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Introduction to variations of Hodge structure over Sasakian
manifolds

Hisashi KAasuya

Abstract. We define basic variations of Hodge structures over
manifolds with transverse holomorphic foliations. We prove some im-
portant properties of basic variations of Hodge structures over compact
Sasakian manifolds.

1. Introduction

A real Hodge structure of weight n on a real vector space V is a bigrading

Ve= P vre

pt+g=n

on the complexification Vg = V ® C such that
Vra = V9P,

It is a well-known fact that the cohomology of a compact Kéhler manifold admits
a canonical real Hodge structure. Hence, corresponding to a holomorphic family
of compact Kéhler manifolds, we obtain a family of real Hodge structures. In
[Gri2], Griffiths discovered the significant property of such family so-called Grif-
fiths * transversality. This leads to define variations of Hodge structures over
complex manifolds as flat bundles with certain structures. Now there are many
applications of variations of Hodge structures. In particular, considering variations
of Hodge structures over compact Ké&hler manifolds are very fruitful.

A Sasakian manifold is viewed as an important odd-dimensional analogue of a
Kaéhler manifold ([Sa]). The purpose of this paper is to give analogies of variations
of Hodge structures on Sasakian manifolds.
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2. Variations of Hodge structures over complex manifolds

Let M be a complex manifold.

DEFINITION 2.1. A polarized complex variation of Hodge structure of weight

w over M is (E =@, ,_, E"? D,h) so that
1. E is a C*®-complex vector bundle with a decomposition € EPY in a

direct sum of C*°-subbundles,

ptg=w

2. D is a flat connection satisfying the Griffiths transversality condition

D : A°(M, EP-7)
— A%Y(M, EPTRa o AYO(M, EP ) @ A% (M, EP) @ AV (M, EPT T

and

3. h is a parallel Hermitian form so that the decomposition @p+q:w EP9 g5
orthogonal and h is positive on EP4 for even p and negative for odd p.

Let G = Aut(E,, hy) and V = I,4 q=Aut(ED?, hy). By the definition, the
monodromy representation p : w1 (M, x) — GL(E,) corresponding to the flat bun-
dle (E, D) satisfies p(mi(M,z)) C G = U(s,t) where s = >_ . dim EP¢ and
t= Zp oaq dim EP9. We notice that a polarized complex variation of Hodge struc-
ture over M with a monodromy representation p : m (M, z) — G is equivalent to a
p-equivalent "horizontal” holomorphic map from the universal covering of M to a
classifying space of polarized Hodge structures expressed as a homogeneous space

G/V with an appropriate complex structure.

THEOREM 2.2 ([Gri3]). Let M be a complex projective manifold. For any
polarized complex variation of Hodge structure (E = €D EP% D, h) of w over

M, the flat bundle (E, D) is semi-simple.

ptHg=w

By the Griffiths transversality, the differential D on A* (M, E) decomposes D =
040+ 0+ 0 so that:

9 Aa’b(M, Ec’d) N Aa+1’b(M, Ec’d),
5 . Aa’b(M, Ec’d) N Aa’b+1(M, Ec’d),

0 - Aa’b(M, Ec,d) N 1411-‘-1,17(‘2\47 Ec—l,d+1)
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and
§: A%t (M, ESd) 5 AsbTL()f, getld-l),
We define
A(MEPT =AM, E),
ate=p,b+d=q

D =840 : A*(M,EP1 — A*(M,E)P*14 and D" = § + 0 : A*(M, E)P1 —
A*(M, E)Pa+1 By the flatness DD = 0, we have

D'D'=D"D"=D'D"+D"D'"=0.
We have the double complex
(A*(M, E)* D' D"
as the usual Dolbeault complex.

DEFINITION 2.3. A polarized real variation of Hodge structure of weight w
over M is (Er, E =@, ,—, E"?, D, Q) so that:

e (E,D) is a flat complex vector bundle with a real structure Egx C E,
e Q is a parallel (—1)"-symmetric bilinear form on Eg.

e defining h(u,v) = Q(u,v) on E, (E = @
complex variation of Hodge structure and

ot g=1w EP1 D, h) is a polarized

o Lpd = FP,

Polarized real variations of Hodge structure extend Hodge structures on the de
Rham cohomology of compact Kahler manifolds.

THEOREM 2.4 ([Zu]). Let M be a compact Kdhler manifold. For any polarized
real variation of Hodge structure of weight w (Egr, E = @p+q:w EP1. D, Q) over
M, the filtration F" = €D, ., A*(M, E)P? induces a functorial real Hodge structure
of weight i +w on the cohomology H (M, ER).

3. Basic variations of Hodge structures over foliated manifolds

Let (M,F) be a foliated manifold of co-dimension 2q. (M,F) is transverse
holomorphic if there is a foliation atlas {U,} with local submersions f,, : U, — CY
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and transition functions 7,5 : f3(Uy NUg) — fo(Us NUpg) satisfying the relations
fa = Tap fa such that each 7,z is biholomorphic. Let T'F be the tangent bundle of F
and NF = TM/TF the normal bundle. Then we have the canonical decomposition
NFc = NYOF @ NOLF satisfying NLOF = NOLF.

On a smooth manifold M, if we have a sub-bundle E C T'M¢ of complex co-
dimension ¢ so that E+F = T M¢ and F is involutive, then M admits a transverse
holomorphic foliation F such that TFc = ENE and N*°F = E/ENE (see [DK]).

A differential form w on M is called basic if the equations
(1) ixw=0=Lxw

hold for any X € TF. We denote by A% (M) the subspace of basic forms in the
de Rham complex A*(M). Then A% (M) is sub-complex of the de Rham complex
A*(M). Denote by Hy, (M) the cohomology of the basic de Rham complex A% (M).
Suppose (M, F) is transverse holomorphic. Corresponding to the decomposition
NFc = NV F @ NY%LF, we have the bigrading

Ap(M)c = @ AR"(M)

ptg=r

as well as the decomposition of the exterior differential djr (ar). = 9B + dp on
A’ (M), so that

Op : (M) — APFHI(M) and 9p : ARI(M) — AT (M)

A basic vector bundle E over a foliated manifold (M, F) is a C* vector bundle
over M which has local trivializations with respect to an open covering M = |J,, Ua
satisfying the condition that each transition function fug : Uy NUs — GL,(C) is
basic on U, NUp i.e. it is constant on the leaves of the foliation F. Suppose (M, F)
is transverse holomorphic. We say that a basic vector bundle E is holomorphic if
we can take each transition function transverse holomorphic. For a basic vector
bundle E, a differential form w € A*(M, E) with values in E is called basic if w
is basic on every U,, meaning w|y, € Ap_ (Us) ® C" for every a. Let

A5 (M, E) ¢ A*(M, E)

denote the subspace of basic forms in the space A*(M, E) of differential forms
with values in E. Corresponding to the decomposition NFc = NVOF @ NO1F,
we have the bigrading AR (M, E) = @, ,,_, A3'(M, E). If E is holomorphic,
we can extend the operator dp to the operator 9 : A%Y(M, E) — AR (M, E)
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satisfying 0p0r = 0. Conversely, if we have a connection V of E which de-
fined as V : A*(M, E) — A**Y(M, E) and decomposing V = V' + V" with
V' ARY(M, E) — ASTYY(M, E) and V' : AR9(M, E) — A9 (M, E) we have
V”"V" = 0, then there exists a unique holomorphic bundle structure on E such
that V" = 0 like the complex manifold case (see [Ko, Proposition 3.7]).

Example 3.1.  Consider the 3-dimensional Heisenberg group

lazt
H; = Oly | :z,y,t €R
001

We have the left-invariant vector fields

00, 00
Ox’ Oy ot’ ot

and the left-invariant differential forms
(dx, dy, dt — xdy) .
We consider the discrete subgroup

lzt
I'= Oly | :z,y,t €Z
001

and the compact 3-dimensional manifold M = T\ Hs. Then the left-invariant vector
field % generates a foliation F of co-dimension 2-dimensional so that each leaf is
an St-orbit. Consider the parameter (x,y,t) as a local coordinates of I'\Hs. Then
the transition functions may be given by (x,y,t) — (a+xz,b+y,c+ay+t) for some
a,b,c € Z. We have the transverse holomorphic structure on (M = I'\Hs, F) by
local submersions (x,y,t) — x ++/—1y. The basic de Rham complex A% (M) is

Ap(M) == (C V2 ® A(dx, dy).

This is identified with the de Rham complex of the complex torus C/Z + /—1Z.
Hence,

Hi(M) = /\(clac7 dy)
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and

p q

HEI(M) 2= \(dz) ® J\(dZ).

Consider the C™ -trivial complez line bundle E = M x C. For each local coordinate
(z,y,t), taking nowhere vanishing section e=* of E for a constant C € C as a
local frame, the transition functions will be written by the basic functions eTY.
For C # 0, this gives a non-trivial basic vector bundle structure Ec on E. Consider
the connection V = d+ C(dt — xzdy) on E. Then V is defined as V : A (M, E) —
A?l(M, E). The curvature of V is —Cdx A dy. The basic cohomology class of
ﬁ(}'daz A dy is the basic first Chern class of the basic vector bundle Ec. Like
the usual Chern class, this is an invariant of a basic vector bundle. Thus {Ec}
s a family of basic vector bundles such that Ec % Ec: for C # C'. Obviously,

V'"'V" =0 and hence we have a holomorphic structure on each Eg.

We consider a flat vector bundle (E, D) over M as a basic vector bundle by local
flat frames. Then, A% (M, E) is a sub-complex of the de Rham complex A*(M, E)
equipped with the differential associated to the flat connection D. Denote by
H} (M, E) the cohomology of A% (M, E).

A polarized complex basic variation of Hodge structure of weight w over (M, F)
is (B =@, 4= E"? D, h) so that

1. (E, D) is a complex flat vector bundle.
2. D, 4= EP'? is a direct sum of basic C*°-subbundles,
3. The basic Griffiths transversality condition
D : AL (M, EP)
— AR (M, EPTh e @ AR (M, EPY) @ A (M, EP?) @ AR’ (M, EP~HT1)
holds and

4. h is a parallel Hermitian form so that the decomposition @p pgew BT IS

orthogonal and h is positive on EP'? for even p and negative for odd p.

By the basic Griffiths transversality, the differential D on A% (M, E) decomposes
D =0+60+0+0 so that:

0 ALY (M, E>Y) — AL (M, BST),
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d: ALY (M, By — AGYT (M, BSY),

0 : AaBJb(M, Ecxd) N Aa-f-l,b(‘M7 Ec—l,d+1)

and
B A%Y(M, Eod) - ASPH (A, gethd1y,
We define
Ap(MEY = P AR(M, EY),
ate=p,b+d=q

D' '=0+0: Ay(M,EY? — Ay(M,E)P*14 and D" = 0+ 0 : A%(M,E)»4 —
A%(M, E)Pa+1 By the flatness DD = 0, we have

D/D/ — D//D/l — D/D// + D//DI — O.
We have the double complex
(Ap(M,E)*, D', D")

as the usual Dolbeault complex. By D”D’ = 0, we have 90 = 0. As [Ko, Chapter
1. Proposition 3.7], each EP'? can be seen as a holomorphic basic vector bundle.

A polarized real basic variation of Hodge structure of weight w over (M, F) is
(Er, B =, 4= B, D, Q) so that:

e (E, D) is a flat complex vector bundle with a real structure Eg C E,
e (@ is a parallel (—1)"-symmetric bilinear form on Eg.

e defining h(u,v) = Q(u,v) on E, (E = P, ,_,
complex basic variation of Hodge structure and

EP9 D, h) is a polarized

e P4 = F9P,

THEOREM 3.2.  Let (M, F) be a foliated manifold. Suppose (M, F) is trans-
verse holomorphic and admits a transverse Kahler structure w. Then the filtration
Fr = @Kp A*(M, E)P? induces a functorial real Hodge structure of weight i + w
on the cohomology Hy (M, Eg).
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PRrROOF. We have the Hodge theory on the basic differential forms (see [EKA] and
[KT]). As usual, we have the Kahler identities

A, D'] = —/=1(D")* and [A, D"] = (D')*

on the operators D’ and D”. The proof is given by the standard argument. O

4. Variations of Hodge structure over Sasakian manifolds

Let M be a (2n + 1)-dimensional real smooth manifold. A CR-structure on M
is an n-dimensional complex sub-bundle T™° of the complexified tangent bundle
TMc = TM ®g C such that 749 N T10 = {0} and T° is integrable (i.e., the
locally defined sections of 79 are closed under the Lie bracket operation). We
shall denote T1.0 by T%!. For a CR-structure 7% on M, there is a unique sub-
bundle S of rank 2n of the real tangent bundle T'M together with a vector bundle
homomorphism I : § — S satisfying the conditions that

1. I? = —Idg, and
2. T10 is the y/—1-eigenbundle of I.

A (2n+1)-dimensional manifold M equipped with a triple (710, S, I) as above
is called a CR-manifold. A contact CR-manifoldis a CR-manifold M with a contact
1-form n on M such that kern = S. Let £ denote the Reeb vector field for the
contact form 7 i.e. the unique vector field characterized by n(¢) = 1 and i¢dn = 0.
On a contact CR-manifold, the above homomorphism I extends to entire TM by
setting I(§) = 0.

DEFINITION 4.1. A contact CR-manifold (M, (T*% S, I), (n, €)) is a
strongly pseudo-convex CR-manifold if the Hermitian form (called the Levi form)
L, on Sy defined by L,(X,Y) = dn(X,IY), X,Y € S, is positive definite for
every point x € M.

Given any strongly pseudo-convex CR-manifold (M, (T, S, I), (n, £)), there
is a canonical Riemann metric g, on M, called the Webster metric, which is defined
to be

gn(X,Y) = Ly(X,Y)+9(X)nY), X, Y €e T,M, z € M.

For another strongly pseudo-convex CR-manifold (M’, (T4, S" I'), (1, €")),
amap f: M — M’ is CR-holomorphic if df oI = I’ odf. For any x € M, by
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ker(I,) = (&), we have df, (&) = c(x)g}(w) and f*n’ = c¢(x)n for some positive
function ¢(x) on M.

Remark 4.2.  For two CR manifolds (M, (T*°, S, I)) and (M', (T*Y, S", I')),
amap f : M — M’ is a CR-map if df(T}°) C T}(% for any x € M. On
strongly pseudo-convex CR-manifolds, CR-holomorphic maps are CR maps. But
the converse may not be true.

For a complex manifold (N, J), amap f : M — N is CR-holomorphicif df ol =
Jodf. By 0 =df o I(§) = Jodf(§), we have df, (&) = 0 for any z € M. A map
f: M — N satisfies df,(£;) = 0 and df,(T*Y) C TYON for any x € M if and only
if f: M — N is CR-holomorphic.

DEFINITION 4.3. A Sasakian manifold is a strongly pseudo-conver CR-
manifold

(M, (T"°, S, 1), (n, £))

such that for any section ¢ of THC, [€,(] is also a section of TV.

Let (M, (T*% S, I), (n, £)) be a compact Sasakian manifold. The flow of Reeb
vector field ¢ defines a 1-dimensional foliation F¢ on M. By the definition of
the Sasakian manifold, the CR-structure T%0 defines a transverse holomorphic
structure on the foliated manifold (M, F¢). Furthermore, the closed basic 2-form
dn is a transverse Kéahler structure with respect to this transverse holomorphic
structure.

Ezxample 4.4.  Consider the Heisenberg Lie group Hs as in FExample 3.1. Then,
the complex sub-bundle T*° in THsc generated by

(o= (G ))

is a left-invariant CR structure on Hz. Take n = dt — xzdy and £ = %. Then

n = dt — xdy is a contact structure and £ is its Reeb vector field. Since we have
0 0 0
—_— —1 —_— — =
{5’ oz " (ay”atﬂ 0

we obtain a left-invariant Sasakian structure on Hs. By the left-invariance, this
induces a Sasakian structure on the compact quotient I'\ Hs.
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The main purpose of this paper is to study a basic polarized variation of Hodge
structure over the foliated manifold (M, F¢). We first show the semi-simplicity as
Theorem 2.2.

THEOREM 4.5.  Let (M, (T'°, S, 1), (n, &) be a compact Sasakian man-
ifold.  For any basic polarized complex variation of Hodge structure (E =
D, y—uw EV D, h) of weight w over (M, F¢), the flat bundle (E, D) is semi-simple.

PROOF. Define the Hermitian metric H on E so that H(v,w) = (—1)Ph(v,w) for
v,w € EP9, Since @p+q:w EP7 is a direct sum of basic C'*°-subbundles, H is
basic. But it may not be parallel. Consider ¢ = 6+ 60 and V = D — ¢. Then V
is a unitary connection and ¢ is a basic 1-form with values in the self-adjoint part
of End(E) corresponding to H. Applying [BK, Theorem 4.2], we can say that the
Hermitian metric H is harmonic (i.e. V*¢ = 0). By [Co, Proposition 3.2], the flat
bundle (E, D) is semi-simple.

0

Remark 4.6. In [Co|, Corlette proved the semi-simplicity for polarized complex
variations of Hodge structures over compact Kdahler manifolds by using harmonic
metrics. This is different from Griffiths’s proof in [Gri3]. The proof of Theorem
4.5 is based on Corlette’s idea.

For two Sasakian manifolds (M, (TH0, S, 1), (n, &)) and
(M, (TS 1'), (0, €)), consider a CR-holomorphic map f : M — M’
We have f*n’ = ¢(x)n for some positive function ¢(z) on M. Since dn’ is basic, we
have

df*n' (6, X) = frdn' (&, X) = dn/(df (&), df (X)) = d' (c(2)€} ) df (X)) =0
for any X € TM,. By L¢dn = 0, this implies
Le(e)n = Le(f*n) = (ied + dig)(f*n') = dief*n" = de

and so de = 0 on the sub-bundle S C TM. This implies the following claim (cf.
[DT, Lemma 4.1]).

CLAIM 4.7.  c¢(x) is constant.

PROOF. Since TM = S @ (&), it is sufficient to prove de(§,;) = 0 for any « € M.
We use the Tanaka-Webster connection:
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PROPOSITION 4.8 ([Ta], [We]). For a strongly pseudo-convex CR-manifold

(M, (T, 8, 1), (n, €))

there exists a unique affine connection VW on TM such that the following hold:

1. VIW(C==(8)) c AY(M, S), where A¥(M, S) is the space of differential k-
forms on M with values in the vector bundle S.

2. VIW¢ =0, VIWT =0, VIWdn = 0, VIWy = 0 and VIWg, = 0.

TTW vTW

3. The torsion of the affine connection satisfies the equation

TTV(XY) = —dn(X,Y)¢
foradl X, Y € S, andx € M.

Since dn is non-degenerate on S, we can take local sections X,Y of S such that
dn(X,,Yz) # 0. By the third property of the connection VI'W in Proposition 4.8,
we have

VIVY - VIVX — [X,Y] = —dn(X,Y)E.

By the first property in Proposition 4.8, VIVY — VIW X is a local section of S.
Hence

—dn(X,Y)de(€) = de(VIVY = VIV X) - X (Y (c)) + Y (X(c)) = 0.
This implies dc(€,) = 0. O

Remark 4.9.  Usually, morphisms between CR manifolds are CR-maps. But
we would like to adopt CR-holomorphic maps as morphisms between Sasakian man-
ifolds rather than CR maps. A CR-holomorphic map between Sasakian manifolds
can be regarded as an analogue of a holomorphic map between Kdhler manifolds
(see [IP], [Pe]). For example, CR-holomorphic maps between Sasakian manifolds
are harmonic and an analogue of the Siu theorem ([Siu]) follows.

Since the pull-back f*¢ of a basic function ¢ on (M’, F¢/) is a basic function on
(M, Fe), the pullback f*E of a basic vector bundle E over (M’, F¢/) is a basic vector
bundle E over (M, F¢). The pull-back f* on the de Rham complex is restricted as
f* i Ag(M') — A% (M) and this map is a morphism of double complexes. For a

basic polarized complex variation of Hodge structure of w (E = @p pg=w BP D, h)
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over (M', F¢r), the pull-back (f*E = @, ., ["EP9, f*D, f*h) over (M,F).
The pull-back f* : A*(M',E) — A*(M, f*E) is restricted as f* : AL, (M',E) —
A% (M, f*E) and this map is a morphism of double complexes.

Like complex case, we see the correspondence between basic polarized com-
plex variations of Hodge structure over Sasakian manifolds and equivariant maps
into classifying spaces of polarized Hodge structures. For a compact Sasakian
manifold (M, (T10, S, I), (n, £)), we take the universal cover p : M — M
associated with a base point z € M. We consider the Sasakian manifold
(M, (T%0, S, 1), (7, §)). Let (B = @p+q:w
plex variation of Hodge structure of weight w over (M, F¢). Let G = Aut(E,, hy)
and V = II,4 = Aut(EP9, h,). Take the monodromy p : m (M, z) — GL(E,) of
the flat bundle (E, D). Since h is parallel, we have p(m (M, x)) C G. Let g be
the Lie algebra of G. The decomposition F = @p 4 q=w 8ives the Hodge structure
gc = @, 97" For the Lie algebra v of V, we have v = g N g%°. Consider the
Homogeneous space G/V. We identify

EP4 D h) a basic polarized com-

T(G/V)= (G xofo)/V = [Gxan |[@a || v
r#£0

It is known that G/V is the classifying space for h,-polarized complex Hodge
structures of type {d??} where dP*? = dim E?*%. This means that every h,-polarized
complex Hodge structure of type {dP?} is given by gFE®? for a unique gV € G/V.
The Hermitian metric H as above corresponds to a p-equivariant map & : M —
GL(E,)/Aut(E,, H,) so that d®, = ¢,(,) where we identify E = m; (M, z)\(M x
E,) and T(GL(E,)/Aut(E,, H,)) = (GL(E,) X S(E,, H;))/Aut(E,, H,) for the
vector space S(E,, H,,) of the self-adjoint linear operators on E,. Since H comes
from polarized complex Hodge structures on E,, we can define & : M — G /V.

Defining the complex structure on G/V whose holomorphic tangent bundle is
TYG/V) = (G x B,-08 ") /V. We have the holomorphic sub-bundle

TG/V) = (G x g~8) )V € TG/ V).
Now, for any y € we have déy(gx) = 0 and the basic Griffiths transversality implies

o, (T, °M) = 0(T,;

(Z)M) C T}}’O(G/V)‘p(y)

In particular, the map ® : M — G/V C GL(E,)/Aut(E,, H,) is CR-holomorphic.

Conversely, if we have:
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e a polarized complex Hodge structure (E, = € EP1 h,) on a vector

pHg=w
space F,,

e a representation p : w1 (M, x) — G and

e a CR-holomorphic p-equivariant map ® : M — G/V such that o, (T;’OM ) C
Ti’O(G/V)q;.(y) for any y € M

where we define G, V' and T;’O(G/V) in the same manner as above, then we obtain
a basic polarized complex variation of Hodge structure (E = ®p+q=w EP% D, h)
so that E = (M, z)\(M x, E,) and for each y € M, Epd = W(y)EY? by taking
U(y) € Gas O(y) =TV(y)V € G/V.

Remark 4.10.  Similarly a basic polarized real variation of Hodge structure
(Er, E =D, 4= E?, D, Q) corresponds to

o a polarized real Hodge structure (Er g, E; = @p+q:w EP1 h,) on a vector
space F,,

e a representation p : w1 (M,x) — G and

e a CR-holomorphic p-equivariant map ® : M — GV such that d®, (T;*OM) C
Ti’O(G/V)q)(y) foranyye M

where G = Aut(Er 4, Qy), V = {g € G : gEP? = EP9VY(p,q)} and for the Lie
algebra g of G with the Hodge structure gc = €D, 9~ "" associated with E, =
&) Ept, Ty%(G)V) = (G x g~bY) /V C TYO(G)V).

ptg=w T

Remark 4.11.  For t € U(1), we have 7(t) € V so that 7(t)v = t*"% for
v € EP9. We consider the 1-dimensional sub-torus S C V associated with
7 : UQ1) — V. Then S is contained in the center C of V. Since C is a
torus and a direct factor of V., we can take a closed subgroup V' C V such
that V. = V' x S. Consider the homogeneous space G/V'. Then we have
T(G/V') = (G X gnN (@#0 g‘”’) @s) J/V' where s is the Lie algebra of S. We
define the CR structure T10 = (G X @D, -0 g*”) J/V'. It may be interesting to ex-
tend CR-holomorphic maps ® : M — G/V corresponding to basic polarized complex
variations of Hodge structure to CR-holomorphic maps @' : M — G/V'.

We can see G/V' admits a pseudo-Sasakian structure. Since the action of V'
on § is trivial, we have a real left-invariant vector field & on G/V' correspond-
ing to s and a real left-invariant 1-form n on G/V' corresponding to s* such
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that £&(n) = 1. Then igdn = 0 and [£,T'°] c TYO. We define the symmet-
ric bilinear form B on g N (@Wéo g“”’) @Ps such that B(X,Y) = —Tr(XY).
Then B polarizes the Hodge structure @MﬁO g~ """ @ sc where sc is the component
of type (0,0) (see [Sch, Lemma 8.8]). For X,Y € g ™", for some T € s, we
have B([X,Y],T) = —B(X,[T,Y]) = —rv/—1B(X,Y). This implies that the left-
invariant Hermitian form /—1dn(X,Y) = —/=1n([X,Y]) on T*? has the same
rank and same signature as B(X,Y). Thus n is a contact form on G/V' which is
compatible with the CR-structure T*° and its Levi form L, has the signature (s,t)
where s = dim EP? and t =3 4, dim BP9

peven

We give an analogue of Theorem 2.4.

THEOREM 4.12.  Let (M, (T*°, S, I), (n, £)) be a compact Sasakian manifold.
For a polarized real basic variation of Hodge structure of weight w over (M, F) is
(Eg, E = @pﬂ:w EP1 D, Q), there exists a functorial real Hodge structure on the
cohomology H*(M, ER) of weight i + w for 1 < i < mn or of weight i + w + 1 for
n+1<3<2n.

PROOF. As [Ka], we have the quasi-isomorphisms
A*(M, Eg) < kerD® @ kerD A — Hp(M, Er) ® Hi(M, Er) ® (n).

By Theorem 3.2, there exists a functorial Hodge structure on Hi (M, Eg) of weight
i + w. Putting the Hodge structure on (n) so that 7 is of type (1,1), we have the
Hodge structure on Hjy ' (M, Eg) ® (1) of weight i +w + 1. As the usual Lefschetz
decomposition, the map Hy(M, Eg) > a — a Adny € Hg™(M, Eg) is injective
for r < n — 1 and surjective for 7 > n — 1. Thus the cohomology H'(M, Eg) is
canonically isomorphic to

Hiy(M, Er)/Hiy *(M, Eg) Adn
for i < n or canonically isomorphic to
ker (Hy; (M, Er) > a—~ aNdn € Hy' (M, Er)) ® (n)
for n +1 < i < 2n. Thus, the Hodge structure as in the statement exists.

We show the functoriality. Let f : M — M’ be a CR-holomorphic map. Via
the quasi-isomorphisms as above, the pull-back f* : A*(M',E) — A*(M, f*E)
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corresponds to the map
frHp(M', Ep) @ Hp(M', Er) @ (n) — Hp(M, f*Eg) & Hp(M, f*Egr) ® (n).

Since the map f* : Hy(M', Er) — H5(M, f*Eg) is a morphism of Hodge struc-
tures and f*1’ = cn for some constant ¢, the map

frHp(M', Ep) ® Hp(M', Er) ® () — Hp(M, f*Er) ® Hp(M, f*Er) ® (n).

induces a morphism of Hodge structures on the cohomology. Hence the map f* :
HY(M', Eg) — H'(M, f*Eg) is a morphism of Hodge structures.
O

5. Remarks on Sasakian manifolds and Kéhler manifolds(orbifolds)

Let X be a complex projective manifold with a Hodge metric i.e. a K&hler met-
ric whose Kéhler form w determines an integral cohomology class [w] € H2(M,Z).
Then, we have a principal circle bundle (Boothby-Wang fibration) 7 : M — X and
a 1-form 7 on M such that dn = 7*w. It is known that we can take n a contact
form on M and defining the CR-structure 70 by the horizontal lifting of T*°X,
and T10 constitute a Sasakian structure on M (see [Bl]). Pulling back of variations
of Hodge structure over X, we obtain basic variations of Hodge structure over the
Sasakian manifold M.

An n-dimensional C*°(complex) orbifold is a paracompact Hausdorff space X
with a family U = ({U,, Uy, T, ®a})a such that :

e For each o, U, is a connected open subset of R” (C™) containing the origin,
T, is a finite subgroup in the orthogonal group O(n) (the unitary group U(n))

and ¢, is a [',-invariant continuous map from U, into an open subset U, in
M which induces a homeomorphism between U, /T, and U,,.

° M:UaUa'

e For two {Uy, Ua, T, o} and {Us, Ug, T, do} with z € U, NUsp, there exists
{u,, UV,FW,(bW} such that € U, and there are C* (holomorphic) embed-
dings Aay : Uv — U, and Agy Uv — Ug satisfying ¢o 0 Aoy = ¢ and
bp 0 Apy = Py

If each finite group I, is trivial, an orbifold (X,U) is a smooth manifold. A
Riemannian (Hermitian) metric on a C*(complex) orbifold (X,) is a family (ga)a

consisting of a Riemannian (Hermitian) metrics on each U, such that each g, is
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I'p-invariant and any A~ is an isometry. A Hermitian metric on a complex orbifold
(X,U) is Kahler if each g, is a Kéhler metric on U,. For a Lie group G, a principal
G-orbibundle over a C* orbifold (X, U) consists principal G-bundles p,, : By, — U,
with homomorphisms A, : I’y — G such that:

o po(bho () =~y 1p(b) for b € B, and 7 € T,

e For any A, : U, — U,, there exists a bundle map Ao : ps*t(Aay (U,)) — B,
such that for g, € I'y and g, € I'q With Aoy 0 gy = ga © Aoy, hy(gy) 0 Aoy =
Aoy 0 ha(ga).

Similarly we define a (holomorphic) vector orbibundle over a C* (complex) orbifold
(X,U), replacing p, : B, — U, with vector bundles and h, : I, — G with
homomorphisms from T',, into linear transformations. For a (holomorphic) vector
orbibundle F — X, we define a section of E as a family of I',-equivariant sections
which are compatible with the transition structure of E. In the usual manner,
we define the de Rham (Dolbeault) complex (A*(X),d) ((A**(X),0,0)) of a C*
(complex) orbifold (X,U). We also define a connection on a vector orbibundle
E — X as a differential operator D on the space A*(X, E) of differential forms
with values in £ and we say a connection D is flat if DD = 0. Let M be a complex
orbifold. We define a polarized complex (real) variation of Hodge structure of
weight w over a complex orbifold M by the same manner as in Definition 2.1 (2.3).

A compact Sasakian manifold (M, (TP, S, I), (n, £)) is called quasi-reqular
if every leaf of the foliation F; is closed. For any compact Sasakian manifold
(M, (T*°, S, I), (n, £)), we can take another contact form 1’ with the Reeb vec-
tor field ¢ so that (M, (T'°, S, I), (1, &) is quasi-regular (see [BG, Section
8.2.3]. Under the quasi-regular condition, the leaf space M/F¢ admits a canon-
ical Kahler orbifold structure and M is the total space of a principal S!-orbibundle
over M/Fe(see [BG]). Precisely, the basic two form dn induces a Kéhler structure
on the orbifold M/F¢ which is a representative a integral class of the orbifold co-
homology. We note that the orbifold M/F is a projective algebraic variety by the
result in [1]. Since M is a smooth manifold, each homomorphism h,, : ', — S* for
this principal S!'-orbibundle is injective. Pulling back of variations of Hodge struc-
ture over M/F¢, we obtain basic variations of Hodge structure over the Sasakian
manifold M.
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6. Examples

Consider SLy(R) and its universal covering 7 : SLy(R) — SLy(R). Let

10 01 0-1
X = <01), YZ(IO) and 7= (1 ) )

For the Lie algebra sl2(R) of SLy(R), we have slo(R) = (X,Y,Z) and [X,Z] =
=2Y, [Y,Z] = 2X and [X,Y] = —2Z. We regard sl2(R) as the left-invariant
vector fields. Then, W = 1(X — /=1Y") defines a left-invariant CR structure 7"
on SL, (R). Consider the dual slo(R)* = (x,y, z) as the left-invariant differential
forms. Then, n = z is a left-invariant contact structure on SL, (R) and we have
the strongly pseudo-convex CR-manifold (SLy(R), (T, S, I), (n, £)) with & = Z.
Since [Z, W] = 2y/—1W, this is a Sasakian manifold.

Let I' C é\_/LQ(R) be a cocompact discrete subgroup. Consider the Sasakian
manifold (f\ﬁg(R), (T4, S, 1), (n, £)). Let pr : SL2(R) — GLiy1(R) be the
irreducible representation which is the k-th symmetric product of the standard
representation SLy(R) — SLy(R). For the representation g = ppomw : I —
GLi+1(R), we define the flat bundle EE = f\(ﬁg(R) X 5 RF1) with the natural
flat connection D. Corresponding v € R¥*! to the section g (g)v of EE, we have
the trivialization EX = I'\SLy(R) x R*+! such that D = d + w with

w=p(X)@x+psY)®y+ pr(Z2) ® 2.

Let C*! = @p<p<k Vi—2p so that pr(Z2)(v) = (k — 2p)v/—1v for v € Vj_2,. Then
we have

Pe(W)Vi—2p C Vie_opia and Pe(W)Viop C Vi_gp_a.

Define the subbundle EP*~4 = T\ SLy(R) X Vj_g, of E¥ = EF @ C = T'\SLy(R) x
Ck+1. Taking the 1-parameter subgroup associated with the vector field € = Z, this
can be considered as an S! = SO(2)-action (see [RV]). This S!-action is extended
to a Sl-action on EX. We can see that for t € S and ([g],v) € f\ﬁg (R) x RF+L,
t-(Cg,v) = (Tgt, pr(t)~Lv). By this condition, E* = @
of basic C*-subbundles. Let D = V + 0 4 6 where

1 S
V=d+p(2)® z, Gzipk(W)(EQw and 9:§pk(W)®1D

P i
gk P77 is a direct sum
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where w = x + v/—1y. Since we have

V : A%(D\SLy(R), EP9) — AL(D\SLy(R), EP9),

0 : A%O(f\ﬁQ(R),Ep,q) _ Ago(f\ﬁQ(R)’Epfl,q+l)
and
0: A%O(f\ﬁQ(R)’E%Q) s Agl(f\ﬁQ(R)’Ep+l,qfl)7

the basic Griffiths transversality condition holds. We define a parallel (—1)*-
symmetric bilinear form @ on EX induced by the skew-symmetric form on R?
associated with the determinant on GLy(R). Finally, we have the polarized real
basic variation of Hodge structure (EE, E¥ = @ EP1 D, Q) of weight k over

(I\SLy(R), Fe).

p+aq=k

Remark 6.1.  The compact Sasakian manifold (f\éng(R), (TH9, 8, 1), (n, &))
is quasi-reqular. The leaf space M/F¢ is a hyperbolic orbifold Riemann surface
W(f)\H where H is the upper-half plane with the hyperbolic metric. The basic
vector bundle EPY is the pull-back of the vector orbibundle LP~? over ﬂ(f)\H

where L is a square root of the canonical bundle of the orbifold Riemann surface
m(D)\H.

Let G be a connected non-compact simple Lie group and K a maximal compact
subgroup of G. We assume that G is of Hermitian type i.e. G/K is a Hermitian
symmetric space of non-compact type. Consider the universal covering 7 : G- G
and the subgroup K= 77 Y(K). Then K has a unique maximal compact subgroup
K which is a maximal compact subgroup in G. Let g = Lie(G) = Lie(G), & =
Lie(K) = Lie(K) and & = Lie(K;). Denote by ¢ the the center of &. We have
dimc=1and t=c® &.

Let p C g be the orthogonal complement of ¢ associated with the Cartan-Killing
form. Consider the Cartan decomposition g = ¢ @ p. Then, we can take T € ¢ so
that pc = p4 ® p_ for

pr ={X epc|[T,X] =V-1X} and  p_={X €pc|[T,X] = —V-1X}.

The decomposition pc = p4 @ p_ induces a G-invariant complex structure J on
G/K and a G-invariant CR structure 7% on GG/ K; so that T;IL? = p4. Consider the
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~ ~ ~ El

G-invariant 1-forms ((g/El)*)El = ¢* ¢ AY(G/K;) and 2-forms (/\2 (g/El)*) =
g, ~ o~ [

(/\2 p*) C A%(G/K;). Then (/\2 p*) is spanned by G-invariant Kéhler form

w on G/K and the differential d : ¢* — (/\2 p*)El is bijective. Take n € ¢*
so that dn = w and £ € ¢ so that n(§) = 1. Then we have the Sasakian manifold
(G/Ky, (T™°, S, I), (1, €)). The homogeneous space /K is a principal R-bundle
over G/K. We notice that this Sasakian manifold can be seen as the Boothby-Wang
fibration of the Hermitian symmetric space G/K (see [BaK]).

Let I C G be a cocompact discrete subgroup so that T acts freely on G / K 1-
Then we have the compact Sasakian manifold (I\G/K1, (T, S, I), (n, £)). We
assume that 7(I) is discrete in G. We do not assume 7(I') acts freely on G/K.
Hence the quotient 7(I')\G/K is a Kihler orbifold.

We construct polarized complex basic variation of Hodge structure over
(T\G/K 1, Fe¢) by the idea of Locally homogeneous variations of Hodge structure
as in [Zu2]. Let Z be the center of K. Then we have an isomorphism Z = U(1).
For the adjoint group Ad(G) of G and the subgroup Z4? C Ad(G) corresponding
to Z, the homomorphism Z — Z4% is a covering map. Denote by p the degree of
this covering map. Let p : G — GL(V) be an irreducible representation of G on a
finite-dimensional C-vector space V. Let V,, = {v € V|p(2)v = z"v, 2z € Z} where
we regard Z = U(1). Then we have non-negative integers m,n such that m > %
and V = @}", Vo—ku. We have

p*(p—i-)vn—ku - Vn—k:u-&-,u,a p*(p—)Vn—k}u C Vn—k,u,—p,
and
Px (E)Vn—ku CVoikp-

Taking a compact real form of g, we can define a Hermitian inner product (,) on
V satisfying

(p«(X)v1,v2) = —(v1, pu(X)v2)
for X € £ and
(p«(X)v1,v2) = (v1, pu(X)v2)

for X € p (see [MM, Lemma 3.1]).
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Let p = pom: G — GL(V) We consider the flat bundles
E=T\(G/K, x;V) and E =T\(Gx;V).

Corresponding v € V' to the section p(g)v of E, we have the trivialization E' =
I'\G x V. We can see that for k € K and ([g],v) € I\G x V, k- (I'g,v) =
(Cgk, p(k)~1v). We have E = E'/K; and define the subbundle

EFn=F — (D\G X Vy_1u)/ K1 C E = E'/K,.

Then they are basic and we have E = @p g=n EP?. By the relations
PP Va—ip C Vikpyp and pu(p—)Vi—iku C Vi—kp—p, the basic Griffiths transver-
sality condition holds. By the relation (p.(X)vi,v2) = —(v1, p«(X)vs) for X € ¢,
the Hermitian inner product (,) induces Hermitian metric H on E and the direct
sum F = @p pqen EPY IS orthogonal with respect to H. Define the Hermitian form
hon E so that E =P, ,_,, EP'? is orthogonal with respect to h and h = (—1)PH
on EP9. Then, by the relations p.(p4+)Vo—ky C Va—kptpus PP=)Va—ip C Viekp—p
and (p.(X)v1,v2) = (v1, p«(X)v2) for X € p, h is a parallel Hermitian form on
the flat bundle E. Hence, we have the polarized complex basic variation of Hodge
structure (£ = @, ,—, B, D, h) of weight n over (f‘\é/f{l,}'g).
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