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Area-minimizing cones over minimal embeddings of R-spaces
Shinji OHNO and Takashi SAKAI

Abstract. We prove area-minimizing properties of some
cones over minimal embeddings of R-spaces by constructing area-
nonincreasing retractions.

1. Introduction

Let Cp be the cone over a submanifold B of the unit sphere S™~! in R"™.
The cone Cp is minimal in R™ if and only if B is minimal in Sl We call
a cone Cp area-minimizing if its truncated cone C} has the least area among
all integral currents with the same boundary B. Solutions of Plateau’s problem
can have singularities as integral currents. At an isolated conical singularity, the
tangent cone is area-minimizing. Hence, in order to understand such singularities,
we should study area-minimizing properties of minimal cones.

Lawlor [9] gave a sufficient condition, so-called the curvature criterion, for a
cone to be area-minimizing, using an area-nonincreasing retraction. With this cri-
terion, he obtained a complete classification of area-minimizing cones over products
of spheres and the first examples of area-minimizing cones over nonorientable man-
ifolds. Kerckhove [8] proved that some cones over isolated orbits of the adjoint
representations of SU(n) and SO(n) are area-minimizing. A symmetric R-space
can be minimally embedded in the sphere in a canonical way. Hirohashi, Kanno
and Tasaki [3] constructed area-nonincreasing retractions onto the cones over sym-
metric R-spaces associated with symmetric pairs of type B;. Furthermore, Kanno
[6] proved that cones over some symmetric R-spaces are area-minimizing. Recently,
independently of our study, Z.Z. Tang and Y.S. Zhang [11] showed area minimizing
properties of the cones over the focal submanifolds of isoparametric hypersurfaces
in the unit sphere except for some low dimensional cases.

In this paper, we study area-minimizing properties of cones over minimal em-
beddings of R-spaces, not only symmetric R-spaces. In Theorem 3.4, we give a
construction of retractions generalizing the method given in [3]. Applying this the-
orem we give some examples of area-minimizing cones over minimal embeddings
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of R-spaces. In Section 5, we discuss area-minimizing properties of cones over
products of R-spaces.

2. Preliminaries

2.1. Area-minimizing cones.

Let B be a submanifold of the unit sphere S™~! in R™. We define the cone Cp
and the truncated cone Cj over B by

Cp={tz e R" |0< t,x € B},
Cp={treR"|0<t<1,x € B}

Both Cp and Cj have an isolated singularity at the origin 0 € R™.

DEFINITION 2.1. A cone Cp is called area-minimizing if Cj; has the least area
among all integral currents with boundary B.

Let V and W be two vector spaces with inner products, and let F': V' — W be
a linear map. Suppose dimV =n > dim W = m. We define the Jacobian JF of F
by

JF =sup{[|F(vi) A--- A F(vm)l},

where {v1,...,v,,} runs over all orthonormal systems of V. If F is not surjective,
then JF = 0. If F is surjective, then

JF = HF(vl) A "'/\F(Um)H

for any orthonormal basis of (ker F')*.

DEFINITION 2.2. A retraction ® : R” — Cp is called differentiable if ® : R™\
®~1(0) — Cp\ {0} is C'. A differentiable retraction ® is called area-nonincreasing
if J(d®), <1 holds for all z € R™\ ®71(0).

PROPOSITION 2.3. Let B be a compact submanifold of the unit sphere S™~1
in R™. Suppose that there exists an area-nonincreasing retraction ® from R™ to

Cp. Then Cpg is area-minimizing.

PROOF. Let S be an integral current which has the same boundary B as C. Since
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®(S) D Cg, we have

Vol(Ch) < Vol(®(S)) = Vol(®()\ 0D < [ [d(er A+ A ew)dus
S\@~1(0)
< / J(d®),dpis < / ldps < / ldus = Vol(S),
S\&1(0) S\&-1(0) s
where {ey,...,ex} is an orthonormal frame of S. O

If Cp is area-minimizing, then C'p is minimal in R™. Therefore, to find area-
minimizing cones, it suffices to consider cones over minimal submanifolds of S™~*.
For this purpose, we use s-representations, which are the linear isotropy represen-
tations of Riemannian symmetric spaces.

2.2. Riemannian symmetric pairs and restricted root systems.

Let G be a connected Lie group and 8 be an involutive automorphism of G. We
denote by F(6, G) the fixed point set of 6, and we denote by F(6,G)o the identity
component of F(6,G). For a closed subgroup K of G, the pair (G, K) is said to be
a Riemannian symmetric pair if F(¢,G)y C K C F(0,G) and Ad(K) is compact.
Let (G, K) be a Riemannian symmetric pair, and g and ¢ be Lie algebras of G and
K, respectively. We immediately see that

t={Xeg|dd(X)=X}.
We put
m={X eg|dd(X)=—-X}.

We denote by (-,-) an inner product on g which is invariant under the actions of
Ad(K) and df. Then (-,-) induces a left-invariant metric on G and a G-invariant
metric on M = G/K to be a Riemannian symmetric space respectively, which we
use the same symbol (-, -). Since df is involutive, we have an orthogonal direct sum
decomposition of g:

g=*¢t+m.

This decomposition is called the canonical decomposition of (g, ). For the origin
0 € G/K, we can identify the tangent space T,(G/K) with m by the differential of
the natural projection 7 : G — G/K.

In this paper, we consider only Riemannian symmetric spaces of compact type.
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We suppose that G is compact and semisimple. Take and fix a maximal abelian
subspace a in m and a maximal abelian subalgebra t in g including a. For A € t,
we put

a={Xeg"[[H X]=V-1(\H)X (H e t)}
and define the root system R of g by
R={xet\{0} | g #{0}}.
For X\ € a, we put
oy ={X €g" [[H,X]=V-1(\H)X (H € a)}
and define the restricted root system R of (g, €) by
R={xea\{0}]agx#{0}}.

Denote the orthogonal projection from t to a by H +— H. We extend a basis of a
to that of t and define a lexicographic orderings > on a and t with respect to these
basis. Then for H € t, H > 0 implies H > 0. We denote by F the fundamental
system of R with respect to >, by F the fundamental system of R with respect to
>. We define

Ro={NeR|X=0}, Fy={acF|a=0}.
Then we have

R={N|AeR\ Ry}, F={alacF\F}
We denote the set of positive roots by

R.={MNeR|A>0}, R.,={\cR|\>0}.
We put

th={Xct|[H,X]=0(Heca)}

and for each A € R

B =tN(gx+g-x), my=mnN(gr+g-»).
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We then have the following lemma.

LEMMA 2.4 ([10]). (1) We have orthogonal direct sum decompositions:

?:Eo+ZE)\, m:aJerA.

AERy AERy
(2) For each i € Ry \ Ry there exist S, € € and T, € m such that
{Sul me Ry, p=X}, {Tu|pekRy, p=Ax}
are, respectively, orthonormal bases of €\ and my and that for any H € a

[H7 SH] = <1U7H>T‘M7 [H7 T'u] = —<[L,H>SH.

For each A € Ry we put m(\) = dimm, = dim¢,. m(\) is called the multi-
plicity of A. We define a subset D of a by

D= (J{Heal(\H) =0}
AeRy

Each connected component of a \ D is called a Weyl chamber. We define the
fundamental Weyl chamber C by

C={Hea|{(a,H)>0 (a€F)}.
The closure of C is given by
C={Hea|(a,H)>0(ax€F)}.
For each subset A C F, we define a subset C* C C by
CA={HecC|(a,H)>0(acA), (3, H =0 (Bc F\A)}.
Then we have the following lemma.
LEMMA 2.5 ([3]). (1) For Ay CF

= J e
ACA,

is a disjoint union. In particular C = Uacr CA is a disjoint union.
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(2) Ay C Ay if and only if CA* C CB2, for Ay,Ay C F.
For each o € F we define H, € a by

<Hon6> = 5(15 (ﬂ S F),

where o4 is Kronecker’s delta. Then for A C F' we have

CAZ{ZQCQHQ ma>0}.

aEA

The notation of the preceding section will be preserved. The linear isotropy
representation of a Riemannian symmetric space G/K is called an s-representation.
The s-representation of G/K on T,(G/K) and the adjoint representation Ad(K)
on m are equivalent. Since an s-representation is an orthogonal representation,
for a unit vector H € m, the orbit Ad(K)H is a submanifold of the unit sphere
S C m. Orbits of s-representations are called R-spaces. The orbit space of an
s-representation is homeomorphic to C, more precisely for any X € m, there exists
k € K and unique H € C such that X = Ad(k)H. The decomposition of C in
Lemma 2.5 is the decomposition of the orbit type. From the following theorem, we
can see that for each orbit type, there exists a unique minimal orbit.

3. Construction of retractions

THEOREM 3.1 ([5]). For any nonempty subset A C F, there exists a unique
H € SNCA such that the linear isotropy orbit Ad(K)H is a minimal orbit of S.

COROLLARY 3.2.  An isolated orbit (i.e. A = {a}) is a minimal submanifold
of S.

Kitagawa and Ohnita ([7]) calculated the mean curvature vector mp of Ad(K)H
inmat H:

A
myg = — Z )\7H>.

> PA
XeRL\RS

This expression is used in the proof of Theorem 3.1. We consider cones over minimal
embeddings of R-spaces that obtained in this way, and construct retractions.

LEMMA 3.3 ([3]). Suppose ¢ is a mapping of C into itself such that
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(C2) € CA for each A C F. Then ¢ extends to a mapping ® of m as
(X) = Ad(k)o(H)
for each X = Ad(k)H (k€ K,H €C).
The following theorem is a generalization of Proposition 2.6 in [3].

THEOREM 3.4. For A € C, we put Ag = {a € F | (o, A) > 0}. Let f:C —
R>o be a continuous function. Define a continuous mapping ¢ : C — {tA |t > 0}

by ¢(w) = f(x)A. If  satisfies
(1) f(tA) =t (t > 0),
(2) fles =0 (A C F with Ay ¢ A),

then ¢ extends to a retraction ® : m — Caq(kya-

PROOF. First, we show that ¢ satisfies the assumption of Lemma 3.3. For ACF
if Ag C A, then C2° C CA. Hence

H(CA)={tA|t >0} cC? cCA

holds. If Ay ¢ A, then ¢(C?) = {0} since flca = 0. Therefore, ¢ satisfies the
assumption of Lemma 3.3. We also get

®(m) = {Ad(k)f(H)A | k€ K,H € C}
= {tAd(k')A | ke K, t> 0} = CAd(K)A-

Thus @ is a surjection from m onto Caq(x)a- Next we show that @ is continuous.
Let {P,}nen be a sequence in m with limit P,, € m. Points P, and P, can
be expressed as P, = Ad(k,)H,, Px = Ad(ke)Ho where k,, koo € K and
H,, H, € C. Since the projection m — C; X = Ad(k)H — H is continuous, we
have lim,, o H, = Hoo. We put Ay = {a € F | (o, Hy) > 0}, ZH> = {k € K |
Ad(k)Ho = Huo} and Zg>~ = {k € K | Ad(k)|zaz = id}. Since Z/~ = Zp>
([3]), for any accumulation point k € K of {ky }nen, Ad(l;)|m = Ad(koo) gz
Thus, we have lim;, o Ad(k,)|[za = Ad(ke)|gaz- Therefore

lim ®(P,) = lim Ad(kn)f(Hp)A = Ad(koo)f(Hoe)A = B(Pao)

n—oQ n—oo

Hence @ is a retraction from m onto Caq(xa- O
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PROPOSITION 3.5.  Let ® : m — Caqk)a be a retraction which constructed
by Theorem 3.4. If ®|q\a-1({0y) is C*, then so is ®|m\a-1(j0y)- In this case @ is
area-nonincreasing if and only if J(d®), < 1 holds for each x € C\ ®~({0}).

PrOOF. If ® is C' at H € C, then ® is C' at Ad(k)H for all k € K. Thus we
assume H € C\®~'({0}). For H € C\® ' ({0}), we put A = {a € F | (o, H) > 0}.

Since f(H) > 0, we get Ag C A and C2° C CA. By Lemma 2.4, we have

)\GR+\R0

Since ®|q\¢-1(10}) 18 C', we consider only T) direction for each A € Ry \ Ro. If
(\,Hy = 0, then [Ty, H] = (\,H)S)x = 0 from Lemma 2.4. Thus there exists
ke Z ={ke K| Ad(k)H = H} such that Ad(k)T» € a. Therefore

O(H + tTh) = Ad(k) " @(Ad(k)(H + tTy)).

Since Ad(k)(H + tT\) € a and ®|qn\a-1(j0}) is C*, we have the directional de-
rivative of ® along Ty. If (\,H) # 0, then from Lemma 2.4 we have that
c(t) = Ad(exp(—tSy/(\, H))) H is curve in m with ¢(0) = H and ¢/(0) = T).
Thus

d d —tS
a2 = (Ad (GXP <uf>) H)
=Sy e(H) (M A)
<;7 TR H>f<H>TA.

Therefore ® is a differentiable retraction from m into Caq(xya. Since @|p\a-1({0})

is C', the mapping C \ ®71({0}) — R;z ~ J(d®,) is continuous. Hence, if

J(d®,) <1 (zeC\®1({0})), then J(d®,) <1 (z €C\ ® ({0})). O
We will compute J(d®,) of ® in Theorem 3.4 for z € C\ ®~1({0}).

PROPOSITION 3.6.  We denote Rﬁo ={Ae Ry |(NA) =0}

m(X)
J(d2,) = (radf)e| [ <<A’A>f(x)) (z € C\ 2 ({0}).

AT
AER;\RYO A )

PrOOF. From the proof of Proposition 3.5, we have
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D ,(H) = df.(H)A (H € a), d®u(T)) = 2L f(0)Ty (A€ Ry \ Ro)

for x € C\ ®71({0}). Thus we get

d®,(a) CRACa, do, (Z mM> c Yy omy

HERL HER L
Since a and ZuER+ m,, are orthogonal, we have
J(dPy) = J(dDyq) X J(d¢I|ZuER+ m,)-

We put Ji(z) = J(dPy|a), Jo(z) = J(dPs|x m, ) and compute each of these.

HERy

Ji(z) = sup{[|[d®.(v)[| | v € a, [[o] = 1}
= sup{((gradf).,v) | v € a, [Jv[| = 1} = [|(gradf)a||.

Since ker <d<I>I|Z“€R+ m“) = EueRﬁO m,, {Trn | A € Ry, (\,A) > 0} is an or-
L
thonormal basis of ker (d(bﬂzuemr m“> = ZueR+\Rﬁ° m,,. Hence
A A
Jo(z) = N de.(Ty)| = A\ <<A m>> f ()T
AERL (N, A)>0 ARy, (NAYSO
(A A) A Y

AERL,(AA)>0

Therefore we get

J(d®), = Ji(2)Ja(x) = [(grad )l ] o
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4. Example of area-minimizing cones over R-spaces

Using Theorem 3.4, Proposition 3.5 and Proposition 3.6, we investigate area-
minimizing properties of cones over R-spaces. First we consider cones over isolated
orbits of s-representations of irreducible symmetric pairs of compact type of rank
two. Principal orbits of these representations are homogeneous hypersurfaces in the
sphere. The area-minimizing properties of the cones over homogeneous minimal
hypersurfaces were investigated in [4] and [9].

We shall follow the notations of root systems in [2]. Partly we used Maxima*
for algebraic computations.

4.1. Type As.

a={&er + e+ Eze3 | &1 + & + &3 = 0},

FZ{Oél 261—62,042262—63}.

Then we have Ry = {a1, a2, a1 + az}. For A € Ry, we put m = m(\). We have

1 1
Hal = 5(261 — € — 63), Ha2 = 5(61 —+ €9 — 263).

We put

H,, 1 H, 1
= :7<2€1—62—€3), AQZ 2=
[Hall - V6 [Hao |l V6

Since Ad(K)A; and Ad(K)Az are isometric, we consider only the cone over
Ad(K)A;.

4.1.1. Cones over Ad(K)A;.

We put Ag = {1} then Rﬁo = {as}. For v = 21 H,, + 22H,, € C, we define

g2 (tona (o o)) =3 (s (4 3)
Since
(1) f(tAl):\/g«\/gt)S)é:t?

*http://maxima.sourceforge.net/

Ay

(61 + €2 — 263).
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(2) for each A C F, if Ag ¢ A, then f|ca =0,

we can apply Theorem 3.4 to this case. It is clear that ®|q\a-1(10}) is C!. Thus ®
is a differentiable retraction by Proposition 3.5. Since

9 2 3 =
a—i(m) = \/; (m% (:cl + 2x2>> (:C% + z129),
af ]2, 3 -3 x?
20, = Vi (st (mv5)) 5
we get

2
2 3 3 /3
Ji(@) = | (gradf)a]| = ﬁ (ﬁ ( + Qx)> \/ St + Buea + 207

On the other hand,

Wl

) )" (e ) (21 (o1 + 322)°)

(o1, ) (o1 + g, ) 1+ To

Jo(z) = (

Then
3 \> 3
(z1+ 562)3 - (961 + 2x2> = lexg + x% >0,
thus
o L
($1 (£U1 + %562) )3
<1.
T+ X2
‘We put
AN
3
z1 (21 + Sx2) 2 2\3,.2 AN
D = Ji(z)x 2 _((Bx{ + 6my20 + da3) w1 (221 + 3T2)
= Jq 21+ T - 3324(1;1 + 1.2)12 .
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Since
) 1, m—2
3
(xl (551 + %m) )

J(d®), = D x -
X1 i)

if D <1, then J(d®,) <1 for m > 2. Since

3324 (w1 + 22)'2 — (30% + 62129 + 423)32% (221 + 3x2)?
= 2162122 + 2376273 + 119252825 + 358382725 + 711202525

149688825 x% + 911522725 + 57888z 5wy + 2332827250 + 5184w 24 + 432152
>0,

we have D < 1. Therefore, cones over Ad(K)A; are area-minimizing for m > 2.

4.2. Types B, BC; and Cs.

Types Cs and By are isomorphic, thus it suffices to compute the type By case.
Moreover setting the multiplicity of long roots to zero, the set of restricted roots
of type BC; reduces to that of type Bs. We have

F={a1=e1 —e, as = e},
R+ = {Oll, g, (1 =+ Ao, X1 + 20[2, 20[1 + 20&2, 20[2},

Hy, =e1, Hu, =e€1+eg,
and put
m(ar) = my, m(az) = ma, m(2as) = ms.
4.2.1. Cones over Ad(K)A;.
We put Ag = {1}, then we have

H,,

A=
[Ha

= e1,
.l

and

Rﬁo = {)\ S R+ | <)\,A1> = 0} = {a2,2a2}.
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For # = 1 H,, + 22H,, € C, we define

f(x) = Vo, z){ar + 209, 2) = \/z1 (21 + 229).

Then we can show that f satisfies the condition of Theorem 3.4 and ¢ is differen-
tiable. Moreover J(d®,) < 1 holds for mg + mg > 2.

Therefore, cones over Ad(K)A; are area-minimizing for my + msz > 2.
4.2.2. Cones over Ad(K)A,.
We put Ag = {az}, then we have

A }Ia2 e1 + es
2 = =
[ Has | V2

and
Ry ={X€ Ry | (\ Az) =0} = {aa}.

For # = x1H,, + 22H,, € C, we define

f(z)=+2 ((ag,x>2 <‘;’a1 + a2,x>) Sz (xg (ixl +xz)>é .

Then we can show that f satisfies the condition of Theorem 3.4 and & is differen-
tiable. Moreover J(d®,) < 1 holds for mg + mg > 2.

ol

Therefore, cones over Ad(K)Ay are area-minimizing for mgy + mgz > 2.

4.3. Type Gs.
We have

F={o, as},

R+ = {011, a2, (1 -+ a2, 20[1 -+ a2, 30[1 + a2, 30[1 + 20[2},

3
<061,Ck1> - 1; <061,062> = _55 <042,CY2> = 37

2
Hal = 40[1 + 20&2, Ha2 = 3(30[1 + 2042),
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and put
m=m(ar) = m(asg).

4.3.1. Cones over Ad(K)A;.
We put Ag = {3} then we have

H,,

A=
[ Ha, |

and
R = {xe Ry | (\ A1) =0} = {as}.

For # = 21 H,, + 22H,, € C, we define

f(z) = VA{aq, z) (a1 + o, ) = Az, (21 + 2).

Then we can show that f satisfies the condition of Theorem 3.4 and ® is differen-
tiable. Moreover J(d®,) < 1 holds for m > 2.

Therefore cones over Ad(K)A; are area-minimizing for m > 2.

4.3.2. Cones over Ad(K)A,.

We put Ag = {az} then we have

H,,

A2 = )
([ Ho, ||

and
RY® ={X€ Ry | (A A1) =0} = {au}.

For x = z1H,, + 22H,, € C, we define

fla) = \/§<a27x><3a1 + o, @) = \/gxg(?)xl + ).

Then we can show that f satisfies the condition of Theorem 3.4 and ® is differen-
tiable. Moreover J(d®,) < 1 holds for m > 2.
Therefore, cones over Ad(K)Ay are area-minimizing for m > 2.

By the above computation, we get the following table of cones over isolated
orbits of the s-representations of irreducible symmetric spaces of rank two.
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4.4. Type Agj.

Theorem 3.4 can be applied to cones over minimal orbits, not only isolated
orbits. We demonstrate the area-minimizing property for the cone over a minimal
orbit, which is not an isolated orbit, of the s-representation of symmetric spaces of
type Ags.

4 4
a= {Z&ei | Zfi = 0},
i—1 i—1

F={a;=e1 —ea, g =eg —e3, a3 =e3 —e4}.

Then Ry = {a1,a2,a3, a1 + az, as+ as, a; +as + as} and for A € Ry, we put
m(A) = m. We have

1 1 1
]{041 = 1(361—82—63—64), I{w2 = 1(2614-262—263—264), HOég = 1(614—62-"-63—364).

We put Ag = {aq, a3}, and we have

:Hozl +H043 _ €1 — €4

V2 V2
Then the orbit Ad(K)A is a minimal submanifold of the sphere S C m. We get

A

R ={X€ Ry | (A A) =0} = {as}.

For x = x1H,, + 22H,, +23H,, € C, we define

N
[N

f(z) = ﬂ((al,x)(ag,xﬂal + g, x) (s + a3, z))* = \/§($1$3($1+l‘2)(3€2+$3)) .

Then we can show that f satisfies the condition of Theorem 3.4 and ® is differen-
tiable. Moreover J(d®,) < 1 holds for m > 4.

Therefore, cones over Ad(K)A are area-minimizing for m > 4. The only sym-
metric pair which satisfies m > 3 is (SU(6), Sp(3)).

5. Reducible cases

In this section, we consider cones over products of two R-spaces. Let
(Gi, K;) (1 = 1,2) be Riemannian symmetric pairs, and put (G,K) = (G; X
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Gs, K1 X K3). We define the notation for (G;, K;) as follows. Let

be the canonical decompositions of Lie algebras g; of G;. Take and fix a maximal
abelian subspace a; in m;. We denote by R; the restricted root system of (g;, ¢;) with
respect to a;. We put the fundamental systems F; of R; by F; = {ay1, ..., o, }-
R, is the set of positive roots in R;. We set

CZ‘Z{HECIZ‘ ‘ <Oz,H> >0 (OzEFi)},

CA={Hea|{a,H) >0 (acA), (B, H =0 (8 e F,\A)},

where A C F;. The direct sum of the s-representations of (G;, K;) is the s-
representation of (G, K) = (G1 X Ga, K1 x K3). Then, we have

C=0C xCs.

For A C F, A is expressed as A = A; UAy where A; C F; (i = 1,2). By Theorem
3.1 for each A;, there exists A; € C; such that Ad(K;)A; is a minimal orbit of the
s-representation of (G;, K;). We put k; = dim Ad(K;)A; and k = ki + kg, then

[k ks
A= ?Al—‘r ?AQ eC

is a base point of a minimal orbit of the s-representation of (G, K).

THEOREM 5.1.  Let Ag = A1 U Ag (A; C F;). We suppose that for the
cone over Ad(K;)A;, there exists an area-nonincreasing retraction constructed by
a function f; on C; in Theorem 8.4, and that the retraction satisfies

) m(A)
(5.1) I (G5hw) <ieeco,

AT
AERi4\RD Az

If dim Ad(K;)A; > 3, then there exists an area-nonincreasing retraction ® : m —
Cad(r)a constructed by some function f on C in Theorem 3.4 such that the retrac-
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tion satisfies

PRrOOF. Let k; = dlmAd(KZ)AZ, k = k1 + ko and put a; = \/k}i/k’. A=a4+
as Ay holds. For z = (z1,25) € C; x Co = C we define

a3 fi(z1) + af f2(x2)
0 (fi(x1) = fa(w2) = 0)

We will show that f satisfies the conditions of Theorem 3.4. We can check easily
f(tA) = ¢t for t > 0. For A C F with Ag ¢ A, using A, C F; we can write
A =A]UA,. Then A; ¢ A implies ¢ =1 or ¢ = 2. Thus f; = 0 or fo = 0 holds
on C?®. Therefore f|ca = 0. Since o\ ({o}) is C', ® is a differentiable retraction
by Proposition 3.5. We calculate J(d®,) for x € C\ f~*({0}). We put

f@){ PEDRES — () £ 0 0 faliz) £0)

m(\)
1) = lreadfall, 2= ] (“AU@Q

AER{\RS (A 2)

for x = (x1,20) = (2},...,2b 2k, .. 2l2) e C\ F71{0}) = C1 x Co \ F71({0}).
Since

of  Shaih(e)? S
ou] ~ (@3han) v alfatmp Ut
of2 .3 2

of @%fl(fﬁ) ‘

@ (a3 fi(z1) + a3 fa(2))? G el l2}),
we get

_ abfa(x2)’(gradf1)s, + a3fi(z1)*(grad ).,
(gradf), = (@3 f1(21) + @ fa(x2))?

and

V8 fa(2) | (grad fi)a, |12 + a§ fi(x1) ]| (grad f) ., [
(a3 fi(z1) + a? fa(za))? '

Ji(z) = |[(gradf)e|| =
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Since RL® = {\ € Ry | (\, A) = 0} = R U R5?, we get

<)\,A> m(X)
L) = ][ f(z)
I (ase)
By )™ (a4 )"
= Il (F—=f@ I (52 @
AGR1+\R1A4}< <)\7x1> > #€R2+\RQA‘E( <‘u7x2> >
_ (A, Ay) - ar f(z)\ "™ (1, As) i asf(z) "™
_AeRHRﬂ(Q’M( ) ) MERHR;?( L e )
Put

) m(X)
mw) =TI (0 h@) . ) = Ierad el 6 =1.2),

A, X5
AERi4\RY )

Note that Jo;(2;) < 1 holds by the assumption (5.1), and Jy;(2;)J2;(x;) < 1 holds
since the function f; constructs an area-nonincreasing retraction by Theorem 3.4.
Since

> m()) = dimAd(K;)A; = k;,

AER; 4 \RLY

we can write

o) =i (365)” (33)

Since Jo;(z;) < 1,

o= (55) ()

We put
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Then we have

()" (f)" - i

For Xy, X5 > 0, we define

- Xprxhe
D(X1,Xs) = —5—t"2 .
( b 2) (Q%Xl + Q%Xg)k

If D < 1, then Jo(z) < 1. Thus we prove D < 1. Since D(Xl,Xg) =
D(tX1,tX5) (t > 0), in order to prove D < 1, we show D|p < 1 where

P = {(X17X2) € R? ‘ X1, X9 >0, G%Xl + G%XQ = 1}.

~ 1—a?X
We have D|p = X[ X52 and X, = %. Since
2
dD _ a? _ _ _
P _ B X TIXE 4 X (ko =5 X T = g X TIXE TN (X, - X)),
Xm as

a critical point of D|p is only X; = 1 in P. Further, we get

- 1
D|p =0 as X; — 0 or —.

ay
Hence max{D(X1, X3) | (X1, Xs) € P} = D(1,1) = 1. Therefore
Jo(z) < 1.
Then we have

J(d®), = Ji(2)J2(z) = [|(grad )z J2(x)
_ Vi (@) i (21)? + a8 f1 (1) " Tra(22)?

(a1 fa(2))* (ag fr(21))™

(a3 f1(w1) + @} fo(x2))? Jor (1) Ja2(22)

(a3 fi(z1) 4 af fa(wa))*

_ VaS fa(29)4 11 (21)2 Ja1 (21)2 Jaa(22)2 + aS f1(z1) 2 J12(v2)2 01 (21)2 J2a(72)2

(a3 fr(z1) + af fo(w2))F+2
x (a1 fo(x2))" (ag f1(21))™

< Va8 fa2(w2)* + aS f1(w1)* (a1 fo(22))* (an f1 (1))
- (a3 fi(x1) + a} fa(za))k+2
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2XT+ a2Xixk xke
(Q%Xl -+ G%Xg)k+2

We define

afX{ +a3X3) X7 X3*
(@2X| + a2 Xo)2+4

D(X1,X5) = J(d®,)? = (
We have D(tX1,tXs2) = D(X1,Xs) (¢t > 0). Similar to the above argument, we
consider the maximum value of D|p. Since
Dlp = (ai X{ +a3X3) X" X3%,
we get

dD|p
ax;

2

a

_ 2v3 1 2+vy3 2ky v 2ka

=4 <a1X1 - azaQXz) X2k x 2
2

2
+(a2X{ +a3X3) <2k1X12’“1_1X22’“2 - 2k2;‘;ka1X§’f2—1)
2

= 202Xl x2R (X, X))
< {((k1 = 3)X7 + (k2 = 3)X3) +3(X1 — Xa)* +10(X1 — X2)*}.

Hence, if k1 > 3, ko > 3, then a critical point of D|p is only X; = 1 in P.
Furthermore, we get

D|p =0 as X; — 0 or —.
aj
Thus max{D (X1, X5) | (X1,X2) € P} = D(1,1) = 1. Hence D < 1. This implies

J(d®,) < 1. Therefore if k1 > 3, ke > 3, ® is area nonincreasing. O

Remark 5.2.  In 1969, Bombieri, DeGiorgi and Giusti [1] showed that the cone
over S¥ x Sk ¢ §?k+1(k > 3) is area-minimizing. On the other hand, Lawlor [9]
proved that the cone over S¥1 x §k2 C Skitk2t1 are not area-minimizing when
ki +ky <b5or ki =1,k =5. Hence, we need the condition k1 > 3,k > 3 in
Theorem 5.1.

Remark 5.3.  Area-nonincreasing retractions which we constructed in Section 4
satisfy the assumption of Theorem 5.1. Moreover, an area-nonincreasing retraction
that is constructed using Theorem 5.1 satisfies the assumption of Theorem 5.1
again. Therefore, we can apply Theorem 5.1 inductively. This implies that the
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cone over the k-product of R-spaces (k > 2) with “(0” in the table in Section 4 is
area-minimizing.
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