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A bialternant formula for odd symplectic characters

and its application

Soichi OKADA

Dedicated to Professor Toshio Oshima on the occasion of his 70th birthday

Abstract.  We present a bialternant formula for odd symplectic
characters, which are the characters of indecomposable modules of odd
symplectic groups introduced by R. Proctor. As an application, we give
a linear algebraic proof to an odd symplectic character identity due to
R. P. Brent, C. Krattenthaler and S. O. Warnaar.

1. Introduction

The irreducible characters of classical (semisimple or reductive) groups are
expressed as a ratio of two Vandermonde-type determinants (with modifications
needed for even special orthogonal groups). This bialternant formula is a restate-
ment of Weyl’s character formula, and Weyl’s denominator formula gives a factor-
ization of the determinant in the denominator. These determinant formulas play
a key role in the representation theory of classical groups and the combinatorial
applications. One can derive many classical group character identities such as the
Jacobi-Trudi identity, the Giambelli identity and the Cauchy identity (see [7], [8]
and [9] for example). The aim of this paper is to give a bialternant formula for odd
symplectic groups, which are neither semisimple nor reductive.

A partition is a weakly decreasing sequence A = (A1, Ag,...) of nonnegative
integers such that |A\| = ). \; is finite. The length I[()\) of a partition X is defined
to be the number of positive parts of \. We denote by @ the empty partition
(0,0,...).

Recall Weyl’s character and denominator formulas for symplectic groups
Sps,(C). For a partition A of length < n, we denote by Sp,,(A\;z1,...,2,) the
irreducible character of Sp,, (C) corresponding to A\. Then Weyl’s character for-
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mula is written in bialternant form as

Aj+n—j+1 —(N\j+n—j+1
det (mij-&-n i+ —5%( j+n—j+ ))

det (x?7j+1 — xi_(n_jﬂ))

1<i,j<n
b

(1) Spon, (A1, ..y xpy) =

1<i,j<n

and Weyl’s denominator formula reads

(2) det (m?7j+1 - x;(n_j+1)>
1<i,j<n

= H (%1 — x;l) H (le/Qx;/Q _ 551_1/2%‘_1/2) ($§/2$;1/2 _ xi_l/Q:E;/z),

i=1 1<i<j<n

The symplectic group Sp,,, (C) is the subgroup of GLa,(C) consisting of ele-
ments preserving a non-degenerate skew-symmetric bilinear form. Non-degenerate
skew-symmetric bilinear forms exist only in even dimension. Proctor [10] intro-
duced “symplectic groups on odd dimensional vector spaces” and developed the rep-
resentation/character theory of them. Proctor’s odd symplectic group Sp,,, ;1 (C)
is defined to be the subgroup of GLg,41(C) consisting of elements preserving a
skew-symmetric bilinear form of maximal possible rank. He obtained an indecom-
posable Spy,,,;(C)-module V) for each partition A of length < n + 1, and gave
several formulas for the character Spy,, 1 (X;21,...,%y;2) of Vi, which we call the
odd symplectic character. See Definition 2.1 for a representation-free definition of
odd symplectic characters.

The main result of this article is the following bialternant formula for the odd
symplectic characters.

THEOREM 1.1.  For a partition \ of length < n + 1, we define Ay =
Ax(x1,...,xn;2) to be the (n+ 1) x (n+ 1) matriz with (i,7) entry given by

(2

\j+n—j+2 —(\j4+n—j+2 1/ Xj+n—j+1 —(\j+n—j+1 . .
(x‘ﬂrn Jjt+ —332‘( jtn—j+ ))—z 1($ij+n Jjt+ _xi(ﬂrn Jjt+ )) ifl1<i<n,
Zritn—itl ifi=n+1.

Then we have

-1 1/2 1/2 —1/2 _—1/2\[ 1/2 —1/2 —1/2 1/2
(xi—x- ) H (mi " = )(371 z; —x; T ),
1 1<i<j<n+1
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where xn41 = z. And we have

- det A)\
h det Ag '

(4) Sp2n+1(A;$1,...7.’En;Z)

If we put z = 1 in this theorem, we can recover Proctor’s bialternant formula
for Spy, 1 (A 21, ..., 2y 1) ([10, Theorem 2.2]). We note that the factors of the
denominator det Ay correspond to the set of vectors

{26, :1<i<n}U{e;£e;:1<i<j<n+1}

which sits between the positive system of type C,, and that of type C, 11, where
(€1,---,Ens1) is the standard orthonormal basis of R"*1.

As an application of the bialternant formula for odd symplectic characters,
we give a linear algebraic proof of the Brent—Krattenthaler—Warnaar identity [6],
which were found in their study of discrete Mehta-type integrals [1] and proved
by using a combinatorial interpretation of odd symplectic characters (see also [2,
Theorem 4.4]). Their identity is an “odd symplectic” analogue of the identities
given in [8, Theorem 2.2].

THEOREM 1.2.  (Brent—Krattenthaler—Warnaar [6]) Let m and n be positive
integers with m < n, and r a nonnegative integer. Then we have

(5) Z’Z—T Sp2m+1()‘; T1yeeos Ty Z) Sp2n+1((rn_m) ) A7 Y1y -5 Yn; Z)
A

m+n+1)

:Sp2(m+n+1)((r ;xla"'axmayla"'ayn7z)a

where X runs over all partitions with l(A) < m+1 and Ay <7, and (r"~™)UX and
(rm*n+) stand for the partitions (r,...,7,A1,...,Am) and (r,...,r) respectively.
—— ——

n—m m—+4n+1

This paper is organized as follows. In Section 2, we define odd symplectic
characters in terms of generating function and give a proof of our main theorem
(Theorem 1.1). Section 3 is devoted to the proof of Brent-Krattenthaler—Warnaar
identity (Theorem 1.2).

2. Bialternant formula

In this section we define odd symplectic characters in terms of generating func-
tion (Cauchy-type formula) and give a proof of Theorem 1.1.
Recall that the Schur function sy(z1,...,xy,) corresponding to a partition A of
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length < n is given by

det (wjj +n_j)

det (:v’-lij

1<i,j<n

(6) a1, .. xy) =

! >1§m‘91

The Schur functions are the characters of irreducible polynomial representations of
the general linear group GL,,(C) and the above definition (6) is nothing but Weyl’s
character formula. And Weyl’s denominator formula for GL, (C) is the evaluation
of the Vandermonde determinant:

(7) det (le_j)gi,jgn = H (a?i — xj).

1<i<j<n

In this article we define odd symplectic characters in terms of generating function
with respect to Schur functions.

DEFINITION 2.1.  (See [10, Proposition 3.1]) Let x1, ..., x, and z be indetermi-
nates. We define odd symplectic characters Spy, 1 (A;x1,...,2n;2) for partitions
A of length < n + 1 by the relation

(8) ZSanH(A;xl, ey T 2)SA (UL ey Ung 1)
)

_ H1§i<j§n+1(1 - Ui“j)
- n n+1 — n+1 ’
[Ty T2 (1= wiug) (1 — 2y ) TG (1= 2uy)

where X\ runs over all partitions of length < n + 1.

Since the Schur functions are linearly independent, the odd symplectic charac-
ters are uniquely determined by (8). It follows from (8) that Spy,, 1 (A; @1, ..., 2p; 2)

is a Laurent polynomial in z1,...,z, and a polynomial in z. Note that the odd
symplectic characters Spy,, 1 (A; 21, ..., 2y; 2) are obtained from symplectic univer-
sal character Sp(\; ) by specializing & = (1, ..., %, 2,27 ", ..., 2,;,0,0,...) (see
[3], [4] and [9)).

Recall the Cauchy—Binet formula and the Cauchy determinant, which play a
fundamental role in this paper. Given an M x N matrix X = (2;;)1<i<m,1<j<N
and a subset I C [N] = {1,...,N} of column indices, we denote by X(I) the
submatrix of X obtained by picking up columns indexed by I. Then the Cauchy-
Binet formula is stated as follows:
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LEMMA 2.2 (CAUCHY-BINET FORMULA). For two M x N matrices X and
Y, we have

> det X(I)det Y(I) = det (XY),
I

where I runs over all M-element subsets of [N].
The following determinant evaluations are known as the Cauchy determinants.

LEMMA 2.3 (CAUCHY DETERMINANTS). For indeterminates 1, ...,T, and
Y1y« -+ Yn, we have

! —pninm e i<j<n\Ti = T5)(Yi — Yj
(9) det < > — (=1) [licicj<n( i)Y —y;)
1<i,j<n

Ti = Yj [T H?:l(xi — ;) 7
( 1 > Hl§i<j§n(‘ri —2)(yi — Yy5)
det | —— = =~ -
L=y, 1<4,5<n | Hj:l(]' )

(10)

For a partition A of length < n + 1, we put
In_;,_l(A) = {)\1 + TL,)\Q +n — 1, e ,)\n + 17>\n+1}-

Then the correspondence A — I, 1(\) gives a bijection from the set of partitions
of length < n+ 1 to the set of (n+ 1)-element subsets of N, the set of nonnegative
integers.

By using these lemmas, we prove Theorem 1.1.

Proof of Theorem 1.1. First we prove (3). By adding the ith column multiplied by
271 to the (i — 1)st column for i = n,n —1,...,2, and then by multiplying the last

row by z — 2z~ !, we obtain

det Ag =

-1

—j —(n—j+2
det (x? J+2—xi (n=s+ )) ,
1<i,j<n+1

where we put z,+1 = z. By pulling out x; — x;l from the ith row and then by
using elementary column operations, we see that

n+1

—j+2  _—(n—j+2) _ -1 —1\n—j+1
det (331" I g >1§i,j§n+1 = (zi—z; ") det ((a:ﬁ—mi ) )

+

1<ij<n+1

«
Il
-
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Now we can obtain (3) by applying the Vandermonde determinant and using

(CUz'-i-x;l) -

Next we prove (4). Since the odd symplectic characters Spy,, |1 (X;21,.. .,

(xj + x;l) _ (le/zx;m _ m;1/2x71/2) (x

1/2,-1/2 _ ~1/2,1/2

J i J i J)'

T3 2)

are characterized by (8), it is enough to show that the ratios det Ay /det Ay satisfy

det A,\

11
( ) N detAg A

(ul,...

7un+1)

[li<icj<nia(

— ugu;)

T I A

— zgu) (1 — 2 ) [0 (1 — 2uy)

Let X = (zir)i<i<nt+1,6>0 and Y = (y;x)1<i<n+1k>0 be the (n + 1) x oo

matrices whose (4, k) entries are given by

ktl _ o —k—1_ _—1( k

w2 -z Yz}
Tik =14 .
z

k
Yik = Uy -
Then we have

det A)\

det, Ag

det X (Int1(N))
det X(1,41(9))

8,\(U17

—z7F) if1<i<n,
ifi=n+1,

det Y (Int1(N))

1) = GV (T (2))

Straightforward computations show that the (i, 5) entry of X% is equal to

(zi —z; )1 — 2 "uy)

(1 —1 ziu) (1 — xi_luj

1— zuy

if1<i<n,

ifi=n+1.

By applying the Cauchy—Binet formula (Lemma 2.2) and then by pulling out com-

mon factors, we obtain

> det X(Inp1(N) det Y (141 (A))

:ﬁ(x ﬁlz

i=1

1

- det ( -1 > ’
(U= @) (1 =27 w5) ) < jenin
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where A runs over all partitions of length < n + 1 and z,,+1 = z. By substituting
x; +x; ! and u; + uj_l for x; and y; respectively in the Cauchy determinant (9),
we have

1
det ( — )
(1 —ziui)(1 — 2z, uy) I<ij<nil
_ H (I;/lep B x‘fl/fol/2) (x;/2xf1/2 B xf1/2x1/2)

z J ? J z J z J

1<i<j<n+1
H1gi<jgn+1(“i —uy) (1 — wiuy)

x n+1 n+1 — .
Hi:ﬁ ]:1 (1 —zu;)(1 — 1“1’)

Therefore, combining these computations together with (3) and the Vandermonde
determinant (7), we obtain (11) and complete the proof of (4). O

By putting z = 1 in Theorem 1.1, we can recover Proctor’s bialternant formula.

COROLLARY 2.4.  (Proctor [10, Theorem 2.2 and Proposition 7.1]) For a par-
tition of length < n+ 1, let Bx = Bx(21,...,zy) be the (n+ 1) X (n 4+ 1) matrix
whose (i,7) entry is given by

{xi‘j+"_j+3/2 + SUi_()\j+n_j+3/2) Zf]. S 'L S TL,

1 ifi=n+1.

Then we have

(12) detBgy = H (1;3/2 - x;1/2) (zi — ;")

i=1
« H (m;/Zx;/Q B x;1/2m;1/2) ($3/2$;1/2 B x;l/Qx;/Q),
1<i<j<n
and
det B)\
(13) SPon41 (A @1, T3 1) = B,

Proof. The proof of (12) is similar to that of (3), so we omit it. By substituting
z =1, the (i, j) entry of A\ becomes

Xj+n—j+2 —(\j+n—j+2 N +n—j+1 —(A\j+n—j+1
(Iig-i-n i+ — (Nj+n—j+ )) o (ziﬁ-n i+ — (Nj4+n—j+ ))
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— (a2 = V) (I = Ot 2))

for 1 <4 < n. Hence by cancelling the common factors H?:l(mgm - x;l/z) we

obtain (13) from (4). O

Remark 2.5. By specializing z = —1 in (4), we obtain Krattenthaler’s bide-
terminantal formula [5, (3.5)] for Spy, 1 (A1, ..., 20 —1).

Appealing to Weyl’s denominator formula for type D,,+1, we can derive a prod-
uct formula for the principal specialization of odd symplectic characters from Proc-
tor’s bialternant formula (13). Let AT (D,,+1) be the positive system of type D,,+1
given by

A+(Dn+1):{€ii€j:1§i<j§n+1},

where (€1,...,,41) is the standard orthonormal basis of R™*! with respect to the
inner product (, ).

COROLLARY 2.6. For a partition \ of length < n + 1, we have

(A +p, )]
(14) Sp2n+1()‘;qn7qn_lv'"’q;]‘) = H 7(1’
a€AT(Dpt1) [<p7 04>]q

where p = (n+1/2,n—1/2,...,3/2,1/2) and [m], = (¢™/?—q™/?)/(¢*/?—q~1/?).

Proof. Weyl’s denominator formula for type D, 41 reads

det (xnfjﬂ + ml_(n_jﬂ))
v g 1<i,j<n+1
_ 1/2 1/2 —1/2 —1/2y/ 1/2 —1/2  —1/2 1/2
=2 H (acz xz) " =, )(x7 R T ¥ )
1<i<j<n+1
By specializing z; = ¢*1t"~+3/2 for 1 < i < n+ 1, we obtain
n n— _ n(n+1
det B(¢",q" ..., q) = (¢"/> — g~ 1/2)""*Y I [+pa)l,

a€A+(Dyi1)

Hence (14) follows from (13). O
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3. Application to Brent—Krattenthaler—-Warnaar’s identity

In this section, we use the bialternant formula (Theorem 1.1) to prove Brent—
Krattenthaler—Warnaar’s identity (Theorem 1.2). The idea of our proof is the same
as [8, Theorem 2.2]. Before the proof, we prepare two lemmas. The first one enables
us to reduce the proof of Theorem 1.2 to the case where m = n.

LEMMA 3.1. (a) Let A be a partition with length <n+1 and A\ <r. Then

(X1 2n)" SPopyp1 (N1, 205 2)

s a polynomial in 1, ...,T,, and we have

(@1 2n)" SPopir (N 21, .. 203 2)]|

x1:0

{(IQ o .xn)r Sp2n—1(()‘2a cey )‘n)a L2y, &n; Z) Zf AL = T,

0 otherwise,

where F|;,—o means that we substitute x; =0 in F.

(b) Let X be a partition with length <mn and \y < r. Then
(1 Tpn)" Spoy (N 21, .., Zn)

is a polynomial in x1,...,T,, and we have

[(xl < xn)" Spg, (N1, . xn)] |a:1=0
_ (T2 n)" SPo(n_1)((N2s- - An)i T2,y @p)  if A1 =,
0 otherwise.
Proof. (a) It follows from Theorem 1.1 that

(w1 )"t det Ay
(z1-+ xp)"tldet Ay

(1-1 . :En)7 Sp2n+1(>\;$17 vy Ty Z) =

Let Z)\ = (?ii’j)
by

\<ij<ny1 D€ the (n+1) x (n+1) matrix whose (4, j) entry is given

Aj+n—j+2 —Xj—n+j—2 — Aj+n—j+1 —Aj—n+j—1
r+n+1((x_3+n J+ N n+j )—Z 1(x_]+n 7+ N n+j ))

QAij = Ty 7 7 7 7
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Ajtn=3+1 Then we have

for 1 <i<nandaptr1,; =2
(1 -x,) T det Ay = det A,.

Since A1 < r by assumption, we have \; <rforall1<j<n+1. If1 <7 <nand
1< j<n+1, we have

Aj+r4+2n—j5+3 - ;137,“_>\7+j_1 - Zflx?\j+r+2n—j+2

i % %

—1 r—=Xj+jJ
11‘%’ i)

'di,j:x +z
with
/\j+T+2n*j+3>)\j+7’+2n*j+221"7/\j+j>T*/\j+j*1ZO.

Hence we see that (z1---2,)" Spa, 1 (A1, ..., %p; 2) is a polynomial in zq, ..., zy,.
Since 7 — A\j +j —1=0if and only if j = 1 and A\ = r, we have

~ | —1 if\y=randj=1,
A1,z =0 — .
Ha1=0 0 otherwise.

Hence we have

(det A))| _ = (=1) - det (@it1,541),<; o, AL =T,
11:0 0 1f )\1 < .

If Ay = r, then we have
det (ai+1’j+1)1§i,j§n = (1’2 - ;L'n)T’JrnJrl det A(/\27‘__7)\"+1)(1’2, ey T, Z)
Therefore we have

[(1‘1 o .xn)r Sp2n+1(/\;x17 ceey Ty Z)] |

1}1:0
(@a @) T det Ay a2, T3 2)
(g xp)" ! det Ag(xa, ..., xn;2)

= (z2- @pn) Spgp_1((A2y .oy An); oy ooy Tns 2).

This completes the proof of (a).
The proof of (b) is similar to (a). (See [8, Lemma 5.3].) O

The following lemma is a key to our proof of Theorem 1.2.

LEMMA 3.2. Let p(z,y,2,a,b) be the rational function in x, y, z, a and b
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given by
_(-2)(-y2) (- 2)1-yz)
(15) p(z,y,2,a,b) = T Py
R SR ]
r—y 1—2y

Let x = (z1,...,2n), Y= (Y1,---,Yn), @ = (a1,...,a,), b= (b1,...,b,), z and ¢
be indeterminates. We define an (n+ 1) x (n+ 1) matriz C = C(x,y, z;a,b,¢c) =
(Ci,j)1§i7j§n+1 by putting

p(xiayjazva’iabj) Zfl S 7;? .] S n,

1-0b; ifi=n+1and1<j<n,
Cii =41_q, ifl<i<nandj=n+1,

11_;;2 ifi=j=n+1,
and a (2n+1) x (2n+1) matrizc V =V (x,y, z;a,b,c) = (%’j)1§i7j§27L+1 by putting
Vij = xgil _aix?wrk% Voyij = y{’l —biy?nﬂfj, Vopi1, = 2071 — ezt
for1<i<nandl1l<j<2n+1. Then we have
(16) det C' = - ffl)n det V.

(L= 2) ITimy Tm (i — w5) (1 — @iy;)
Proof. Since both sides of (16) are polynomials in ay, ..., an, b1, ..., b, with degree

at most one in each variable, they are linear combinations of a’b”’ = [Licraill e bj
for subsets I and J C [n]. We denote by L(I,J) and R(I,J) the coefficients of
a’b’ on the left and right hand sides respectively, and prove L(I,J) = R(I, J).

Fix two subsets I and J of [n]. Let o = o s be the involutive ring automorphism
of the Laurent polynomial ring defined by

“loifiel toifjed
o) =" T ey =9l
x; ifigl, y; ifj&J.

We compute o(L(1,J)) and o(R(I,J)) explicitly.

It follows from (15) that L(I,J) is equal to the determinant of the matrix
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C' = (C’{yj)1<ij<n+1 whose (4, j) entry is given by
,W ifielandjeJ,
1 — zy;
i —2)(1—y; o .
(@i =2 = y;2) ifielandjeln]\J,
Ti —Yj
1—miz)(y; — . .
( iz)(?‘y’f 2 ifien]\Iandj e,
[N
(=)= |
ifie[n]\Iandjelnl\J,
o ) A\ T and j € [\
1 ifielandj=n+]1,
1 ifien]\Iand j=n+1,
-1 ifi=n+1landjeJ,
1 ifi=n+1landje[n]\J,
1-c¢ e
1_7% le:j:n+1

Hence, for 1 <i,5 < n, we have

(1 —z2)(1 — y;2) ifielandje€J,
l—xiyj
L —aiz)(1 —y;
_( leﬂ bi2) ifielandjen\J,
o(Cl) = YL
J (A —zz)(1 —y;2) ifie[n)\IandjeJ,
1—xiyj
1—2;2)(1 -y, if i ]
(1 —ziz)(1 —y;2) ifien)\Iandjein]\J.
1 — iy,

By pulling out common factors from rows and columns of o(C"), we obtain

deto(C") = (—1)#I+#7 ﬁ(l —1;2) ﬁ(l —y;z) - det O,

i=1 j=1
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where the (i, j) entry of the matrix C” = (Ci{:j)lgi,jgn+1 is given by
1 . . .
——— ifl1<i<nand1l<j<n,
1—%1/;'
1 . . .
ifl<i<nand j=n+1,
ol =) 1—xz
i,J 1 e .
ifi=n+land1<j<n,
1-y;z
1—-c vy . 1
—_— ifi=j=n+1.
1— 22 J

Here we can use the Cauchy determinant (10) to evaluate the coefficients of ¢ and
¢l in det C"":
[licicjen(@i —2)(yi — y5) [Timy (w0 — 2)(yi — 2)
H?,jzl(l —aiy) [Tim (L= 2i2) (1 = y;2) - (1 = 22)’
1 [icicjcn(@i —2)(yi — y;5)
IR  HY | VT

[°]det C" =

[c!]det C" =

Therefore we have

HI+#T H1§i<j§n(xi - x])(yz - yj)
(1—22) HZJ‘:1(1 - TiY;)
n

X 1—[(95Z —2)(yi — 2) — cH(l —z;2)(1 —y;2)
i=1

i=1

(17) o(L(I,J)) = (=1)

Next we compute o(R(I,J)). We see that

(=D"
(1= 22) T1imy Tl (s = ) (1 = 2ay;)

where the entries of V' = (VZ’ j)

R(I,J) = det V',

are given by

1<i,j<2n+1
” —" T ifie,
ij i—1 o
x] ifien]\I,
n41—j g -
Vi, = e e
SRR PV ifien]\J,

/ _ -1 _ L 2ndl—j
Vont1,j =2 cz .
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Since we have

xi_2yj_2(asi —y;)(1—=z;y;) ifielandjel,

x; 2 (zi — yy) (1 — zy;) ifielandjein|\J,
o((zi—y))(1—ziy;)) =9 -, e .
(@) 0a8) =0 o )0 —wy) i€ )\ Landje .
(i —y;)(1 — zy;) ifien]\Iandjen]\J,
we obtain
o(R(1,J))
o 1\n Hielxzznnje]yjzn ot o (V'
= A T @ — )@ = © 7
1

= (-1 det V",

(1= 22) Iy [T (i = ) (1 — @iyy)
where V" is the (2n + 1) x (2n + 1) matrix whose (i, j) entry V/; is given by

no_ o g—1 " _ . g—1 " _ j—1 2n—j+1
Vie=2 s Vapig =y 5 Vopp =2 —cz :
Here we can use the Vandermonde determinant (7) to evaluate the coefficients of

® and ¢! in det V":

(et V" = [T == —v) [T @ —20) [[(z = 2:)(z — ),
1<i<j<n ij=1 i=1
[det V" = (-=1)z"" [ (&5 -2y —v) [] (v — =)
1<i<j<n ij=1
X H(271 —z) (27 — ).

Therefore we have

HI+4J H1§i<j§n(xi - xj)(yi - y])
(1—22) HZ]‘:1(1 — TiYj)

n

X H(ch —2)(y; —z) — cH(l —z;2)(1 — y;2)

i=1

(18) o(R(I,J)) = (1)

By (17) and (18), we have o(L(I,J)) = o(R({, J)) and this completes the proof
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of Lemma 3.2. O

Now we are ready to give a proof of Theorem 1.2.

Proof of Theorem 1.2. First we prove the case where m = n. We put M
r + n. We apply the Cauchy—Binet formula (Lemma 2.2) to the matrices X =
and Y = whose entries are given by

(Xivk)1gz§n+1,ogkgM (Y;»k)1gi§n+1,ogkgM

g Rl gk atR) i1 <i<n,
Xik =19 . b
z ifi=n+1,
k k- _ “Ey )
Y, = yz+1 Y; -z 1(yf—yi ) if1<i<m,
i, Lk —

It follows from a direct but lengthy computation that the (i,7) entry of X% is
given by

—(M+1) —(M+1)

Z; yj p(xiayjazilaz?M+27y]2‘M+2) if 1 S 1 S n and 1 S .7 S n,
—xi_(MH)zM(l— 2M+2) ifl<i<nandj=n+1,
—yy DM (1 y2M+2) ifi=n+land1<j<n,
1 — L2(M+1)

(M (M

By pulling out factors =, D from the ith row, Y, D from the jth column

and —z™ from the last row and column, we see that

n n
det Xty — Hx;MA H yijfl M et Oz, y, 2L @2MF2, g 2MA2 2N =2y

i=1 j=1
where C is the matrix introduced in Lemma 3.2, 2?M+2 = (g2M+2  52M+2)
and y?M+2 = (y%M+2, o, y2M+2) | Hence, by using Theorem 1.1 and applying the

Cauchy-Binet formula (Lemma 2.2), we have
Z - Sp2n+1()\' L1seeesTn; Z) SP2n+1()‘; Yis- -5 Yn; Z)

Z detX n+1()\)) det Y(In+1()\))
det X (In1(@)) det Y (I41(2))
1

= X T (@) d Y @) )

A
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. 1
T At X (L1 (2)) det Y (I 11(2))

n
-M-1, —M~—1 2M -1, ,.2M+2 ,2M+2 _—2M-2
XHwi Y; TR 'detc(w7y72 3L Y )y % )

i=1

)

where A runs over all partitions of length < n + 1 satisfying Ay < r. Now we can
use Lemma 3.2 to obtain

ZZ_T SPont1(Ai @15+, i 2) SPop g (A Y1, -+ - Uni 2)
A

- 1 P ey
-7 det X(Ing1(9)) det Y (141(9)) (1 —272) [T ITG=y (20 — y) (1 — 2ay)

—1.,..2M+2 2M+2 —2M —2
xdetV(z,y,z” sz Y ; ).

z

Here det X (I,,41(@)) = (—1)*™*t1/2det Ay and det Y (I,,41(@)) are evaluated by
using (3). Also we have

det V(zx,y, 21 a?M T2 o2M+2 ,—2M=2)
n n
= H(—l)xz"'gn"‘l H(_l)y;‘+2n+1 . —r—2n—1
=1 j=1

—j  ,—(r+2nt+2—j
x det (t;.“+2”+ 270 gy raend J)) ;
1<4,5<2n+1

where (t1,...,tan+1) = (Z1,. .., Zn, Y1, .., Yn, 2). Therefore, by using (1) and (2),
we conclude that
Z 27" Sp2n+1(>‘; T1y--3Tn; Z) Sp2n+1()‘; Yty Yn; Z)
A

2n+1\.
)71‘1)"'axnvyh'"ayn)z)'

= SPan42((r
This complete the proof of Theorem 1.2 in the case m = n.

Lastly we prove the general case by the downward induction on m. We as-
sume (5). By multiplying both sides of (5) by (21 ...Zm¥y1 ...Yyn2)", and then by
substituting z; = 0, it follows from Lemma 3.1 that

Z 27 (@2 ) SPam_1(( A2y oy A1) T2y ooy T 2)
A

X (Y1 Yn2)" SPop 1 (""" ) UN Y1, -+ Yn; 2)
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- (Z‘Z e TmY1 .- ynz)r Sp2(m+n)((rm+n)a T2y s TmsYly---5Yn, Z)a

where the summation is taken over all partitions A of length < m + 1 such that
A = 7. Since (r"~™)U X = (r""™H ) U (Ag,..., Apy1) for such a partition, we
obtain

n—7n+1)

ZZ_T Sp?mfl(lu’; T2,y Ty Z) Sp2n+1((r U HiY1y -5 Yn; Z)
w

= Sp2(m+n)((rm+n); L2yeeeyTmyY1y- - aynyz)a

where p runs over all partitions of length m satisfying pq < r. This is the desired
identity, which is Equation (5) with m replaced by m — 1. O
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