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Special Lagrangian submanifolds and Lagrangian mean
curvature flows with generalized perpendicular symmetries

Akifumi OCHIAI

Abstract.  This is a survey on the author’s recent work [22]
and a pre-report on [23]. We show a method of constructing an in-
variant Lagrangian mean curvature flow in a Calabi-Yau manifold with
the use of generalized perpendicular symmetries. We also show a way
to construct special Lagrangian submanifolds as a special case of our
method. We use moment maps of the actions of Lie groups, which
are not necessarily abelian. By our method, we construct a non-trivial
examples of special Lagrangian submanifolds in the cotangent bundle
of the n-sphere T*S™ and a self-similar solution of a Lagrangian mean
curvature flow in C”.

1. Introduction

Calabi-Yau manifolds have received much attentions as a model of the string
theory in physics. The mirror symmetry is one of remarkable properties of Calabi-
Yau manifolds which is useful to understand themselves. The Strominger—Yau—
Zaslow conjecture [25] explains that a Calabi-Yau manifold and its mirror are both
interpreted as a special Lagrangian torus fibration with the same base manifold
respectively. This conjecture indicates that it is important to see Calabi-Yau man-
ifolds from the perspective of special Lagrangian submanifolds.

Another context which shows importance of special Lagrangian submanifolds is
in calibrated geometry. Calibrated submanifolds were introduced in [5] as classes of
submanifolds in Riemannian manifolds. For a certain holomorphic volume form 2
called a Calabi-Yau structure in a Calabi-Yau manifold, a submanifold calibrated
by the real part of eV ~10( (0 € R) is called a special Lagrangian submanifold. It is
known that a calibrated submanifold is volume minimizing in its homological class
and so is a special Lagrangian submanifold.

Joyce gave various examples of special Lagrangian submanifolds in C” in a series
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of his papers [13]-][17]. One of typical methods of constructing special Lagrangian
submanifolds is called the moment map technique which was introduced by Joyce
in [16]. By this method, Joyce constructed special Lagrangian submanifolds in
C™(= T*R"™) which is invariant under a subgroup of SU(n). By the moment
technique, Anciaux [2], Tonel-Min-Oo [10], Hashimoto—Sakai [7], and Hashimoto—
Mashimo [6] constructed special Lagrangian submanifolds in the cotangent bundle
of the n-sphere T*S™, and Arai-Baba [3] in the cotangent bundle of the complex
projective space T*CP"™. Each ambient space is a non-flat Calabi-Yau manifold
introduced by Stenzel [24] and all of these examples are cohomogeneity one.

Another method of constructing special Lagrangian submanifolds is called the
bundle technique which was introduced by Harvey—Lawson [5]. By the bundle
technique Karigiannis—Min-Oo [18] constructed special Lagrangian submanifolds
in T*S™, and Ionel-Tvey [9] in T*CP™.

Aside from these two methods, Joyce [16] showed a way to construct special La-
grangian submanifolds in C™ by using actions of abelian subgroups of SU(n) which
act perpendicularly to another given special Lagrangian submanifold. The method
of our paper of constructing special Lagrangian submanifolds is a generalization of
this method.

Lagrangian mean curvature flows give us another method of constructing spe-
cial Lagrangian submanifolds from a different point of view. A mean curvature
flow gives a standard deformation of an immersion into a Riemannian manifold.
It is known that the deformation by a mean curvature flow reduces the volume of
an immersion most efficiently. So it is considered as a fundamental tool for finding
minimal submanifolds. In particular, when an ambient space is a Kahler-Einstein
manifold, it is known that a mean curvature flow of a Lagrangian immersion pre-
serves its Lagrangian condition. This indicates that a Lagrangian mean curvature
flow gives a method of finding a minimal Lagrangian submanifold (especially a
special Lagrangian submanifold in a Calabi-Yau manifold).

One of main problems on mean curvature flows is when they converge to minimal
submanifolds, especially when they converge to special Lagrangian submanifolds
in a Calabi-Yau manifold. In [27] Thomas—Yau defined a notion of stability for
Lagrangian submanifolds in a Calabi-Yau manifold. They conjectured that if a
Lagrangian submanifold is stable, then its Lagrangian mean curvature flow exists
for all time and converges to a special Lagrangian submanifold. Recently this
conjecture has been reformulated by Joyce in [12].

Another main problem lies in singularities of the flow. Huisken [8] showed that
if a mean curvature flow has a type I singularity, then a self-similar solution of
a mean curvature flow appears as the blow-up limit of a rescaled flow. It is also
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known that if a mean curvature flow has another type of singularities, then a certain
blow-up limit is a translating soliton. Thus, they are important classes of mean
curvature flows as local models of singularities.

Since a mean curvature flow is written by a partial differential equation, it
is generally difficult to solve them and construct examples. Several examples of
self-similar solutions or translating solitons of Lagrangian mean curvature flows
are known as follows. Anciaux [1] and Lee-Wang [20, 21] constructed self-similar
solutions. Joyce-Lee—Tsui [11] also constructed self-similar solutions and trans-
lating solitons. Castro-Lerma [4] constructed translating solitons in C2. In [28],
Yamamoto indicated that some of them can be explained in terms of moment maps
and toric symmetries. He showed a way to construct a generalized mean curvature
flow in a toric almost Calabi-Yau manifold. In 2019, Konno [19] generalized this
result to a way using moment maps and perpendicular symmetries of abelian Lie
groups. By this method, he constructed Lagrangian mean curvature flows in ALE
spaces which are hyperKéahler manifolds. This is considered as a first example
of a construction of a Lagrangian mean curvature flow in a non-flat Calabi-Yau
manifold.

The overview of Konno’s method is as follows. Let M be a Calabi-Yau mani-
fold, L a special Lagrangian submanifold of M, H an abelian Lie group which has
a moment map and acts on M perpendicularly to L. Then there exists another H-
invariant Lagrangian submanifold, and its H-invariant Lagrangian mean curvature
flow can be described under some assumptions. Konno constructed some examples
of self-similar solutions and translating solitons in C™ by this method. Moreover,
he showed that these self-similar solutions in C™ can be observed at singularities
of Lagrangian mean curvature flows which he constructed in ALE spaces. Consid-
ering special Lagrangian submanifolds as stationary solutions of Lagrangian mean
curvature flows, this method can be interpreted as a generalization of Joyce’s re-
sult [16] which showed a way to construct special Lagrangian manifolds in C™ by
perpendicular symmetries of abelian Lie subgroups of SU(n) as mentioned above.

In the author’s previous paper [22], by generalizing Joyce and Konno’s method,
he showed a way to construct special Lagrangian submanifold in Calabi-Yau mani-
folds by generalized perpendicular symmetries of Lie groups which is not necessarily
abelian and he constructed non-trivial examples in the cotangent bundles of spheres
T*S™ equipped with the Stenzel metric. Recently in [23], the author also general-
ized the Konno’s result in two points for constructing Lagrangian mean curvature
flows. First, we do not assume commutativity of Lie groups. Second, we generalize
the condition that Lie groups act on M perpendicularly to L. We show an example
of self-similar solution in C™ by our method. This is a generalization of examples
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by Lee-Wang [20] and Konno [19].

Moreover, we generalize this method to one of constructing an H-invariant mean
curvature flow in a general Riemannian manifold. We also show a way to reduce
the partial differential equation of a mean curvature flow in a Riemannian manifold
to an ordinary differential equation with the use of Lie group actions.

The overview of this survey article is as follows. In Section 3, we show a way
to construct an H-invariant mean curvature flow in a Riemannian manifold. In
Section 4, we show that the mean curvature vector field of an H-invariant La-
grangian immersion into a Calabi-Yau manifold is completely expressed in terms
of Lie group actions under some assumptions. In Section 5, we show a method of
constructing Lagrangian mean curvature flows in Calabi-Yau manifolds by general-
ized perpendicular symmetries, based on the results in Section 4. Finally, we show
some examples of special Lagrangian submanifolds in T*S™ and of a self-similar
solution in C™ by our method in Section 6 and Section 7 respectively.

2. Preliminaries

In this section, we review some fundamental facts on Calabi-Yau manifolds,
their special Lagrangian submanifolds, Lie group actions, and moment maps.

2.1. Lagrangian submanifolds in a Calabi-Yau manifold

We begin with the definition of Lagrangian submanifolds in symplectic mani-
folds.

Let (M,w) be a symplectic manifold of (real) dimension 2n. A submanifold
L of (M,w) is called isotropic if w|y, = 0. If an isotropic submanifold L is of
half-dimension of dim M, it is called a Lagrangian submanifold.

Next we see the definition of special Lagrangian submanifolds. It is a particular
submanifold of a Calabi-Yau manifold which is defined as follows.

DEFINITION 2.1. A Calabi- Yau manifold is a quadruple (M, I, w, ) such that
(M, I) is a complex manifold equipped with a K&hler form w and a holomorphic
volume form 2 which satisfy the following relation:

n n(n— —1 " —
e (2) QAT

n!

DEFINITION 2.2. If L is an oriented Lagrangian submanifold of a Calabi-Yau
manifold (M, I,w, ), there exists a function 6 : L — R/27Z, which is called the
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Lagrangian angle satisfying
Q= e‘/?wvolL*g.

Here g is the Kéahler metric, ¢+ : L — M is an embedding, and vol,-, is the volume
form on L with respect to the induced metric ¢*g.

Even if L is not orientable, we can locally define the Lagrangian angle with the
formula above. With the use of the Lagrangian angle 6 of a Lagrangian submanifold
L, the mean curvature vector field H of L is expressed as the following proposition.

ProprOSITION 2.3. It holds that
H(p) = L) (tep(Vi=g)p) € Tfﬁp)[’(L) (pel),
where V40 is the gradient of the function 0 with respect to the induced metric 1*g.
The definition of a special Lagrangian submanifold is given by the following.

DEFINITION 2.4. Let (M, I,w,Q) be a Calabi-Yau manifold. A special La-
grangian submanifold of (M,I,w,Q) is a Lagrangian submanifold such that its
Lagrangian angle is constant 8 = 6y. The constant 6, is called the phase of the
special Lagrangian submanifold.

From the formula of the mean curvature vector in Proposition 2.3, we can see
that a special Lagrangian submanifold is a minimal submanifold. More strongly, it
is known that a special Lagrangian submanifold is homologically volume minimiz-
ing.

2.2. Lie group actions and moment maps

In this subsection we review the fundamental notions of Lie group actions and
moment maps.

Let M be a manifold, H a Lie group which acts on M. We denote the translation
of he€e Hby L, : M — M; p+ Ly(p) = hp. For each p € M, the orbit and the
isotropy subgroup at p are denoted by H - p and H,, respectively.

Letting b denote the Lie algebra of H, any £ € h induces a fundamental vector
field £€# on M, defined as follows.

=T elew e M),
t=0

where exp(t§) denotes the 1-parameter subgroup of H associated to &.
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H acts on its Lie coalgebra b* by the coadjoint action Ad} : h* — b*, where
h € H, and for ¢ € h*, Ad;c is defined by the following.

(Adjc, &) = (¢, Adp-1§) (£ €D).
Here (-, ) is the pairing of h and h*. We call
Z(h*)={cebh* | Adyc=c, Vh € H}

the center of h*. If H is abelian, then Z(h*) = h* holds.

Next, let (M, w) be a symplectic manifold and define a moment map p : M — b*
as follows.

DEFINITION 2.5. Let H be a Lie group acting on a symplectic manifold (M, w).
A moment map p: M — b* is an H-equivariant map that satisfies

—i(F)w = d(u(-),&) (£ €b),

where i is the interior product.

If (M,w, H) has a moment map, the H-action is called Hamiltonian. A Hamil-
tonian action preserves w. For each ¢ € h* and p € p~!(c), the orbit H - p is
isotropic if and only if ¢ € Z(h*).

3. Constructions of mean curvature flows by symmetries

In this section, we firstly study some fundamental facts about immersions in
relation to actions of Lie groups. We secondly define a notion which expresses a
sort, of symmetries of mean curvature vector fields of an immersion, using actions
of Lie groups. We thirdly show a way to construct mean curvature flows by such
symmetries of Lie groups.

Before that, we define some notations which we use throughout the remainder
of this paper. Let M be a manifold, H a Lie group which acts on M, K a closed
subgroup of H. For any submanifold N of M, we define N¥ := {p € N | H, = K}.
In particular, the subset M¥ is defined by M¥ = {p € M | H, = K}. For each
submanifold V of M such that V' C M¥, we define a map ¢y : (H/K) x V — M
by (hK,p) +— hp. For the sake of the condition V' C M¥ | this map is well-defined.

The differential map (¢v ). defines a linear map (¢v).(nxp) : Thr (H/K) x
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T,V — T, M for each (hK,p) € (H/K) x V. It holds that

<1> T (1/K) = { 5

hexp(tg)K’ te h}.

t=0

In fact, for any g € H, define a map 74 by
Tg: H/K — H/K;hK — ghK.

The map 7, is a diffecomorphism. We have T (H/K) = { 4 ’t:O exp(t&)K | £ € h}.
We also have

(m)orc (K = 2 _ hepltK.
Since the linear map (73)«x : Tk (H/K) — Thrx(H/K) is an isomorphism, the
claim (1) holds.

We define two maps, a projection w : H — H/K by h — hK and a diffeomor-
phism j : H/K — H -p by hK — hp. Then we obtain their differential maps, a
submersion (dm)k : h — Tk (H/K) defined by £ — %|t=0 exp(t€) K and a linear
isomorphism (dj)x : Tx (H/K) — T,(H - p) defined by %’t:O exp(t6) K — &F.

The next proposition holds whether the map ¢y is an immersion or not.

PRrROPOSITION 3.1 ([22]). Let M be a manifold, H a Lie group which acts on
M, K a closed subgroup of H, and V' a submanifold of M such that V C M¥. For
any (hK,p) € (H/K)xV,&€b, andv € T,V, it holds that

(Ov)s(hi p) <jt hexp(t§) K, U) = (Lh)*p(fzf +0).

t=0

We show the condition that the map ¢y becomes an immersion.

PROPOSITION 3.2 ([22]). Let M be a manifold, H a Lie group which acts on
M, K a closed subgroup of H, and V a submanifold of M such that V C M¥. The
map ¢y is an immersion if and only if it holds that

& ¢ T,V\{0} (peV,£eh).

Next, we define some notions which are related to some symmetries of mean
curvature vector fields.

DEFINITION 3.3. Let ¢ : ¥ — M be an immersion from a k-dimensional
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manifold ¥ to a manifold M. A smooth map f : ¥ x [0,T) — M;(p,t) — f:(p)
such that fo = ¢ is called a deformation of ¢ if for each t € [0,T), the map
fi(-) : ¥ — M is an immersion. In particular, when an immersion ¢ equals the
inclusion map ¢ : ¥ — M, we also call f a deformation of 3.

If there exists a deformation f of an immersion ¢ : ¥ — M, the set f;(X) is a
k-dimensional immersed submanifold for each ¢t € [0, 7).

DEFINITION 3.4. Let (M, g) be a Riemannian manifold, ¥ a manifold, ¢ : ¥ —
M an immersion. A mean curvature flow F = (Fy),cjo,1) of ¢ is a deformation of
¢ which is a smooth solution of the following partial differential equation:

0

=F 7t = Ht )

5L (Prt) (p)

where H! denotes the mean curvature vector field of the immersion F; for each
tel0,T).

It is known that in a K&ahler-Einstein manifold, any mean curvature flow of a
Lagrangian immersion ¢ preserves its Lagrangian condition, i.e., if there exists a
mean curvature flow (F}):co+) of a Lagrangian immersion ¢ : L — M, then the
immersed submanifold F}(L) is also Lagrangian for each time ¢ € [0, 7).

When M is the Euclidean space, there are some important classes of solutions
of mean curvature flows.

DEFINITION 3.5. Let (R™, g) be the Euclidean space equipped with the stan-
dard Riemannian metric g, ¥ a manifold, ¢ : ¥ — R™ an immersion, H a mean
curvature vector field of ¢. If there exists a constant A € R and it holds that

(2) H(p) = o (p) (pE),

the solution of the mean curvature flow of the immersion ¢ is called a self-similar
solution, where ¢ (p) denotes the normal part of the position vector ¢(p) € R™.
In particular, such a solution is called a self-shrinker if A < 0 and a self-expander
if A>0.

DEFINITION 3.6. Let (R™, g) be the Euclidean space equipped with the stan-
dard Riemannian metric g, ¥ a manifold, ¢ : ¥ — R™ an immersion, H a mean
curvature vector field of ¢. If there exists a constant vector v € R™ and it holds
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that

(3) H(p) = v (p),

the solution of the mean curvature flow of the immersion ¢ is called a translating
soliton, where v (p) denotes the normal part of the vector v at ¢(p) € R™.

Under some assumptions, we can construct another deformation F' from a de-
formation f with the use of Lie group actions.

DEFINITION 3.7. Let M be a manifold, H a Lie group which acts on M,
K a closed subgroup of H, V, a submanifold of M such that V; ¢ MX, f :
Vo x [0,T) = M¥ a deformation of V. Suppose that for each ¢t € [0,T) and an
immersed submanifold V; := f;(V), the map ¢v, : (H/K) x V; — M is also an
immersion. Then we can define a deformation F' of ¢y, by

F:(H/K) x Vo x[0,T) = M;  (hK,p,t) = hfi(p) = Fi(hK,p).
We call the deformation F' the expansion of the deformation f by the H-action.

We express some symmetries on mean curvature vector fields of an immersion
¢y as follows.

DEFINITION 3.8. Let (M, g) be a Riemannian manifold, H a Lie group which
acts on M, K a closed subgroup of H, V a submanifold of M such that V ¢ M.
We say that V has the property () with respect to the H-action if the map ¢y is
an immersion and it holds that

where H is the mean curvature vector field of the immersion ¢y .

DEFINITION 3.9. Let (M, g) be a Riemannian manifold, H a Lie group which
acts on M, K a closed subgroup of H, V; a submanifold of M such that Vy; ¢ M*%
and it has the property (x) with respect to the H-action, f : Vo x [0,T) — M~
a deformation of Vy in M*¥. If the deformation f has its expansion F and the
immersed submanifold V; := f;(Vp) also has the property () with respect to the
H-action for each t € [0,T), we say that the deformation f preserves the property
(x) with respect to the H-action.

The following theorem shows that we can restrict the condition of mean curva-
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ture flows to a condition on some part of Im ¢y under some assumptions.

THEOREM 3.10 ([23]). Let (M,g) be a Riemannian manifold, H a Lie group
which acts on M, K a closed subgroup of H, Vi a submanifold of M such that
Vo € M¥ and Vi has the property () with respect to the H-action. Assume that
there exists a deformation f : Vo x [0,T) — M¥ of Vi which has its expansion F
satisfying the following conditions:

(i) (restricted MCF condition) For any t € [0,T") and any p € Vp, it holds that

9 gt
&Ft(Kap) - H (Kap)v

(ii) the deformation [ preserves the property (x) with respect to the H-action,

where H' is the mean curvature vector field of the immersion Fy : (H/K)xVy — M
for each t € [0,T). Then the family of maps (Fy)icjo,r) is the mean curvature flow
of the immersion ¢v; .

In general, the restricted MCF condition in Theorem 3.10 is still a partial
differential equation. The next corollary tells us conditions that we can reduce the
equation to an ordinary differential equation.

COROLLARY 3.11 ([23]). Let (M, g) be a Riemannian manifold, H a Lie group
which acts on M, K a closed subgroup of H, Vy a submanifold of M such that
Vo € MX and Vi has the property (x) with respect to the H-action. Assume that
there exists a vector field A along M satisfying the following conditions:

(i.a) A generates a deformation f : Vo x [0,T) — M of Vo with its expansion
F, i.e., it holds that

0

&Ft(K,p) = Aft(p) (p € VOa te [OvT))a

(i.b) it holds that
HU(K,p) = Apy (peVo, t€]0,T)), and

(ii) the deformation f preserves the property (x),

where H' is the mean curvature vector field of the immersion Fy : (H/K)xVy — M
for each t € [0,T). Then, the family of maps (Fy)icjo,1) is the mean curvature flow
of the immersion ¢y, .
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Remark 3.12. For a given submanifold V, C M¥X, if we can find a vector
field A which satisfies the condition (i.b), then the condition (i.a) is an ordinary
differential equation.

At the end of this section, we show that the conditions of self-similar solutions
and translating solitons also can be reduced to conditions on some part of Im ¢y
under some assumptions.

ProposITION 3.13 ([23]). Let (R™,g) be the Euclidean space equipped with
the standard Riemannian metric g, H a Lie group which acts on M preserving g,
K a closed subgroup of H, V a submanifold of R™ such that V C (R™)X with the
property (x). Suppose that for some constant A € R, it holds that

H(K,IIZ)Z)\d)J‘}(K,Z) (iCGV),

where ¢i:(hK,x) denotes the normal part of the position vector ¢y (hK,x) € R™.
Then the immersion ¢y satisfies the self-similar condition (2), i.e., it holds that

H(WK,z) = \pi: (WK, z) ((hK,z) € (H/K) x V).

PROPOSITION 3.14 ([23]). Let (R™, g) be the Fuclidean space as above, H a Lie
group which acts on M preserving g, K a closed subgroup of H, V' a submanifold
of R™ such that V C (R™)X with the property (). Suppose that for some constant
vector v € R, it holds that

H(K,z) =vH(K,z) (zeV),

where vt (hK,x) denotes the normal part of the vector v at ¢y (hK,z). Then the
immersion ¢y satisfies the translating soliton condition (3), i.e., it holds that

H(hK,z) =vE(hK,z) ((hK,z) € (H/K)x V).

4. Lagrangian immersions with symmetries

In this section, we show a way to construct a Lagrangian immersion in a sym-
plectic manifold by a moment map. Moreover, we show that an invariant, oriented
Lagrangian immersion in a Calabi-Yau manifold has the Lagrangian angle and the
mean curvature vector field with symmetries under some assumptions.

PROPOSITION 4.1 ([23]). Let (M,w) be a symplectic manifold, H a Lie group
which acts on M preserving w and has a moment map p : M — h*, V. a sub-
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manifold of M such that V., C M¥, ¢y : (H/K) x V. — M;(hK,p) — hp an
immersion. Assume that the following conditions hold:

(i) V. is isotropic, and
(ii) (moment map condition) V.. C u~1(c) for ¢ € Z(h*).

Then the immersion ¢y, is isotropic. Conversely, if the immersion ¢y, is isotropic
and Im ¢y, is connected, then the conditions (i) and (ii) hold.

COROLLARY 4.2 ([23]). In addition to the assumptions of Proposition 4.1, if
it holds that

dimH/K +dimV, = n,
then the map ¢v, is a Lagrangian immersion.

Next we discuss symmetries on Lagrangian angles and mean curvature vec-
tor fields which some Lagrangian immersions in Calabi-Yau manifolds have. The
overview is as follows. For a given pair of a Calabi-Yau manifold (M, I,w, ) and
a Lie group H which acts on M, we define an element ay of the Lie coalgebra h*
of H. Especially, it is shown that ay is in the center Z(h*) of h*. We consider
apg : h — R to be the the map which expresses rotations of the Calabi-Yau struc-
ture  for its transformations by the action of H. The covector ay yields some
vector field I[ag (+)]# on some submanifold V € M. Under some assumptions, the
Lagrangian angle and the mean curvature vector of the Lagrangian immersion ¢y

are expressed by ay and I[ag (1))

respectively.

For this purpose, we begin with some fundamental facts as follows.

Let M be a manifold, H a Lie group which acts on M with the Lie algebra b,
K a closed subgroup of H with the Lie subalgebra £ C b, p a point of M*. Then

the following two maps are well-defined and linearly isomorphic respectively:

(@ 0/ Ti(H/K): 6 5| el

(5) h/e— Tp(H -p); [€] =&

So if we define a symbol []# by a map b/t — T,(H - p);[¢] — [F = &F,
this symbol is well-defined. We can define a symbol %| =0 exp(t[¢]) K by a map
b/t = Tr(H/K); [€] = &|,_exp(tlE)K = £|,_ exp(t K as well.

With the use of these facts, we can show the following proposition.
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PROPOSITION 4.3 ([23]).  Let (M, g) be a Riemannian manifold, H a Lie group
which acts on M, K a closed subgroup of H, b an element of h* such that ¢ C Kerb.
Then we can define a map [B(-)] : ME — b/& p — [B(p)] by

(6) (b, [0]) = gp (1B@)F,ny)-

The condition that € C Kerb in Proposition 4.3 is used for considering b € h*
to be in (h/€)*.

DEFINITION 4.4. Under the conditions of Proposition 4.3, we call the vector
field [6()]# along M¥ defined by Proposition 4.3 the vector field generated by a
covector b € b* with respect to g.

In addition, when there exists an almost complex structure I on M, we can
define a vector field I[ﬁ()]# along M*¥ and call it the vector field generated by a
covector b € h* with respect to (g,1).

Next proposition shows a property which the vector field I[3(-)]# has.

PROPOSITION 4.5 ([23]). Let (M, 1I,w,g) be a Kihler manifold, H a Lie group
which acts on M with the Lie algebra by and is Hamiltonian, i.e., it has a moment
map p: M — b*, K a closed subgroup of H with the Lie subalgebra £ C b, b an
element of b* such that € C Kerb. Then, for any p € M, it holds that

(dw)pLp[B(p)]f = —b.

COROLLARY 4.6 ([23]).  Suppose the setting of Proposition 4.5. Let p € M¥,
co == u(p) € b*. Assume that there exists the integral curve v, : [0,T) — M¥
generated by the vector field I[B()]# with the initial condition v(0) = p. Then it
holds that

w(yp(t) =c¢, ¢ i=co—th

Next we show a formula on transformations of the Calabi-Yau structure by
actions of Lie groups and define an element ay € Z(h*).

PROPOSITION 4.7 ([22],[23]). Let (M, I,w,Q) be a connected Calabi- Yau man-
ifold and H a connected Lie group which acts on M preserving I and w. Then there
exists agr € Z(h*) such that for any h € H, it holds that

Ly = eV —amm+-+m) ()

b
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where
M, ,M € bhsuch that h = expny---expn.

The next proposition shows that we can consider the element ap to be the
differential map of a Lagrangian angle under some conditions.

PRrOPOSITION 4.8 ([22],[23]). Let (M, 1I,w,) be a 2n-dimensional connected
Calabi- Yau manifold, H a connected Lie group which acts on M preserving I and
w and has a moment map pu: M — b*, K a closed subgroup of H such that H/K
is orientable, V, an orientable submanifold of M such that V, C M¥ satisfying the
following conditions.

(i) ¢y, is an immersion,

(if) V¢ is isotropic,
(iii) (moment map condition) V. C u~t(c) for c € Z(h*), and
(iv) dim(H/K) +dimV, =n.

Then the map ¢v, is a Lagrangian immersion by Corollary 4.2. Let 0. be the
Lagrangian angle of ¢v,. Then it holds that

0.(hK.p) = 0.(K,p) + (apg,m +---+m) (hK € H/K, peV,)

where ay is the element of Z(b*) defined by Proposition 4.7, and h =
expny - -expn.

For any k € K, we have
GC(K,p) = 0c(kKap) = QC(Kﬂp) + <LLH, K1+ -+ ’fl>
by Proposition 4.8, where k = exp k1 - - - exp k;. So we have the following corollary.

COROLLARY 4.9 ([22],]23]). Under the conditions of Proposition 4.8, the K-
action preserves the Calabi-Yau structure €2, i.e., it holds that

L= (keK).

Since we have t C ker ay by Corollary 4.9, we can consider the element ay € h*
to be one in (h/€)*. Then we can define the vector field I[az(-)]? generated by
ag along V, C M* with respect to (g, I). At the end of this section, we show that
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the mean curvature vector fields of some Lagrangian immersions are expressed by
oy ().

PROPOSITION 4.10 ([23]). Under the conditions of Proposition 4.8, for any
(hK,p) € (H/K) x V., it holds that

HE (MK, p) = (L)l @) + (radgy - 0e(K. ) ).
where H® is the mean curvature vector field of the immersion ¢y, .

COROLLARY 4.11 ([23]). In addition to the conditions of Proposition 4.8,
assume that the Lagrangian angle 0. is constant on {K} x V.. Then it holds that

HE(hK,p) = (Ln)splplon @)} ((hK,p) € (H/K) x Ve).

5. Constructions of Lagrangian mean curvature flows

In this section, we apply Corollary 3.11 and Corollary 4.11 to construct La-
grangian mean curvature flows in Calabi-Yau manifolds by symmetries of Lie groups
which are not necessarily abelian. In particular, we construct Lagrangian mean
curvature flows with the use of generalized perpendicular symmetries. As special
cases, we also have methods of constructing special Lagrangian submanifolds.

THEOREM 5.1 ([23]). Let (M,I,w,Q) be a 2n-dimensional connected Calabi-
Yau manifold, H a connected Lie group with the Lie algebra by which acts on M
preserving I and w and has a moment map p: M — §*, K a closed subgroup of
H with the Lie algebra € such that H/K is orientable, m := dim(H/K), ay the
element of Z(b*) defined by Proposition 4.7, Il (-)]¥ the vector field along M*¥
generated by the covector ap with respect to (I,g), Vo, an (n — m)-dimensional
orientable submanifold of M in M* N u=L(co) for co € Z(b*) such that the map
Pv,, s an immersion.

Suppose that the vector field I[ozH(~)]# generates the deformation f : Vg, X
[0,T) — MX of V., with its expansion F, i.e., the formula

(7) %Ft(K,p) = Ilnwlon (), @€ Vet €0,7))

holds and that for each t € [0,T) and ¢; = co — tag € Z(h*), the following
conditions hold:

(i) the submanifold V., := f1(V.,) is isotropic and
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(ii) the Lagrangian angle 0., of the immersion ¢y, is constant on {K} x V.

Then the family of maps (F})iepo,r) is the Lagrangian mean curvature flow of the
immersion ¢y, , i.e., it holds that

O RhK.p) = (WEp) (R, p) € (H/K) x Ve, 1€ [0.7).

Note that the notation V., in Theorem 5.1 is appropriate by Corollary 4.6 and
that each ¢y, is a Lagrangian immersion by Corollary 4.2.

Next we give more concrete conditions which realize the conditions of Theorem
5.1. For this purpose, we use another given Lagrangian submanifold L and Lie
group actions which are perpendicular to L. The following proposition shows the
conditions that the Lagrangian angle of the immersion ¢y, is expressed by the
covector ay € Z(h*) and the Lagrangian angle of L.

PropOSITION 5.2 ([22],]23]). Let (M,I,w,g,Q) be a connected 2n-
dimensional Calabi- Yau manifold and H a connected Lie group with the Lie algebra
b which acts on M preserving I and has a moment map p: M — §*, K a closed
subgroup of H with the Lie algebra t such that H/K is orientable, m := dim(H/K),
L an oriented Lagrangian submanifold of M with its Lagrangian angle 0, V. an
(n — m)-dimensional submanifold of M in L¥. Assume the following conditions:

(i) (generalized perpendicular condition) For any p € V. and any £ € b, the
followings hold:

(la) & eTyLaT,V.,
(ib) &F ¢ T,V\{0}, and
(ii) (moment map condition) V. C u=1(c) for c € Z(h*).

Then V. has a canonical orientation. Moreover, the Lagrangian angle 0. of ¢v,
satisfies the following formula:

®) 0(hK.,p) = 0(p) = S+ (s, + -+ ),

where h = expny ---expn and ag is the element of Z(h*) defined by Proposition
4.7.

We show the conditions that realize the conditions of Theorem 5.1 with the use
of Proposition 5.2.
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THEOREM 5.3 ([23]). Let (M,I,w,Q) be a 2n-dimensional connected Calabi-
Yau manifold, H a connected Lie group with the Lie algebra b which acts on M
preserving I and w and has a moment map p : M — h*, K a closed subgroup
of H with the Lie algebra ¢, m := dim(H/K), ay the element of Z(h*) defined
by Proposition 4.7, I[aH(~)].# the vector field along M generated by the covector
ag with respect to (I,g), L an oriented Lagrangian submanifold of M with its
Lagrangian angle 0, V., an (n—m)-dimensional submanifold of M in L¥ Ny~ (co)
for co € Z(b*) such that the map ¢y, is an immersion.

Suppose that the vector field I[aH(~)].# generates the deformation f : Vg, X
[0,T) — L¥ of V., with its expansion F, i.e., the formula (7) holds and that for
each t € [0,T), the following conditions hold:

(i) the generalized perpendicular condition in Proposition 5.2 holds and

(ii) the Lagrangian angle 0 is constant on V., (e.g. L is a special Lagrangian
submanifold).

Then the family of maps (Ft)ieo,1) is the Lagrangian mean curvature flow of dv., -

COROLLARY 5.4 ([22],[23]). In addition to the settings in Theorem 5.3, if the
H -action preserves the Calabi-Yau structure €, i.e., it holds that ag = 0, then the
family of maps (F;) is the stationary solution of the Lagrangian mean curvature
flow of the immersion ¢v, . That is, Fy = Fy holds for any t and Fy is a special
Lagrangian immersion.

6. Examples of special Lagrangian submanifolds

In this section, with the use of generalized perpendicular symmetries as shown
in Corollary 5.4, we construct special Lagrangian submanifolds in the cotangent
bundle T*S™ of the n-sphere S™ which equipped with the Stenzel metric. Before
that, we review some fundamental facts about the Stenzel metrics.

In [24], Stenzel constructed complete Ricci-flat Kdhler metrics on the cotangent
bundles of compact rank one symmetric spaces, for example on the cotangent
bundle T*S™ of the n-sphere S™. We denote this Calabi-Yau structure on T*S™
by (T*S™, I, wsts, Qstz). We identify the tangent bundle and the cotangent bundle
of S™ as follows.

T°S" = {(2,6) e R"! x R"™ | [|lzf| = 1, - £ =0},

“ 2

where is the canonical real inner product on the Euclidean space R**! and
|lz|| :== v/ -z for each z € R"*!. A cohomogeneity one SO(n + 1)-action on T*S™



154 A. OcCHIAL

is defined by h - (z,€) = (hx, (Lp)«€) for h € SO(n + 1). The principal orbit at a
point (z,&) is a sphere bundle with a radius of ||£]].

Let Q" be a complex quadric hypersurface in C"*! defined by

n+1
sz = 1} .

i=1

Qn = {Z = t(zh o azn+1) c (Cn+1

In [26], Szoke shows that the following map ® is an SO(n + 1)-equivariant diffeo-
morphism from T*S" to Q™.

O :T*S" — Q"
w w

(2,) > cosh( €] + VT2l E1)

€1l

We can induce a complex structure I to Q™ from C"*! by the map ®. The Kihler

¢.

form wsy, is given by the following.

n+1
_ 92
WSty = \/—183u( =v- Z e 8’

B,j=1

r?)dz; A dz;,

1 . . . .
where 72 = ||2]|? = Zznﬁ z;Z; and u is a smooth real function which satisfies the

following ordinary differential equation:

(9) %(U'(t))” = cn(sinht)"™! (¢ = const. > 0),

where U(t) = u(cosht). The functions U and w satisfy U'(t) > 0,U"(t) > 0 and
u'(t) > 0 if ¢ > 0 under appropriate choices of a constant of integration (See [24]).

We can verify that the SO(n + 1)-action preserves the Calabi-Yau structure
(T*S™, I, wsts, Qstz). So we see that the covector ay in Z(h*) equals 0.

In [2], Anciaux gave a moment map g : Q™ — so(n + 1)* with respect to the
SO(n + 1)-action which is defined by the following.

() (X) =/ (r)Iz- Xz, (2€Q", X €so(n+1)).

We use the following fact which was shown by Karigiannis—Min-Oo in [18] for
preparing an original special Lagrangian submanifold L. That is, a conormal bundle
T*LN in T*S™ for a submanifold N in S™ is a special Lagrangian if and only if N
is austere. In particular, a totally geodesic submanifold of S™ is austere.
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6.1. The case of H =U(1),L; = T*182 L, = T*18* C T*S°

In this subsection, we construct special Lagrangian submanifolds, using abelian
U(1)-actions. We show two cases which include a case of strictly perpendicular
symmetries and a case of generalized perpendicular symmetries.

Let M be the cotangent bundle of 5-sphere T*S®, L; the conormal bundle of
a submanifold S? C S°, and Ly the conormal bundle of a submanifold S C S°
defined by the following.

T 0
0 &
. 0 .
Li(2 T 8% = (“””03 , §4) |zl =1, & €R (j=2,4,6) ¢,
Is 0
L 0] [&]
T o
0 &
\ 0 )
L= 15 =< (| 7] o [ lel =1 & € R (G =2.4,5,6)
0 &5
0 | &6 |

L, and Ly are special Lagrangian since S? and S' are totally geodesic in S° re-
spectively.

Let H be a Lie group U(1) and define a diagonal U(1)-action by the following.

h
SO(2) x T*S® > (h, (z,€)) — | |n| | - (x,6) € T*S°.
h

Here, we identify U(1) with SO(2). That is, this action is the Hopf-fibration
S5 — CP?. The isotropy subgroup of this U(1)-action is trivial at any point
p € L; for i = 1,2. The moment map u given by [2] is calculated as follows.

{ =K([[§IN(z182 + z3€s + 5&6)  on @(L1)\{[|€]| = 0},
—K(lI€1) (@182 + 23€4) on ®(La)\{[|¢] = 0},
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where,

(cosh(2][¢]))) sinh(2]|¢]1)
€]l '

Let V.7 = L;n p=t(e) (i = 1,2) for ¢ € h*. We can verify that the U(1)-action
satisfies the strictly perpendicular condition on Vc(l) to L, and the generalized
perpendicular condition on VC(Z) to Lo by direct calculations. Thus we have the
following result.

kel = -

ProposITION 6.1 ([22]). Fori= 1,2, H - Vc(i) is a special Lagrangian sub-
manifold for any c € b* if VC(Z) is not the empty set.

The proof is based on Corollary 5.4 (See [22]).

6.2. The case of H = SO(2) x SO(2) x SO(3), L = T*1 8% C T*S¢

In this subsection, we construct special Lagrangian submanifolds, using non-
abelian H-actions. In this case, we use the strictly perpendicular symmetries.

Let M be the cotangent bundle of 6-sphere T*S%, L the conormal bundle of a
totally geodesic submanifold S? C S% defined by the following.

Iy 0
0 §2
T3 0
LETS) =3 (| 0|, &) | lall=1, & R (j=2,4,6,7)
Is5 0
0 &6
0] L&

Let H be a Lie group SO(2) x SO(2) x SO(3) and define an H-action by the
following.

hil0]0
H x T*S% 3 (hy, ha, hs, (2,€)) — | 0]ho|0 | - (2,&) € T*SC,
00 |hs

where, hi, he € SO(2) and hs € SO(3). Note that H is non-abelian and the center
of the Lie coalgebra h* is given by Z(h*) = s0(2)* @ s0(2)*. This indicates that we
can expect to obtain two-parameter family of special Lagrangian submanifolds by
our method.

The moment map p given by [2] is calculated as follows. Let &;; be the (n+1) x
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(n+ 1)-matrix defined by &;; = Ej; — E;j, where E;; denotes the (n+1) x (n+1)-
matrix whose (4, j)-component is 1 and all the others are 0. Then we see that

h(= s0(2) © s0(2) © s0(3)) = span{&12, {34, §56, §57, §67 -

For each (7“7.]) - (172)a (354)7 (5a6)7 (577)a (677)7 define a map flij : Q6 - R by
wij(z) = (u(2),&;). Then by direct calculations, we have

pz(2) = =K(lI€])z 1€,
p3a(2) = =K([[€]) w34,
pse(z) = =K(lI€]) 586,
ps7(2) = =K([I€]))zs€7,
per(2) =0
on ®(L)\{[|{]| = 0}, where
K(lell) = u'(cosh(2(€])) sinh(2[|€]])

€]l

We set the following rank two subbundle L c L so that the moment map condition
is satisfied on L.

1 0
0 &
I3 0
L= ( 01, €4 ) ”tzla gj GR(]:274)
xIs 0
0 0
_O_ _O_

Let K be a closed subgroup of H defined by

K(=80(2)) = { {ﬁH ‘ he 50(2)},

where Ej5 is the unit 5 x 5-matrix. We see that the isotropy subgroup at a generic
point p € L equals K.
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For (c1,¢2) € R?, define V., .,y and W, .,y by the following.

Vieres) = LE N {p € M | pa(p) = €1, paa(p) = 2, pij(p) = 0},
Wici,eo) = Ln {pe M| p2p) = ci, p3a(p) = c2, pij(p) =0},
where (i,7) = (5,6),(5,7),(6,7). We can verify that the H-action satisfies the

strictly perpendicular condition on V., ,) to L by direct calculations. Thus we
have the following result.

PROPOSITION 6.2 ([22]).  For any (c1,c2) # (0,0) € R? such that Vi, .,) is
not the empty set, H - Vi, c,) s a special Lagrangian submanifold, and H - W q o)
is a union of five connected special Lagrangian submanifolds.

The former of this claim is shown by Corollary 5.4.

W(0,0) includes non-principal points and is not a smooth manifold. We can
verify that it is a union, which is not disjoint, of the following five connected
submanifolds.

_ 117S? SIxR SR R? R?
Wo.0) = Wio0 Y Wio.0).0 Y Wiooy.3 Y W00, Y Weo,0),-1)»

where
(] (0] [0]
0 0 &2
: "8 T e = 1
S _ _ SIxR =4
W(O,O) - ( 0 70) HxH =1 ) W(()’())’(D - ( 0 ) 0 ) 52 eER P
T5 Ts 0
0 0 0
| 0] 0] O]
(1] [0] [0] [0]
0 0 0 &2
0 0 0 0
S'xR 2]l =1, R2 & €ER,
(0,0),(3) — ( 0 ’ 54 ) 54 eR ’ W(O 0),(e) — ( 0 ’ 54 ) i = 274 ’
Is 0 € 0
0 0 0 0
0] O] 10] 0]

and ¢ = £1. We see that each set W(/o‘ 0) above is a 2-dimensional connected
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submanifold of T*S% diffeomorphic to A. We can not apply our method to each
W(‘é 0y’ since they have non-principal points. However we can directly verify that

each H - W(g,o) for W(%?o)v W(%Tox)ﬁj)(j = 1,3), and W(]%Z,)o),(e)(e = £1) is a special
Lagrangian submanifold of T*S™ diffeomorphic to S6, T*+ 84, and T*+S? respec-
tively.

Thus we obtain two-parameter family of special Lagrangian submanifolds in
T*S%. We can verify that H acts on H - Vier,es) With cohomogeneity two.

7. Examples of Lagrangian mean curvature flows

In this section, we construct a self-similar solution of a Lagrangian mean cur-
vature flow in C™ by Theorem 5.3. We use strictly (not generalized) perpendicular
symmetries of a non-abelian Lie group U(1) x SO(3).

Let (C*,I,w,,g) be a 4-dimensional complex Euclidean space equipped with
the standard Calabi-Yau structure, where I,w, ) and g are the complex structure,
the Kahler form, the Calabi-Yau structure, and the Kéhler metric respectively. Let
L be a special Lagrangian submanifold defined by

LO)ER* xR | 2, €R (1 =1,2,3,4) p 2R

Let H be a Lie group U(1) x SO(3). For A1, g € Z, we define an action of H to
C* by

™D
-

1‘ eV 1Mo

N
N

HxC*3 (V1 h) 2:= € C*.

h 6\/_71)‘29E3

ISR
=W

We can verify this action preserves I and w by direct computations.
Let K be a closed subgroup of H defined by

K = ke SO2) S = S0(2).
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Then we have

Z1
T2
0
0

LE = {( L0) ERY X R | 2y #0

We can verify that the action of H is strictly perpendicular to L on L¥ by direct
computations.

Next we consider a moment map u. Let h be the Lie algebra of H. The
coalgebra h* is u(1)* @ so(3)*. The center Z(h*) of h* is u(1)*. Define & € h by

1‘ e‘/_ult‘ 2

exp(téy) -z = 2

W

E3 6\/_71A2tE3 3

Z4

Then by direct calculations, we have

1
(1(2): &) = 5 laal* + Xal2al” + Aalzsl + Aafzal?).
So we define a submanifold V. by

Z1
€2
0
0

1
Ver= LA npteg!) = { ( ,0)e L Q(Ale +Xoa3)=co,

where ¢! € b* is the dual element of & and ¢ € R. We see that dimV, +
dim(H/K) = 4 = (dimg C*)/2. Assume ¢ # 0. Then we see that V. is an el-
lipse if Ay > 0 and Ay > 0, that it is a hyperbola if A2 < 0 and that V, is the
empty set if Ay <0 and \s < 0.

We can calculate that ag = (A + 3)\2)51. From this formula, we also see that
the vector field I[og (-)]# is given by

)\11‘1

A1+ 39 oo
N2+ X253 | 0
0

Llag(2)]# = - e T.LX (2€LX).
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ProposiTION 7.1 ([23]). Fiz co # 0. Then the map ¢v,, : ((U(l) X

50(3))/50(2)) X Vo, — C* generates a Lagrangian mean curvature flow (Fy).

Moreover, this flow (F}) is a self-similar solution of the mean curvature flow. That
is, for key := —(A1 + 3X\2)/co, the flow Fy is a self-shrinker if k., < 0 and is a
self-expander if ke, > 0.

The former of this claim is based on Theorem 5.3. The latter is shown by
Proposition 3.13. This example is the generalization of ones by Lee-Wang [20] and
Konno [19].
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