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A revisit to periodic continuants

Genki SHIBUKAWA

Abstract. We give a simple proof of some explicit formulas
of periodic continuants by Chebyshev polynomials of the second kind
given by Roézsa. We also mention an application of these explicit for-
mulas to g-analogue of rationals and continued fractions introduced by
Morier-Genoud and Ovsienko.

1. Introduction

Let Z>, be a set of integers greater than or equal to p. For an integer p
and infinite complex sequences a, = (am)mezs,, bp = (bm)mez., and ¢, =
(Cm)mEZZp7 we put

ay, = (ap, by, cp).
We define the (extended) continuant polynomials K, (cy,) by
K_ (o) =0, Kolop):=1, Ki(oy):=ap, Kp(ay):=detT,(ay),

where T,,(a,) is the following n x n tridiagonal matrix:

ap by 0 - 0 0
cpap+1bp+1~~~ 0 0

0 Cp+1 Ap42 " 0 0

0 0 0o --- Ap4n—2 bp+n72
0 0 0o --- Cp+n—2 Ap4n—1
There has been many research on continuant polynomials in relation to con-

tinued fractions and orthogonal polynomials. For continuant polynomials, several
properties have been well known since Euler, especially regarding some explicit for-
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mulas [3]. P. Rézsa [2] considered for a positive integer [ the following I-periodicity
condition for the sequences a,, b, and c,

Am+41 = Am, berl - bm» Cm+1l = Cmy,

and proposed an explicit formula of [-periodic continuant K, (e,) by the Chebyshev
polynomials of the second kind.

In this article, we give another proof of this explicit formula. While Roézsa’s
proof is based on direct calculations of the determinant of the definition for con-
tinuant polynomials, our proof uses only 2 x 2 matrices. We also mention some
examples of this explicit formula related to g-deformed rationals and g-continued
fractions introduced by Morier-Genoud and Ovsienko [1]. Since Morier-Genoud
and Ovsienko related their g-deformations of rationals and continued fractions to
the Jones polynomials of rational knots and the F-polynomials of a cluster algebra
with coefficients respectively, our explicit formulas for the periodic continuants are
useful to give explicit expressions by the Chebyshev polynomials of some examples
of the Jones polynomials and the F-polynomials.

2. Preliminaries

Throughout the paper, we denote the ring of rational integers by Z. We set the
Gauss hypergeometric function

o Fy (a;b; m) = 7(a)m(b)mxm7 (@) = {a(a+ D-o-latm=1) (m#0) .

=y m()m 1 (m = 0)

Chebyshev polynomial of the second kind is defined by

vte) =oe s (T T AISE) -3 (1) e (52)

2 2/k

<7’L> _ n(n—l)-.lin—k—&-l) (k‘?éO)
k) 1 (k=0)

It should be remarked that by the definition of U, (z) we have

U()(x) = ].7 Ufl((E) = 07 U,Q((ﬁ) =—1.
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The generating function for the U, (x) is

1 B —— U ".
(1) 1—2xu+u2 T;)

Let h,,(z,y) denote the bivariate complete homogeneous symmetric polynomials
of degree n

n+1 yn—i-l
E z* y B m—
i+j=n y
0<4,57<n

The generating function for the h,(x,y) is

@ (1—xu 1 —yu) Zh

By (1) and (2) we have

(3) ho(z,y) =

LEMMA 2.1. Let A be a complex matrix

ab
A=
(ca)
and Es be the 2 X 2 identity matriz. For any positive integer m, we have

(4) AT = hmfl(era )A P — 2(p+a )(det A)

(det A)*7 Uyy_s (Ntd%) A
—(det A)EUp_s (%) By (det A#0).

2vdet A
(tr A)m~tA (det A =0)

Here py and p_ are the roots of the characteristic polynomial det (AEy — A).

Proor. We consider Euclidean division for A™ and det (AEy — A) = (A—py)(A—
p—). By the Euclidean theorem for division of polynomials, there exist unique
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polynomial ¢(\) and two constants ¢, ¢p such that

(5) A" =qgAN) A= pr)A—po) + X+ co.
By substituting p+ for X in (5), we have

P = c1p+ + co.

Hence we obtain

pY —p
¢ = ——— = hp_1(p+,p-),
py—p—
P p— — pp™
o= ——+— PP —hm—2(ps,p—)det A.
I
We remark that these expressions hold even if the case of p; = p_. O

Ezample 2.2 (Power of a quaternion). Let a,b, c,d be real numbers. We define
2 x 2 matrices Q, I, J and K by

Q = Qa,b, ¢, d) = aBs + bl + ¢J + dK = ( a+by-1 C+dm) ) (88)

—c+dy—-Ta—by/-1
= () o= (0) k= ()

which is a matrix realization of a quaternion:
q=a+bi+cj+dk € H:= {a+bit+cj+dk|a,bc,d € R, =j? = k? =ijk = —1}.
By substituting
det Q=a®>+0"+*+d*>=|Q]*, trQ=2a
and A= Q in (4), we have

n __ n—1 i _ n i
Q" = 1Ql Un_1<Q|)Q Ql Un_z(@)Eg

- () ()

Q" Uy (@) (bI + ¢J + dK)
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L) ()

Q" U,y (@) (bI + cJ + dK).

The last equality follows from the Pieri’s formula for Uy (z):

25L’Un(1') = Un+1($) + Un_l((ﬂ).
If we put

Q(a,b,c,d)” = A, (a,b,c,d)Es + By (a,b,c,d)I + Cy(a,b,c,d)J + Dy(a,b,c,d)K,

then we obtain

An(a,b,c,d) = '%'n {Un (|g2> Upos (é)} = |¢|"T,, (|Z|> :

By (a,b,c,d) = b|Q|" U, (@) :

Cn(avba c, d) = C|Q‘n_1Un71 (|gz> ;

Dn(aa bv c, d) = d|Q|n71Un—1 <|g|> y

where T, (x) is Chebyshev polynomials of the first kind defined by

T, (z) = o ) (‘Z n 1 3 ”“") - i(_nk (Z) E’f;’; (1 3 x)k T, (cos ) = cos nb.

k=0 2

The most right hand side of Ay, (a,b,c,d) follows from

1 _ 1 fsin(n+1)§ sin(n—1)0) _ B
2{Un+1(x) —U,-1(z)} = 5 { 7 = cosnb = T, (z).

LEMMA 2.3 (FUNDAMENTAL PROPERTIES OF CONTINUANT POLYNOMIALS).

1)

(6) K_l(ap) = O, Ko(ap) = ].,

Kn(ap) = apKp_1(apr1) = bpcp Kn—a(opia).
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s =(15):

An(ay) = L(ap, =bycp) L(ap+1, —bpr1¢ps1) -+ L(@ptn—15 —bptn—1Cptn—1)-

We have

Kn(ap)  —bpin—1¢pin—1Kn_1() )
7 Ay, = P P P P .
@) (o) (Kn—l(ap-i-l) ~bptrn—1Cptn—1Kn—2(0pi1)
FEspecially
(8) tr Ap(ap) = Kn(ay) = bprn—1¢prn—1Kn—a(0pi1),

det Ay (ap) = H bptj—1Cpri—1-
j=1

3) Put

onten = (i)

For any integer m such that n > m, we have

(9) knt1(0p) = Ap(ap)knt1—m(Qpim).
4) If for any integer n ¢, = —1, then we have
n—1p i Kn
(10) apt+ K Drimt o Faley)
=1 Ap+i Kn_l(ap+1)
where
n—1ph ., b
ap+ K 2221 — 4 P
=1 Apti bpt1
apt1 + b
2
Gp+2 + Al
Upin—s + g2

PrOOF. 1) It follows from the definition of K, (c,).
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2) When n =1, (7) holds. Assume the result true for n. From induction on n and
(6), we have

Apti(oy) = L(ap, —bpcy) An(api)

_ < —bp C:D> < ap+1 bp+ncp+nKn—1(ap+1))

Kn—1(apt2) —bpinCpinfn—2(api2)

_ ( Kpti(apt1) —bpinCpinKn(ogpi1) )
Kn(api1) —bpinCprnKn-1(pi1)

Here, the third equality follows from (6).
3) By the definition of K, (o) and (6),

n (0% = n+l ap )
+1 p ( K, ap+1
_ < ap+1 bpcpKnl(ap+2)>
(aerl)
= L(ap, —bycp)kn(api1)-
Hence

Knt1(ap)
= L(ap> —b Cp)L(ap-&-la _bp-i-lcp-i-l) Tt L(ap+m_1, _bp+m—1cp+m—1)kn+1—m(ap+m)

_A ( ) n+1— m(aPer)

4) Tt follows from (6) and induction on n. O
3. Main results
Under the following we assume
appt = ap,  bpri=bp, pr=c¢, (pEZL),
that is to say

(11) Qpy] = Qp.
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THEOREM 3.1.  For any positive integer m, we obtain

(12)
Kim(ay)
(det i(0)) "7 Uy 5242 ) )
=) (et Ay P U (M) (et i) £0)
(tr Au(a))™ K, (det Ai(a) = 0)
(13)

Kim—1(apt1)

{(det M) U (3524 ) Kis(gn) (et Adry) £0)
(tr Au(o))™ " Ki 1 (eper) (det Ai(ay) = 0)

PROOF. By (9) and periodicity (11)
Kim (atp) = Ar(og)Kim—1)(apt1) = Ai(ap)Kigm—1) (o).
Then we have
kim(ap) = Ai(a)"ko(ary).
When
l
det Ai(ay) = H bp+j—1¢prj—1 7 0,
j=1

from (4) we have

A)™ = (det Ay(0ty)) T Uy (2“"(‘”) A(ay)

Vdet Aj(ap)

m tr Al(ap)
— (det Aj(ep)) 2 Upp—a <2\/m> E,

If det A;(exp) =0, then

Ai(agy)™ = (tr Al(ap))m_lAl(ap)-
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Finally, by (7)

Ay(ay) = ( Ki(ay) —bpri—1¢pri-1Ki-1(ay) )
? Ki—1(apt1) =bpri—16pri-1K1-2(api1)
_ ( Ki(ap)  —bp-10p-1Ki-1(exp) >
Kii(apt1) =bp_1cp—1Ki—a(api1)
By comparing the entries of the vector ki, (), we obtain the conclusion. (|

Our main result follows from this theorem immediately.

THEOREM 3.2.  For any positive integer m and j = —1,0,1,...,1—2, we have

(14)
Kimj(ap—j)
= Kj(ap—j)Kim(op) = bp—1¢p-1Kj—1(atp—j) Kim—1(0tpt1)
m—1 r Aj(ay
(et o)™ U (S
{Kj(op—j) Ki(ap) = bp—1cp—1 Kj1(0p—j) Ki—1(apt1)}

=) —(det Ay(e)) % Ups (J% Kj(ey;) (det Aj(a,) #0) -

(tr Ay(a,))™
AKj(ap—j)Ki(ap) — bp-1¢cp-1Kj-1(ap—j) Ki—1(api1)}  (det Aj(e) =0)

Here we define K_s(apt1) by

—bp—16p—1K_2(0p1) 1= Ko(oy-1) = 1.

PRrOOF. From (9) and (7), we have
(15) Kim+j(0p—;)
= Aj(ap—j)kim(ap)
_ < Kj(ep—j)  —bp1cp-1Kj1(ap—j) ) < Kim () > '

Kj1(ap—j11) =bp-1cp-1Kj2(ep—j11) ) \Kim-1(cpi1)

By (12), (13) and comparing the entires of (15), we obtain our main result (14). O
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4. Examples
In this section, we give the examples of (12) for I = 1,2, 3 explicitly.

4.1. I=1
In this subsection, we put

a:=ap=0apt1, b:=b,="bpy1, ci=cp=cCpt1.
In the case of [ = 1, since
tr Ai(op) =a, det Ai(ayp) = be,

we have the following well-known result:

m—1

(be) " Upy—1 (m*) (be # 0)
amt (be =0) '

(16) Kp(ap) =

4.2. =2
In this subsection, we put

01 = A2m41 = G2m+3, 01 1= Dopyy1 = bamys, €1 := Com41 = Com+3,
ag = a2m = a2m+2, by = bay, = b2m+2, C2 = Cam = Com+2-

Since

A _ (a1az — bpep —apbyiicpia
2(ap) - b
ap+1 —Op+1Cp+1

and

tr As(oy,) = aras — bici — baco,  det Aj(ap) = bicibacy,
our main result (14) is
(17) Kam(ap)

(blC]_bQCQ)%ilUm_l (‘“az_blc‘_b?”) (a1a2 — byeyp)

2\/ b1C1b2C2

—(bie1baca) 2 Upy—o (%) (brci1baca #0)

m—l(

(a1a2 — b101 — b2c2) a1 — bpcp) (b]_C]_bQCQ = 0)
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(18) Kam-1(ctpt1)

m=1 “biei—b
(brcibacz) = Up—a (W) apt1 (bicibacy #0)

(alag —bicy — szz)m_lap+1 (blCleCQ = 0)

Ezample 4.1 (A q-analogue of Fibonacci numbers).  Morier-Genoud and
Ovsienko [1] introduced the following notion of q-deformed rational numbers and
continued fractions, motivated by Jones polynomials of rational knots or F-
polynomials of a cluster algebra with coefficients. For a positive rational number %
and its (regular) continued fraction

r
;:al+_K ) ala"'aa2n>07

2n—1 q(*l)i_lai

[*L = [a1]q + K m,

Our formulas (20) and (21) are useful to write down these g-analogue explicitly.
We consider the case of

r—1,
) cp=—1,

(19) ap = lal -1, by = ¢!
where a is a positive integer. By substituting (19) in (17) and (18), we have

@) (o) = U (D) (o) o]

2

[a]qlalg—r +q* +q7°
D) ) [a]q(fnp.

(21)  Kom—1(apt1) = Un-1 (
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From (10), we derive an explicit formula

(22)

2n—1 q(*l)iila

i=1 [a]q(_l)i
l[a]qal,—1+q"+q~* (1P~ la lalqlal -1 +q"+q~*
Up—1 2 ([a]qlalg-1 + ¢ )= Uno | —+5——

alqla),—1+q*+q—*
U1 (W) [a] y-nye

lalq +

In particular, The case of a = 1 is a gq-analogue of Fibonacci numbers defined
by

F1:17 F2:17 Fn+2:Fn+1+Fn-

As is well known, the continued fraction of Ff,;‘:l s given by
Fanir _, 201
Foy, i=1 1
Thus, a q-analogue of this rational number and continued fraction expansion are
equal to
F 2n—1g(-1)"""
{ 2n+1:| —1+ K q
Fs, p i=1
We put
a=as=1, b=¢V e =e=-1
and

Fomta(q) = Komy1(az),  Famt1(q) = Kom(ou).
From Lemma 2.3 (4), we have

{anﬂ] _ Fonia(9)
q

Fyy, Fon(q)
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This sequence {F,(q)} satisfies
Fi(g)=1, F(g=1 Fg=1+q
and
Fon(q) = Fom-1(0) + ¢ Fam-2(0),  Fam11(0) = Fam(@) + ¢Fom-1(q)-

From (20) and (21), {F,(q)} has the following explicit expression:

1+ + -1 - 1+ + —1
(23) F2m+2(Q) = Um—1 (qq> (1 +q 1) - Unz—Q <q2q> )

2
l+q+q!
(24) Formy1(q) = Un—1 (q2q> .
4.3. 1 =3
Put

a1 := A3m4+1 = A3m44, D1 = b3mi1 = b3maa, €1 1= C3m41 = C3m4,
a2 = U3m+2 = A3m+5, 02 := b3my2 = b3mys, €2 1= Ca3m42 = C3m4s5,

a3 := azm = A3m43, 03 := b3 = b3;m43, €3 1= C3m = C3m43.
From (7) and (8), we have

a1a2a3 — apt2bycp — apbpr1Cpr1 —apap1bpyacpia + bpcpbp+2cp+2>
Ap10pt2 = bpy1Cpin —ap+1bp12aCpy2

As(ap) = <
and

3
tr As(o,) = araz2as — arbacy — agbscs — asbicy, det Aj(ay,) = H bjc;.
j=1



16 G. SHIBUKAWA

Then (14) can be written as

(25)

Kamy1(op-1)

= ap-1K3m(ap) = bp-16p-1 K3m—1(p+1)

m—1

3 = ai1azaz—aibaco—asbscz—agbicy
X c:) 2 U
szl(bjcj) m-1 < 2v/bicibacabscs

'{a’jﬂfl(alaQa?) - ap+2bpcp - apbp+1cp+1)

_bp—lcp—l(ap—i-lap—i-z - bp+1Cp+1)}
=y IL=(5e) 2 Uns <a1a2a3 IO lcl) ap—1 ([I;=1bjc; #0)
)mfl

(a1a2a3 — (ZleCQ — agbgcg — a3b101
{ap-1(a1aza3 — ap2bycy — apbpiicpir)

3
—bp—16p-1(apt1apt2 — bpy1cps1)} (ITj=1 bje; =0)

(26)
Kam (o)

3 ai1azaz—aibaca—asbscz—asbicy
X c:) 2
szl(bjcj) Um*l ( 2v/bicibacabscs

(a1a2a3 — apyabpcy — apbpii1cpri)

— 3 m —a1b —aob —aab 3
= =21 (bjes) 2 Up—s (a1a2a3 ga&bfifb;ibiii “ 161) (ITj=1 bjc; #0)

m—1

(alagag — a1b262 — agbgcg — a3b101)

~(a1a2a3 — ap+2bpcp - apbp+1cp+1) (H?:l bjCj = O)
(27)

K?»mfl(azﬂrl)

R e A e )

(ap+1ap+2 — bp+1¢p+1) (H?:l bjc; #0)

—1
(a1a2a3 — a1b202 — a2b363 — a3b101)m

(apt1apt2 — bpt1cpt1) (H?:1 bjcj =0)
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