +0.5—sign(0.5, Ari ),

Aryi ik .
py = mod Ty 1) +0.5—sign(0.5, Aryj j i),

Atz ik .
p, =mod — 1) +0.5—sign(0.5, Arz; j k), (59)

where 0 < py, py, p; <1 and mod(a, b) returns the remainder of the division of a by b.

In Ref. [57], the curvature at the foot is interpolated using the curvatures at vertices of the foot-containing cell. In
this paper, on the other hand, the curvature at the foot is obtained by differencing the level set functions at 27 virtual
grid points around the foot. The level set function at each virtual grid point is interpolated using the level set function
at real grid points around the virtual grid point. In a word, differencing the interpolated level set function is substituted
for interpolating the curvature obtained by differencing. This virtual grid differencing can lead to more accurate curvature
estimation than Ref. [57], because the distribution of the level set function is smoother than the curvature distribution in
general. The tri-linear interpolated level set functions at 27 virtual grid points are expressed as

G171k = big+1.jotJ kot k(1 — P)(A — py)(1 = py)
+ Pig+141, jo+ J ko+k Px(1 — py)(1 — pz)
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Fig. 7. A two-dimensional schematic picture of the flow variables on a staggered grid. p, p, i, Sxx, Syy, ¥, ¢, F, k, v, are defined at cell centers (0). u, p*

are defined at cell faces in x direction (®). v, p¥ are defined at cell faces in y direction (O). £, sy, are defined at cell vertices (H).

+ Big+1,jo+ J+1.ko+K (1 — PPy (1 — P2)
+ Gig+1,jo+J ko+k+1(1 — Px)(1 — py)p2
+ Pig+1+1.jo+ ] +1.ko+K PxPy (1 — Pz)
+ ig+i+1,jo+J ko+k+1Px(1 — Py) Pz
+ io+1,jo+J+1,ko+k+1(1 — Px)PyPz

+ Dig+1+1, jo+ J+1.ko+K+1PxPy Pz,

(60)

where | =—1,0,1, ] =—1,0,1 and K = —1, 0, 1. Then the curvature at the foot is calculated using Eq. (27). The derivatives
in Eq. (27) are discretized by the standard second-order central differencing as

_ —¢-1,00+#1,00 _ —¢0,-1,0 +$0,1,0

x = 2AX c Pr= 2Ay o 2= 2Az
_ $-1.00 — 260,00 + $1.00 _ $o.-1.0 — 260,00 + do.1.0
Oxx = AXZ s ¢yy = Ay2 ,
by = $0.0.-1 — 260,00 + $0,0.1
ZZ AZZ ’
0371,71,0 — ¢A>1,71,0 — <ZAL1,1,0 + 431,1,0
¢xy = s
4AxAy
e = <13—1,0,—1 — él,o,—l — 43—1,0,1 +$1,0,1
e 4AXAz ’
430,—1,—1 — ¢30,1,—1 - 9130,—1,1 + ¢30,1,1
¢yz = .
4AyAz

Finally, the curvature obtained above is used as the cell-centered curvature ; j x.

3.3. Solving multiphase flow: SMAC method with IB method

_ —¢0,0-1+ 0,01

)

(61)

The governing equations of multiphase flow are spatially discretized on a staggered grid system. Fig. 7 shows a two-

dimensional schematic picture of the flow variables on a staggered grid. For the temporally discretization, a time-splitting
scheme is adopted to use the IB method. Firstly, a gas-liquid two phase flow without solid phase is obtained by solving
Eq. (21) without Fy as

ﬁ——fr-W—lv +lv- {W+(sz)T}—iv.{ (V-9I}
e SVPHSVen 357 H

1 1
+—V-S+—Fs+g.
p p

(62)
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where v is the velocity without the solid phase. Secondly, a gas-liquid-solid three phase flow is obtained by modifying the
velocity in the solid phase as

v 1 vy, —V
— =—Fy=v-2_—. (63)
at p At

Eq. (62) is solved by the simplified marker and cell (SMAC) method [58], in which the homogeneous second-derivatives
in the viscous term are implicitly discretized using the Crank-Nicolson scheme and the other derivatives are explicitly
discretized. An implicit discretization of the viscous term is crucial to success of a mesoscale simulation, because a small
grid spacing used leads to a stringent stability condition for the viscous term. The predictor step in the SMAC method is
expressed as

At - 1 1
(l - —V. uV)v* =v' 4+ At|:——Vp” — v Vv 4+ — V. uvy"
2p o 2p

1 T 2 1 1
+—=V.u(vv")y — —v {u(v-vHIl + +—V-S+—F], 64
) u(vv') 3 {n( N} +g ; s (64)

where v* is a predictive value of v. Eq. (64) is temporally discretized using the alternative direction implicit (ADI) scheme
[59], in which the tri-diagonal matrix algorithm (TDMA) [59] is employed to solve a system of equations in each direction.

In the right-hand side of Eq. (64), the advection term is discretized using the first-order upstream differencing scheme,
and the pressure gradient term and the viscous term are discretized using the second-order central differencing scheme.
The divergence of the stochastic stress tensor is discretized as

1 (Sxx.i.j,kfsxx,i—l.j,k +5yx,i,j+1,k*5yx,i.j,k +5zx.i.j,k+1*5zx.i.j,k)

f’?.j,k AX Ay Az
1 1 Sxy.i+1,j.k—Sxy.i.j.k Syy.i.jk—Syy.i j—1k Szy.i.j.k+1"Szy.i.jk
(;V'S = ﬁiy“( AX + Ay + Az )|, (65)
i,j.k e

1 (sz.i+1,j.k—5xz.i.j,k Syz,i, j+1,k—Syz,i,jk Szz,i,j,k —Szz,i,j.k=1
Ax + Ay + Az )

Piik
where p*, p¥ and p? are the densities at the cell faces normal to x, y and z direction, respectively. Based on the assumption
described in Section 3.1 that a cell face is occupied by the fluid with larger density, the densities at the cell faces are
expressed as

Pi—1,jk Txijk <0

LIk pijk Mxijk =0,

57 = )Ptk Myijk<0
Lik™ | pijk  Myijk>0,

57 = | Piika Nzijk <0 (66)
Lik T pijk Pzijk =0,

where

= Myi—1,j,k + Mx,ijk

Nyijk= - 3

A My, j—1.k +Ny.ijk
y.ijk= B )

_ Nz jk—1+Nzijk

Mgjjk=—"rr"". (67)

2
According to the statistical properties in Eq. (25), each element of the stochastic stress tensor in Eq. (65) is discretized as

S k| BT ik
xx,i,j,k = 3AxAyAZAtX1’
sopiipm— | 2o B o 2KeT ik
WAk = N\ 3AxAyazatt T\ AxAay Azt
o= | 2T ik 26T Wi
zz,i,j.k = 3AxAyAZAtX1 AxAyAZAfXL
—Xy

ZkBTlui,j,k

Sxy,i,jk = Syx,i,jk = mX3 '
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2kgTJL

AxAyAzae ™

2kgTH)"
e s 63
Syz,i,jk = Szy,ijk = AXAyAZAL X5 (68)

where x1, X2, X3, X4, x5 are standard normal random numbers that are mutually independent, and

Sxz,i,j.k = Szx,i,j.k =

_ 1
M?},k = Z(Mm,jq,k + Ui -1k + Ki-1,5,k T i jk)

_ 1

/’L;(:Zj.k = Z(Mi—],j,k—l + Wi jk—1+ Hiz1,jk+ Kijk)s

—yz 1

k= Z(Mi,j—l.k—l + Ui j k=1 F Mij—1,k T i j k) (69)

are the averaged viscosities at the cell edges in xy plane, xz plane and yz plane, respectively. The averaged viscosities are
also used to discretize the cross derivatives in the viscous term. In addition, the surface tension term is discretized as

o Kicjktijk  Fijk=Fio1jk

/_’?.j,k 2 AXx
1 el Kij—1k+Kijk  Fijxk—Fij-1k
<—Fs B 2 ’ Ay . (70)
P Jijk Lk
o Kijkatkije  Fije=Fije-1
p'?.jyk 2 Az

After the predictor step, we solve the Poisson equation of the corrective pressure as

1\ 1 oy ) 1
V-(;Vp>_A—t{V-v —(l—lI/)a)’V<;> } (71)

where p’ is the corrective pressure. The left-hand side of Eq. (71) is discretized at a cell center as

1 1 1 1 1 1

e S R
_(Phx Phagk | Plix Plpak | Prik Pk ),
Jjk AXZ Ayz AZZ i,j.k

LP

i,
1 /
ARF T N
1
" Ay2ﬁ{j+1,k
The right-hand side of Eq. (71) is discretized at a cell center as

/
2=y Pij-1k

Pirtjkt =
AY°D; jk

! / /
Di +——Diix 1t —S—D;irs1-
i,j+1,k Azzpz i,j,k—1 AZZ z i,j,k+1

ijk Pi jk+1

a3 a3 Tk ok 7k 7k
P T (Ui Wik Vijrik ~ Vijk  Wijk+1 ~ Wijk )
Riik=ar AX + Ay + Az — A =Yijoe

. ﬁ{jﬂ.k 25{”( " (ﬁij:kﬂ _zﬁij,k }’ (73)
AX Ay Az

( 1 1 )2 1 1 2 1 1 \2
X X
Pit1jk  Pijk

where @i*, V*, W* are the components of ¥*. The converged solution of Lf’j = R?j « is obtained by a line relaxation method,

in which the tri-diagonal matrix algorithm (TDMA) is adopted to solve a system of equations in each line. The convergence
criteria is given by

PP 2
Zi,j,k(l‘i,j.kpR;j,k) <103, (74)
ik Ri ik

Using the corrective pressure, the pressure and the velocity without the solid phase are obtained in the corrector step as

p=p"+p, (75)
A At
v=v*— 7Vp/. (76)

Finally, the velocity of the gas-liquid-solid three phase flow is obtained by discretizing Eq. (63) as
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ntl _ = Yicnjk Wik (Upic1 ik FUpiik -
Ui joe = Uijk = 5 ) —Uijk |
ot g ikt Wik (Vig-tkt Vpijk oo
ij.k = Vijk 5 5 i,jk )
n+1 ~ i,j,k=1 i,j.k p.i,j.k—1 pijk
Wijk = Wijk = ) 2 — Wi jk ] (77)

where i, ¥, W are the components of ¥ and up, vp, wp, are the components of vp.
For a numerical stability, there are time step constraints for the transport terms in Eq. (62). If a temporally first-order
scheme is adopted, the Courant-Friedrichs-Levy (CFL) stability condition for the advection term is expressed as

T Vi Wi
max | 1,],k| +| 1,],k| +| 1,],k| At <1. (78)
AX Ay Az

The stability condition for the viscous term is expressed as [60]

1 1 1 1
max<ﬂ,&>(_+_+_>m5_. (79)
o opg J\AX?  Ay? AZ? 2

The stability condition for the surface force term is expressed as [40]

o 1 1 1 At<1 80
o1+ pg \ Ax3/? + Ay3/2 + AZ3/? =2 (80)

The present simulation is hardly restricted by the stability conditions of Egs. (78) and (79), because the flow speed is much
small and the viscous term is treated implicitly. In fact, the implicit treatment of the homogeneous second-derivatives in
Eq. (64) allows us to adopt a time step five times more than the time step that is specified in Eq. (79). Consequently, the
computational time step is commonly constrained by the stability condition of Eq. (80).

In the present simulation method, the substrate is treated as a still solid phase and put on the bottom boundary of a
cuboidal computational domain. Then the bottom boundary is located in the solid phase, in which p is given by a zeroth
order extrapolation, ¢ is given by a first-order extrapolation, and u = v = W = sy; = S;x = Sy; = Szy = 0. On the top boundary,
a flow out boundary condition is imposed, in which ¢, u, v are given by a first-order extrapolation, w is given by applying
the condition of zero divergence, s, S;y are given by a zeroth order extrapolation, p is fixed to the atmospheric pressure
Poo and Sxx = Syy = Sz; = Sxy = Syx = 0. In addition, a periodic boundary condition is imposed on the side boundaries.

3.4. Solving particle motion: dual time stepping and periodic boundary

The forces and the torques exerted on a colloidal particle have different characteristic times. The characteristic times
of F¢, Fe, Fy in Eq. (34) and T, in Eq. (35) are associated with the motion of molecules. The characteristic times of
Fy, in Eq. (34) and Ty, in Eq. (35), on the other hand, are associated with the motion of colloidal particles. The former
characteristic times are typically smaller than the latter ones. The present simulation method is able to separate the time
evolution of particle motion from the time evolution of flow, because both time evolutions are weakly coupled with each
other. Therefore, in addition to At for evaluating F, and Ty, a smaller time step At’ is used to evaluate F, Fe, Fy, T.. This
dual time stepping, which has been proposed in our previous work [26], saves the computational cost considerably, because
the evaluation of Fy, and Ty, requires rather expensive computation of the flow. The relation of At’ and At is given by

At = AAL, (81)

where A is a positive integer. In a word, the flow and the particle motion are evolved with At and At’, respectively.
Egs. (34) and (35) are temporally discretized using the first-order Euler explicit scheme as

At
V;nH:VT+V(F2?1+F2?1+F31,I+F'&I)’ (82)

At
+1
et =9+ T(ng, + T} ), (83)
and Eq. (36) is temporally discretized using the first-order Euler implicit scheme as
XM =X+ ATV (84)

where m is index for temporal discretization for the particle motion. At each time step of the flow computation, initializa-
tions are performed as V;“ZO =V, .12}":0 =97, X;"ZO = X[ After repeating the time evolution of Egs. (82), (83) and (84)
A times, the solution of the particle motion at the next time step is obtained as V|'*! = V["=*, @]+ = @"=* X! = x[n=*,
Note that F} ; and T} ; remain constant during the repeat.
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Fig. 8. A schematic picture of measuring distance from the particle P to the particle Q. The light gray rectangle represents the virtual computational
domain centering around P. The distance to the particle Q (®) in the virtual computational domain is directly measured. The distance to the imaginary
particle Q' (OJ) is substituted for the distance to the particle Q (M) outside the virtual computational domain.

The components of Fp, are discretized at cell centers as

Fhix=— Z{Fp,x,i,j,k — ¥ jk(Pp — Pi,j k)& AXAY Az,

ik
Fhiy=— Z{Fp,y,i,j,k — ¥ jk(Pp — Pij k) €y} AXAY Az,
ij.k
Fhi,=— Z{Fp,z,i,j.k — ¥ jk(Pp — Pij k)& } AXAY Az, (85)
i)k

where gy, gy, g; are the components of g and Fp y, Fp y, Fp , are the components of Fj estimated at cell centers as

Upijk — Uijk

Foxijse=Yijaepijk——" "
Vi ik — Vi
p.i,j.k i,j.k
Fp.y.ijk=Yi,jkPijk —Ar
p.i,j.k i,j.k
Fpzijie=Yijukpije—"""7— (86)

The components of Ty are discretized at cell centers as

Thix=— D (FLyijkFpzijk = T2ijkFp.y.i i) AXAYAZ,

i.jk
Thiy == > (FlzijkFpuiik = FlxijkFpzij) AXAYAZ,
i,j.k
Thiz=—) (FixiikFpy.ijk =Ly jkFpxijk) AXAyAz, (87)
i.jk

where 7y, Ty, T, are the components of r;. Note that the summations in Egs. (85) and (87) are performed in the [-th
particle domain.

We need to measure the distance between particles to evaluate F., Fe, Fy and T.. The measurement is performed for
not only the particles in the computational domain but also the particles outside the domain, because the periodic condition
is imposed on the side boundaries of the computational domain. Fig. 8 shows a schematic picture of measuring distance
from the particle P(xp, yp) to the particle Q (xq, yqg). We consider the virtual computational domain centering around P,
whose size is equal to the actual computational domain. If Q is in the virtual computational domain, the distance to Q is
measured. If Q is, on the other hand, outside the virtual computational domain, the distance to the imaginary particle Q'
is measured. Consequently, the distance from P to Q is expressed as

R=/RZ+R)2, (88)

where
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Fig. 9. Estimated curvature field at the cross section of the droplet for d/h = 20, where iso-curvature contours are depicted only in the region of free surface
using: (a) the conventional way; (b) the present way. The interval of each contour line is 0.025Kexact, Where kexact =4/d is the exact curvature of the sharp
interface between gas and liquid that is depicted as the thick circle.

. XQ — Xp
Ry=Xx0 —xp — Lyint| ——— |,
X Q P X < LX/Z )

. Yo —Jyp
Ry:yQ—yp—Lymt(W) (89)

Here Ly and Ly are the side lengths of the computational domain in x and y direction, respectively.
4. Simulation results

We illustrate some simulation results to demonstrate the capability of the present simulation method. Firstly, two im-
portant components in the present method, such as the way of curvature estimation and the IFS model, are demonstrated
in the following subsections. Then simulations of drying colloidal suspension on a substrate are performed. We treat the
flow field as follows: p; =10 kg/m>, pg =1 kg/m3, ;= 1073 Ns/m?, g =2 x 107> Ns/m?, 0 =0.073 N/m, T =300 K,
Poo = 10° N/m? and |g| = 9.8 m/s?. The spherical particles have the same diameter of d, = 107® m and the same den-
sity of pp =2 x 10° kg/m>. The Young’s modulus and the Poisson’s ratio of the spherical particles and the substrate are
10° N/m? and 0.3, respectively.

4.1. Simulation of a still droplet without drying

A simulation of a still droplet with the diameter of d =5 x 10~* m without drying is performed as a demonstration
of the present way of curvature estimation including the virtual grid differencing. Both the stochastic stress term and the
gravitational acceleration term in the hydrodynamic equations are neglected to emphasize a spurious flow induced by the
simulation. The simulation is performed on two grid resolutions of d/h = 10 and 20 to investigate the grid dependency
of the way of curvature estimation. The initial condition is v =0 and p = p» in a whole computational domain. The
simulation time is t = 10tq, where tq = 0.257+/01d3 /0 is the theoretical oscillation period of an inviscid droplet [61]. The
converged solution has been obtained at t = 10t4. Fig. 9 shows the estimated curvature field at the cross section of the
droplet for d/h = 20. A cell-centered curvature is estimated by the conventional way as well as the present way. When
we use the conventional way, the curvature is directly obtained from the surrounding level set functions using Eq. (27). As
shown in Fig. 9(a), the curvature field has a concentric distribution in the region of free surface, because the curvature is a
function of the local level set function. In other words, the estimated curvature decreases outward in a radial direction. On
the other hand, the curvature remains nearly constant in the region of free surface when we use the present way, as shown
in Fig. 9(b). This is because all the curvatures in the region of free surface is calculated on the sharp interface between gas
and liquid.

Fig. 10 shows the computed velocity field at the cross section of the droplet at t = 10tq. Figs. 10(a) and (b) represent
the spurious flow induced by the conventional way of curvature estimation and the present way of curvature estimation,
respectively. As shown in Fig. 10(a), the conventional way induces a large spurious flow that is severely affected by the
computational grid. Namely, main outward spurious flow emanates from the free surface along the grid lines. As shown in
Fig. 10(b), on the other hand, the present way induces a much smaller spurious flow than the conventional way, in which
the induced spurious flow is almost independent of the direction of the computational grid. In addition, the spurious flow
induced by the conventional way depends strongly on the grid resolution, whereas the spurious flow induced by the present
way is insensitive to the grid resolution.

Fig. 11 shows the computational results of the magnitude of spurious flow and the error of the Laplace pressure as a
function of grid resolution. The magnitude of the spurious flow is represented by the dimensionless number Ca = uv/o,
where v is the root mean square of velocity in the computational domain. The error of the Laplace pressure is represented
by the dimensionless value Ap’ = |Ap — Apexact|/APexact, Where Ap is the computed Laplace pressure and Apexact = 40 /d
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Fig. 10. Computed velocity field at the cross section of the droplet at t = 10ty using the curvature estimated by: (a) the conventional way; (b) the present
way. The scale of velocity vectors is the same in every case.
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Fig. 11. Computational results of: (a) the magnitude of spurious flow; (b) the error of the Laplace pressure as a function of grid resolution. The results
obtained by the present way and those obtained by the conventional way are depicted as the solid triangles (A) and the open triangles (A), respectively.

is the exact Laplace pressure. The Laplace pressure is computed using a volume average of the pressure in the droplet.
As shown in Fig. 11(a), a mean speed of the spurious flow obtained by the present way is about an order of magnitude
less than that obtained by the conventional way. As shown in Fig. 11(b), the error of the Laplace pressure induced by the
present way is a fraction of that induced by the conventional way. Furthermore, the present way of curvature estimation is
insensitive to the grid resolution and has a good performance even on a coarse grid unlike the conventional way. In other
words, the present way is able to estimate accurately the curvature of a smaller droplet compared with the conventional
way. It is noted that the additional computational cost of the present way over the conventional way is negligible small.

4.2. Simulation of a sphere moving across a free surface without drying

A simulation of a sphere moving across a free surface without drying is performed as a demonstration of the IFS model.
The sphere initially located in the liquid phase is forced to move toward the gas phase at the constant speed of v, =
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(8) z/dy=1.322 (h) z/d,=1.700

Fig. 12. Snapshots of the sphere and the gas-liquid interface at the cross section of the sphere for d,/h = 10. Both the free surface and the virtual free
surface are depicted as the contour line of ¢ = 0. The position of the spherical center z (positive in upward direction) is measured from the initial free
surface. Note that the top of the sphere coincides geometrically with the initial free surface when z/d, = —0.5.

0.05 m/s. In other words, the motion equations of the sphere are not solved. The stochastic stress term in the hydrodynamic
equations is neglected. The specified contact angle on the sphere is 30 degrees. The simulation is performed on two grid
resolutions of d,/h =5 and 10 to investigate the grid dependency of the IFS model. Fig. 12(a) shows the initial snapshot of
the sphere and the free surface for dp/h = 10, in which the spherical center z is located at d, below the flat free surface.
Fig. 12(b) shows the snapshot just before the contact between the top of the sphere and the free surface, in which the free
surface remains flat. Fig. 12(c) shows the snapshot just after the contact, in which the virtual free surface in the sphere
curves convex downward. By way of the IFS model, the curved virtual free surface exerts a upward hydrodynamic force on
the sphere, which means a vertical capillary force. The contact between the sphere and the free surface takes place at less
than z/d, = —0.5, because the free surface has a finite thickness. As the sphere goes up, the virtual free surface flattens at a
certain moment, as shown in Fig. 12(d). The vertical capillary force is not exerted on the sphere at that time. As the sphere
goes up further, then the virtual free surface curves convex upward, so that the vertical capillary force is exerted downward
on the sphere. Fig. 12(e) shows the snapshot when the contact line coincides with the horizontal great circle of the sphere.
Fig. 12(f) shows the snapshot just before a breakup of the free surface, in which a necking of the free surface takes place.
Fig. 12(g) shows the snapshot just after the breakup of the free surface, in which a broken virtual free surface remains
in the sphere. The broken virtual free surface does not exert the capillary force on the sphere, because it forms a closed
surface. As shown in Fig. 12(h), the spherical center reaches finally at z = 1.7d}, and the free surface becomes flattened
again. It is noted that the free surface intersects with the spherical surface at the specified contact angle in Figs. 12(c), (d),

(e) and (f).
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Fig. 13. Vertical hydrodynamic forces exerted on the sphere (positive in upward direction) as a function of the position of the spherical center. The
computational results for d,/h =5 and 10 are depicted as the dotted curve and the solid curve, respectively. The positions (c)-(f) in the figure correspond
to Figs. 12(c)-(f), respectively. The analytical vertical capillary force exerted on a still sphere is depicted as the open triangle (A).

We performed a quantitative validation of the IFS model in Ref. [38], in which a computed vertical capillary force exerted
on a still sphere protruding a free surface has been agreed well with an analytical formula. Here we illustrate a capillary
force exerted on the mobile sphere shown in Fig. 12. Fig. 13 shows the dimensionless vertical hydrodynamic forces as a
function of the position of the spherical center. Although the hydrodynamic force includes a viscous drag, the viscous drag
is negligible small compared with the capillary force in this case. Therefore, the axis of ordinate in the figure represents,
in effect, the vertical capillary force exerted on the sphere. The capillary force is naturally exerted when the free surface
intersects with the sphere, namely, from the position (c) to (f). From the position (c) to (d), the capillary force is exerted
in upward direction. On the other hand, the capillary force is exerted in downward direction from the position (d) to (f).
This reverse of the capillary force is due to the shape change of the virtual free surface in the sphere, as described in
Fig. 12. When the contact line coincides with the horizontal great circle of the sphere at the position (e), the vertical
capillary force exerted on a still sphere with the contact angle of 30 degrees is analytically obtained as f, = O.Sﬁnadp.
The computational result for the mobile sphere agrees quite well with the analytical solution for a still sphere. Since the
magnitude of the downward force is larger than that of the upward force and the distance for which the downward force
acts are larger than that for which the upward force acts, a work is required to pull up the sphere from the liquid phase to
the gas phase. This corresponds to that the sphere is hydrophilic. The vertical capillary force in Fig. 13 oscillates with higher
frequency than the motion of the sphere. This may be due to a discretization error in computing the surface tension exerted
on the virtual free surface. Due to a lack of grid resolution, the amplitude of the oscillation for dp/h =5 is larger than that
for dp/h =10 and the breakup of the free surface for d,/h =5 gets behind that for d,/h = 10. Nevertheless, the computed
vertical capillary force agrees well with the analytical solution even for dp/h = 5. It can be said that the IFS model enables
us to estimate accurately the vertical capillary force exerted on a sphere even for the grid resolution of dp/h =5.

Fig. 14 shows the volumetric error of liquid phase as a function of the position of the spherical center. The volume
of liquid slightly increases during a period in which the sphere moves across the free surface. This may be due to a
discretization error in computing the area of free surface by Eq. (13) and the volume of liquid by Eq. (15). On the other
hand, the volume of liquid is completely conserved if the free surface moves without protrusion of the sphere. In addition,
the volumetric error of liquid phase is insensitive to the grid resolution, as shown in Fig. 14. Although the volumetric error
of liquid phase should be fixed for more precise simulations, the present error can be within an acceptable level.

4.3. Simulation of two spheres moving along a free surface with drying

A simulation of two spheres moving along a free surface with drying is performed as a demonstration of the IFS model.
The spheres are initially immersed in a liquid film on a substrate. Then the liquid film dries with & = 10 kg/m?s, so that
the spheres protrude from the free surface. The vaporization mass flow rate may be rather larger than that in an actual
system. A large mass flow rate leads to a large velocity jump across the free surface when the density ratio between gas
phase and liquid phase is high. In fact, the velocity jump is up to about 10 m/s in the present simulation. Such a large
velocity jump has possible numerical instabilities. We have adopted this mass flow rate to illustrate the robustness of the
present method. Naturally, the present method is applicable to a phase change flow with a smaller mass flow rate.

In the simulation, the spheres have two degrees of freedom of motion, such as translational motion without rotation in
the cross sectional plane of the spheres. To emphasize the capillary force obtained by the IFS model, the stochastic stress
term in the hydrodynamic equations is neglected. We also ignore the electrostatic force, the van der Waals force and the
tangential contact force that are exerted on the spheres. In a word, each sphere moves under the hydrodynamic force and
the normal contact force that are exerted by another sphere and the substrate. The specified contact angle on the sphere
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Fig. 14. Volumetric error of liquid phase AV = (V/Vo — 1) x 100 as a function of the position of the spherical center, where V is the computed volume
of liquid phase and Vy is the initial volume of liquid phase. The computational results for d,/h =5 and 10 are depicted as the dotted curve and the solid
curve, respectively. The positions (c) and (f) in the figure correspond to Fig. 12(c) and (f), respectively.
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Fig. 15. Snapshots of the spheres and the gas-liquid interface at the cross section of the spheres for dp/h = 10. Both the free surface and the virtual free
surface in the spheres are depicted as the contour line of ¢ = 0. The gray rectangle in each snapshot is the substrate imposed in the computational domain.
The volume of liquid phase V is normalized by the initial volume of liquid phase V.

and that on the substrate are 30 degrees and 0 degrees, respectively. The simulation is performed on three grid resolutions
of dp/h =5, 10 and 15 to investigate the grid dependency of the IFS model.

Fig. 15(a) shows the initial snapshot of the spheres and the free surface for d,/h = 10, in which the spheres are attached
on the substrate. As the free surface goes down due to the drying, the free surface is in contact with the top of the spheres,
in which the virtual free surface in the spheres curves convex downward, as shown in Fig. 15(b). The curved virtual free
surface exerts upward capillary forces on the spheres, so that the spheres are floated from the substrate, as shown in
Fig. 15(c). During the flotation of the spheres, the virtual free surface is almost flat and capillary forces do not act on the
spheres. In fact, the vertical capillary force exerted on a floating body on a free surface is balanced with the gravitational
force exerted on the body. Therefore, the “flotation capillary force” exerted on a colloidal particle whose diameter is less than
10 pm is negligible small [2]. As the free surface further goes down, the spheres are re-attached on the substrate, as shown
in Fig. 15(d). From this point forward, menisci are formed on both sides of the spheres. The menisci become asymmetric on
both sides of each sphere, because the menisci between the spheres are overlapped each other. The asymmetric menisci lead
to an imbalance of surface tensions exerted on the contact lines. As a result, an attractive force is exerted on the spheres
and the spheres approach each other, as shown in Fig. 15(e). The attractive force exerted between the spheres is called
“immersion capillary force” [2]. The immersion capillary force is effective even for single nano-sized particles unlike the
flotation capillary force, because the immersion capillary force does not need to balance with the gravitational force. Then
the spheres are in contact with each other, as shown in Fig. 15(f). From this point forward, the drying of liquid phase takes
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Fig. 16. Positions of the closest points of two spheres as a function of the volume of liquid phase. The black curves and the gray curves represent the first
sphere and the second sphere, respectively. The computational results for d,/h = 5,10 and 15 are depicted as the dotted curve, the solid curve and the
dashed curve, respectively. The volumes (b)-(f) in the figure correspond to Figs. 15(b)-(f), respectively.
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Fig. 17. Lateral hydrodynamic force exerted on the first sphere as a function of the volume of liquid phase. The computational results for d,/h =5, 10 and 15
are depicted as the dotted curve, the solid curve and the dashed curve, respectively. The approximate analytical solution of the lateral immersion capillary
force is depicted as the open triangle (A). The volumes (f) and (g) in the figure correspond to Figs. 15(f) and (g), respectively.

place mainly outside the aggregated spheres. Fig. 15(g) shows the snapshot just before the free surface is in contact with
the substrate. In other words, dewetting starts from this point. Eventually, the volume of liquid phase in the computational
domain approaches zero, as shown in Fig. 15(h).

Fig. 16 shows the positions of the closest points of two spheres as a function of the volume of liquid phase. The distance
between the closest points is d at first, as shown in Fig. 16. For dp/h =15, two spheres hardly move in x direction during
the flotation of the spheres from the substrate. After the reattachment of the spheres on the substrate, the distance between
the closest points rapidly decreases because an attractive immersion capillary force is exerted on the spheres. Eventually,
two spheres are in contact with each other at the midpoint between the initial positions. For dp/h = 10, the distance
between the closest points slightly increases during the flotation of the spheres, although the motion of the spheres is
roughly the same as that for d,/h = 15. The increase of the distance between the closest points is more significant for
dp/h =5. Due to the significant increase of the distance during the flotation of the spheres, the contact of two spheres gets
considerably behind those for d,/h =15 and 10. It can be said that the grid resolution of dy/h =5 is insufficient to simulate
two spheres moving along the free surface.

Fig. 17 shows the lateral hydrodynamic force exerted on the first sphere as a function of the volume of liquid phase. The
lateral hydrodynamic force is close to zero when the spheres are in motion, because an immersion capillary force balances
with a viscous drag force. The lateral hydrodynamic force increases after the spheres are in contact with each other, because
the viscous drag becomes zero. Furthermore, the lateral hydrodynamic force increases, because the immersion capillary
force increases with increasing asymmetricity of the menisci on both sides of each sphere. An approximate analytical form
of the lateral immersion capillary force exerted on two identical spheres is given as fy = 2nar§ sin? B/L, where r¢ is the
radius of the contact circle on the spheres, g is the slope angle and L is the distance between the spherical centers [2].
Note that B8 means the angle between a horizontal line and the menisci outside the spheres. Under the present periodic



M. Fujita et al. / Journal of Computational Physics 281 (2015) 421-448 443

boundary condition, the approximate analytical form is modified as fy = Znarg sin? B{1/L — 1/(Lx — L)}, where Ly is the
length of the computational domain in x direction. The approximate analytical solution of the lateral immersion capillary
force is shown in Fig. 17, where r. and B are read from Fig. 15(g). As shown in Fig. 17, the computational result for
dp/h =15 agrees quite well with the approximate analytical solution. On the other hand, the computational results are
underestimated for d,/h =10 and 5. Therefore, it is preferable to use the grid resolution of d,/h =15 to estimate precisely
the lateral immersion capillary force when two spheres are in contact. It is noted that the IFS model using the grid resolution
of dp/h =10 enables us to estimate accurately the lateral immersion capillary force when two spheres have a distance from
each other [38].

4.4. Simulations of drying colloidal suspension on a substrate

Simulations of drying colloidal suspension on a substrate are performed as a demonstration of the present method. We
assume a thin liquid film on a substrate containing identical 130 spherical particles that dries with @ = 10 kg/m?s. The size
of the substrate is 15d, x 15dp, so that the coverage ratio to the close-packed particles is 0.5. The particles have six degrees
of freedom of motion. The particles are subject to all the forces modeled in Section 2 except the electrostatic force, such as
the stochastic force, the tangential contact force and the van der Waals force of particle-to-particle and particle-to-substrate.
The Hamaker constant of the particles and the substrate used to estimate the van der Waals force is 1072 J. The frictional
coefficient of particle-to-particle and particle-to-substrate is 0.1. Both the hydrophilic particles with the contact angle of
6 =30° and the hydrophobic particles with the contact angle of & = 120° are simulated. The contact angle on the substrate
is 0 degrees. The grid resolution used is dp/h = 10. It is noted that the CPU time for these simulations is about one week
on a personal computer with two CPUs.

Fig. 18 shows snapshots of the hydrophilic particles and the free surface during drying. The initial height of the free
surface is 1.2dp, in which all particles are attached on the substrate, as shown in Fig. 18(a). As the drying starts, some
particles are floated from the substrate due to the Brownian motion of the particles, as shown in Fig. 18(b). Then the
floating particles are in contact with the free surface, as shown in Fig. 18(c). As the free surface goes down, the floating
particles are re-attached on the substrate, as shown in 18(d). From this point forward, menisci are formed around the
particles. The menisci around each particle become asymmetric, because the inter-particle distances are asymmetric. As a
result, net immersion capillary forces are exerted between the neighboring particles, so that the particles aggregate one
another. As shown in 18(e), the aggregation of the particles produces some holes where particles do not exist. Since the
holes increase the asymmetricity of menisci, the holes are enlarged with time. Then dewetting takes place on the substrate,
as shown in Fig. 18(f). It can be called “particle-induced dewetting”. As the holes are enlarged further, all the particles on
the substrate aggregate one another, as shown in Fig. 18(g). Eventually, the volume of liquid phase approaches zero and the
structure of particles are fixed on the substrate, as shown in Fig. 18(h).

Fig. 19 shows snapshots of the hydrophobic particles and the free surface during drying. The initial condition shown in
Fig. 19(a) is the same as Fig. 18(a). As the drying starts, some particles are floated from the substrate due to the Brownian
motion of the particles. The particles are subject to the upward vertical capillary force and protrude from the free surface,
as shown in Fig. 19(b). The particles float on the free surface at the equilibrium position that depends on the contact angle.
As shown in Fig. 19(c), the floating particles readily aggregate one another due to the van der Waals force, because the
floating particles are free from the frictional drag from the substrate. As the aggregation proceeds, the particles at an inner
region of the aggregate are re-attached on the substrate due to the van der Waals force exerted between the particles and
the substrate, as shown in Fig. 19(d). This is because the particles at an inner region of the aggregate are free from the
vertical capillary force. Then the number of re-attached particles increases with time, as shown in Fig. 19(e). When many
particles in the aggregate are re-attached on the substrate, the free surface becomes convex upward around the aggregate.
The convex free surface exerts immersion capillary forces between the aggregate and the floating particles. As a result, the
remaining floating particles are attached to the aggregate, as shown in Fig. 19(f). As the free surface goes down further,
dewetting takes place on the substrate, as shown in Fig. 19(g). Eventually, the volume of liquid phase approaches zero and
the structure of particles are fixed on the substrate, as shown in Fig. 19(h).

The structure of particles obtained by the above simulations are quantitatively evaluated by nondimensional boundary
area (NBA) proposed by the authors. The NBA represents the ratio of boundary area of aggregated particles to the summation
of boundary area of each particle. A two-dimensional schematic picture of boundary area of aggregated particles is shown
in Fig. 20. In the case of spherical particles with the same diameter, the boundary area can be approximated using the
coordination number of each particle. Then NBA is expressed as

§
1
NBA= ¥ > & —lonk), (90)

k=0

where & is the maximum coordination number, N is the total number of particles, n(k) is the number of particles whose
coordination number is k. Note that £ =6 in two dimensions and £ = 12 in three dimensions. The NBA becomes 1 when all
particles are completely dispersed. The NBA becomes 0 when all particles are hexagonally close packed. Namely, the NBA
decreases as aggregation of the particles evolves.
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(a) t/ta=0.000 (b) #/ta=0.100

(©) t/ta=0.163

(f) t/ta=0.400

(2) tta=0.650 (h) #/ta=1.000

Fig. 18. Snapshots of the hydrophilic particles (6 = 30°) and the free surface during drying. White particles are attached on the substrate and black
particles float above the substrate. The free surface is depicted as a translucent gray surface of ¢ = 0. The simulation time t is normalized by tq, where
tqg =1.2dpp;/w is the nominal drying time of the liquid film without particles.

Fig. 21 shows NBA as a function of dimensionless time. Since a monolayer structure of particles is investigated here, NBA
in two dimensions is illustrated in the figure. For hydrophilic particles, the aggregation of the particles takes place in two
steps. At the first step, a slight aggregation of the floating particles takes place from time 18(b) to time 18(d). The driving
force of the aggregation at the first step is the van der Waals force. At the second step, a significant aggregation of the
particles attached on the substrate takes place from time 18(e) to time 18(g). The driving force of the aggregation at the
second step is the immersion capillary force. The major part of the aggregation takes place after the dewetting at time 18(f).
For hydrophobic particles, on the other hand, the aggregation of the particles continuously takes place just after the drying
starts. The aggregation has been almost finished until all particles are re-attached on the substrate at time 19(f). In other
words, the aggregation takes place before the dewetting at time 19(g). Although the hydrophobic particles aggregate earlier
than the hydrophilic particles, the hydrophilic particles aggregate more significantly than the hydrophobic particles when
the drying is completed. This is because the hydrophilic particles are subject to the strong immersion capillary force in the
final stage of the drying.

5. Conclusion

In this paper, we have presented a new direct simulation method for a drying colloidal suspension on a substrate. A key
issue of the present method is the immersed free surface (IFS) model to estimate accurately and efficiently the capillary
forces exerted on the particles, which has been developed by the authors. Using the IFS model along with the immersed
boundary (IB) method and the level set (LS) method, we have accomplished a three-way coupling of the fluid flow, the free
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(a) #/ta=0.000 (b) #/ta=0.013

(¢) t/ta=0.050 (d) t/ta=0.100

(2) t/ta=1.050 (h) #/ta=1.250

Fig. 19. Snapshots of the hydrophobic particles (6 = 120°) and the free surface during drying. White particles are attached on the substrate and black
particles float above the substrate. The free surface is depicted as a translucent gray surface of ¢ = 0. The simulation time t is normalized by tq, where
tq=1.2dpp/w is the nominal drying time of the liquid film without particles.

Fig. 20. A two-dimensional schematic picture of boundary area of aggregated particles that is depicted as thick black curves.
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Fig. 21. NBA as a function of dimensionless time. The NBA in two dimensions for hydrophilic particles and hydrophobic particles are depicted as the solid
curve and the dashed curve, respectively. The times 18(b), (d)-(g) in the figure correspond to Figs. 18(b), (d)—(g), respectively. The times 19(f) and (g) in
the figure correspond to Figs. 19(f) and (g), respectively.

surface motion and the particle motion. In addition, we have developed a way of curvature estimation using virtual grid
differencing to calculate the surface tension accurately.

Some simulations have been performed to demonstrate the present method. In the simulation of a still droplet, we have
shown that the present way of curvature estimation is superior to the conventional way of curvature estimation in terms of
accuracy. Compared to the conventional way, the present way has induced a small amount of spurious flows that may cause
a critical error with simulations of free surface flow. It has been also shown that the present way of curvature estimation is
insensitive to the grid resolution and has a good performance even in a coarse grid. In the simulation of a sphere moving
across a free surface and the simulation of two spheres moving along a free surface, we have shown that the IFS model
reproduces the deformation of menisci and the capillary force exerted on the spheres. In addition to a quantitative validation
for still spheres in our previous work [38], the present study has given a quantitative validation for mobile spheres including
the investigation on the grid dependency of the model. As a result, it has been shown that the estimation of the lateral
capillary force exerted on two spheres requires a higher grid resolution than the estimation of the vertical capillary force
exerted on a sphere. Furthermore, simulations of drying colloidal suspension containing 130 spherical particles have been
performed to demonstrate the applicability of the present method to actual systems. As a result, we have shown that the
mechanism of structure formation of the hydrophobic particles is much different from that of the hydrophilic particles. The
hydrophilic particles have aggregated on the substrate under the influence of dewetting of the liquid film. On the other
hand, the hydrophobic particles have aggregated on the substrate before dewetting. The above mechanism of the structure
formation has been clarified by use of the present simulation method that has the capability of calculating the capillary
force exerted on mobile particles. The capability of the present method can be helpful to clarify the formation mechanism
of a variety of monolayer structures of colloidal particles during drying, such as crystal structure, amorphous structure and
networked structure.

In addition to the capillary force, the present method models the stochastic hydrodynamic force, the frictional force and
the van der Waals force. These forces can have an substantial influence on the microscopic structure of the particles after
drying of the liquid, because these forces control the rearrangement of the particles that are in contact one another. For
example, a smaller frictional force will reduce point defects in the aggregates of the particles, so that the NBA of the final
structure of the particles will be decreased. Further investigations are required to clarify the influence of these forces on the
structure formation of the particles during drying. A possible improvement in the present method is an introduction of the
transport equations of energy and vapor to estimate a variable vaporization mass flow rate that has been a constant value
in this paper. The improvement enables us to solve accurately the motion of a highly deformed free surface, because the
vaporization mass flow rate at a highly deformed free surface can be different from that at a flat free surface. In the near
future, we will apply our simulation method to the structure formation containing a highly deformed free surface, such as
cracking and buckling of a particulate film during drying.
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