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Analytical methods for inverse obstacle problems

Masaru IKEHATA

Abstract.

This expository paper is concerned with methodology on the re-
construction issue for inverse obstacle problems governed by partial
differential equations and consists of three sections. First an introduc-
tion of representative classical analytical methods, which are the linear
sampling and factorization methods, the probe and singular sources
methods and the enclosure method is given. Second the recent devel-
opment of the enclosure method in time domain is described. It is
focused on showing three types of applications of the method to in-
verse obstacle problems governed by wave equations. Finally, as a most
recent topic, an integrated theory of the probe and singular sources
methods is presented.

1. Introduction

In this paper we consider

Problem. Extract information about geometry of discontinuity from observation
data.

The term “discontinuity” appears in nondestructive testing and evaluation. It gives
an effect on the propagation of various signals (electric current, heat, various waves
etc.) in a given body or medium, such as cavity, crack, inclusion, obstacle.

The problem mentioned above comes from nondestructive testing and evalu-
ation (e.g., [13], [5]), radar, sonar, electrical impedance tomography, microwave
imaging (e.g., [57]), thermography, etc. One can see also in nature, for example,
dolphin, bat, their echo location and object recognition ability using sound wave,
for example, see pp. 140-215 of [3].
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Many of such problems are mathematically formulated by using solutions of
various partial differential equations which are called the governing equations. They
are called “inverse obstacle problems” as can be seen, for example, in the title of
Isakov’s review paper [49].

By the way, looking back on the author’s published works since 1987, the main
interest of the author was seeking analytical methods for inverse obstacle problems
governed by partial differential equations, in particular, its reconstruction issue.
In particular, it was fortune that the author was able to place himself and act in
the midst of dramatic changes of the research direction of the problems. More
precisely, from the late 1990s to the end of the 20th century (1996-2000) there
was an appearance of direct analytical methods for inverse obstacle problems, in
particular, through inverse obstacle scattering problems in frequency domain and
the Calderén problem [6] whose governing equations are given by elliptic PDEs.
Those methods do not need iterative computation such as traditional optimization
methods together with linearization procedures.

A list of classical analytical methods taken up in this paper is as follows.
Linear Sampling Method of Colton-Kirsch [7]
Probe Method of Tkehata [14, 15, 17]
Factorization Method of Kirsch [50, 51, 52]
Enclosure Method of Tkehata [16, 18]
Singular Sources Method of Potthast [58]

Those are briefly discussed in the following subsections from author’s perspective.

1.1. Linear Sampling and Factorization Methods

In this section, we describe briefly the essence of the linear sampling and fac-
torization methods. Originally they were introduced for inverse obstacle scattering
problems in the whole space or an exterior domain. Here we restrict ourself to a
typical and most important inverse obstacle scattering problem in three dimensions
(cf. [10]) and present their ideas from the author’s point of view.

We denote by D an unknown obstacle placed in the whole space R?. We assume
that D is given by an open subset of R? with smooth boundary such that R?\ D
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53

Figure 1. Two ellipses represent the connected components of
obstacle D.

is connected. Fix k& > 0. Given an incident direction d € S? let w = w(x;d) satisfy

Aw + k*w =0, r € R3\ D,

ow 0 ke

E— 5(6 ), l’gaD,

r(aw—zkw>—>0,r—|x|—>oo,
ar

where v the unit outward vector field on dD and i = /—1. The inhomogeneous
Neumann boundary condition means the obstacle surface has vanishing admittance
and such obstacle is called the sound-hard obstacle. The function e?***¢ denotes an
incident plane wave. The existence and uniqueness of w are well known (Integral
equation approach or variational approach). Besides, it is well known that scattered
wave w has the asymptotic expansion as r — co:

ikr

e 1
F — 2
" (ﬂ,d)+0(r2),1965,

w(rd;d) =

where the coefficient F(9,d) is called the far field pattern of w.

The obstacle scattering problem using a plane wave is to establish the way of
the calculation of the F(¢,d) along the flow as indicated below(see also Figure 1
for a conceptual illustration of obstacle scattering):
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errd s D — w(rd,d) — 0o F(V,d)

Contrary to this, the problem to be used for the explanation of the classical
analytical methods is

Problem 1. Fix known k. Reconstruct D from F'(¢,d) (V9 Vd).

It is well known that we have the expression

1 0
47T oD 81/( )

F(0,d) = (e * ") u(w;d) dS(),

where u(z;d) = e*?® 4+ w(x;d) denotes the total wave. This shows intuitively
that the far-field pattern depends on the obstacle nonlinearly. Thus Problem 1 is
a nonlinear problem even the governing equation is linear.

The uniqueness issue of Problem 1 has been established in Kirsch-Kress [54] by
using a contradiction argument.

By the way, the observation data {F(¢J,d)|d,d € S?} determine the operator

F:L*S?) > fw | F(-,d)f(d)dS(d) € L*(S?)
SQ

and vice versa.

The meaning of operator F' is as follows. The Herglotz wave function can be
considered as a continuous superposition of plane waves, that is

Hf(x):/s2 zlcacdf Zezka:df ,(tGRg.

Send this from infinity. Then the far field pattern of scattered wave by obstacle D
is given by

Ffw) = F,d)f F,d)f(d),v 2
o) = [ =3 e 52
The following diagram sums up the flow:

Hf(z)— D — w(rd; d) f(d)dS(d) —rr— 00 Ff(9)
S2
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Here we introduce the key concept in the linear sampling method. That is the
spherical wave with a singularity at an arbitrary point z € R? given by

eik‘y713|

Py, x) = y € R3\ {z}.

drly — x|

This is the unique fundamental solution of the Helmholtz equation with the radi-
ation condition

0 ‘
r (67”@(1"19,1”) - 2k:<1>(r19,:17)) —0

as r — oo.
The spherical wave ®( -, z) takes the form
ikr

e
@(7‘19, l‘) = m

e T L O(r 72, r — 0.
Thus the far field pattern of ®(-,x) is given by
efik:ﬁ-w

2
yy VSRS

Linear Sampling Method

First we introduce an operator from obstacle surface to far field.

Given h(y), y € 0D let w = w(y; h),y € R*\ D solve

(A + k*)w =0, y € R3\ D,
ow
5*h’(y)7 yeaDa
r(aw—ikw> — 0,7 — 0.

or

Let Gh denote the far field pattern of w. Note that G : h — Gh is linear. It is easy
to see (almost trivial)

z € D < Equation Gh(¥) = e~ 9 € §2 is solvable

& e " ¢ Range G



8 M. IKEHATA

(if x € D choose h = —470,®(y, x); if x € D contradiction by the Rellich theorem).
Here we have

Ff=-G(0,(Hf)lap)

and thus
Range F' C Range G.
Thus
z ¢ D= e """ & Range F
or
e T ¢ Range F =z € D
i.e.,

A={zeR*|3fFf=e"*""} CD.

Unfortunately, in general the symbol C cannot be replaced with symbol = *.
Instead, given € > 0 and = € R3 consider the set

.7:5(1‘) = {f € L2(52) | ||Ff — e_ikﬂ'$||L2(52) < € } .
Any member of F.(z) “solves” approximately the far-field equation
Ff(9) =e e 9 c G2

with an L?(S?)-error at most €. However, the existence is not a trivial matter.
Here we introduce

Assumption. The k2 is not an eigenvalue of —A in D with the Neumann boundary
condition.

It is known that this assumption yields: the range of F' is dense in L?(S?).
Thus, for all € > 0 and = € R? we have

Fe(x) # ¢

*And some case A = ¢, see [23] for an example in two dimensions.
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Besides Colton-Kirsch in [7] state more about the set F.(z), that is the following
result.

THEOREM 1.1.  Under Assumption described above, given € > 0 there exists a
family (fi.c) of L*(S?) indexed with x € D such that, for each x € D

foe € Fe(z)

and for each a € 0D

D%iin—m Hfac,6||L2(S2) = 00.

This means: given € > 0 the set
Ugers Fe(x) (C L*(S?))

contains surely information about geometry of D.

The idea of the Linear Sampling Method consists of two steps (a) and (b)
indicated below.
(a) Fix € > 0. For each sampling point x € R3 find f, € F.(x), i.e.,

HFfI — 67ikm'19||L2(52) < €.
(b) Plot the function
T+ || fallL2(s2)-

The background of the idea which is based on Theorem 1.1 is the belief: the
points where the values of function of (b) are large, could be the surface of obstacle.
They confirmed experimentally (numerical).

However, needless to say, there should be points to be clarified mathematically
from the beginning of their appearance.

o Their original existence proof of the families (fz ¢)zen,e>0 in the cases A =
R3\ D and A = D are different. Note that D is assumed to be unknown!

e There was no proof that the numerically constructed density f, . for x € D
behaves exactly, as © — 0D the same as the member of family (fy ¢)zep >0 ensured
in Theorem 1.1.

The rigorous justification has been done 10 years later with the help of Kirsch’s
factorization method (Arens [1], Arens-Lechleiter [2] ) described below. They gave
a unified numerical construction method of the family (fy ¢).crs which behaves the
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same as predicted in Theorem 1.1 when D > x — 9D.
Factorization Method

Let us go back to the formula
D={zeR?| e~ ¢ RangeG } .

So if one can calculate Rang G by using F' only, one gets the reconstruction formula
of D itself! Factorization method connects “two different things” by analyzing a
factorization of the far field operator and enables us to do the calculation. More
precisely, Kirsch in [50] has established the following result.

THEOREM 1.2.  Assume that k? not an eigenvalue of —A in D with homoge-
neous Neumann boundary condition. Then, we have

Range G = Range (F*F)i
Thus
D= {x € R3 e~V ¢ Range(F*F)% } .

The result says that: for an arbitrary h on 9D, the Gh which is a function on
52 can be calculated from observation data F even both of h and D are unknown.
Besides, by Picard’s Theorem [8], as a corollary it holds

i [(W, e H77) f2g2)]2 o
o IV a2

where W¥,,, A\, complete orthonormal eigenfunctions, corresponding eigenvalues of
operator I, which is compact and normal.

D:{xeR3|K(x)

Thus we have
Conclusion. Instead of the far field equation

Ff9) =e ™ 9 c 52
the solvability of modified far field equation
(F*F)3 f() = e * 7% 9 ¢ §2,

gives the complete characterization of unknown obstacle.
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Since the introduction of Factorization method, depending on the problems,
based on the idea of the method, various modified far field equations have been
introduced. See, the books [53, 8] together with their references and e.g., Furuya’s
recent works [11, 12].

1.2. Probe and Singular Sources Methods

In [14], [17](1998, 1999) and [58], [59](2000, 2001), Tkehata and Potthast gave
the solution to Problem 1, independently, with different methods which are called
Ikehata’s Probe Method and Potthast’s Singular Sources Method. The common
character of the original version of the Probe Method and Singular Sources Method
is to compute a field defined outside unknown obstacle by using observation data.
The field blows up on the surface of obstacle. By looking at the calculated field,
unknown objects emerge.

Singular Sources Method

Let &, (y) denote the scattered wave by obstacle D with the incident spherical
wave ®(y, z) having singularity at y = x € R3\ D. That is, the wave £, = € solves
the exterior problem

AE(y) +k*E(y) =0, y e R3\ D,

o€ 0

r(ag—ik5> =0, r=|y| = oo.
or

The indicator function of Singular Sources Method is given by the function
R® \E S ar— &) = Sw(y)ly:w'
Potthast’s singular sources method developed in [58] and [59] is summarized as

THEOREM 1.3. (i) One can calculate £, (x) for x € R3\ D from F(9,d) given
at all directions ¥ and d.
(ii) It holds that, for an arbitrary point a on 0D

lim [€, (x)| = oo.

Comments on proof.
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On (i). Tt is based on, roughly speaking, the computation formula of the indicator
function for the singular sources method: for an arbitrary fixed z € B\ D, it holds
that
1
Ex(x) = lim < lim —/ F(—9,d)gi (0, z)dS(ﬁ)) gn(d, 2)dS(d),
S2 S2

n—> o0 l—so0 41
where g = ¢;(+, ), gn (-, z) satisfy roughly speaking
Hy(z) = ®(z,2), z € Gy,

B large open ball with D ¢ B, G, a bounded domain depending on z satisfying
D C G, R?®\ G, connected and x € R?\ G,. The G, on which one can find the
density g as above is called a sampling domain associated with x.

On (ii). This is a consequence of a point wise expression of the solution &;(y) in a
neighbourhood of 9D by using the method of integral equation.

Probe Method

Fix a known bounded domain 2 such that D C € and R3\ ) connected. Assume
k? neither the eigenvalue of —A in  \ D with homogeneous Dirichlet boundary
condition on 02 and Neumann boundary condition on dD nor Dirichlet eigenvalue
of —A in Q. Then, given x € Q\ D there exists the unique solution w, = w of

Aw(y) + k*w(y) =0, y € Q\ D,

ow 0
E(y) - f@CI)(y,x), Yy e aDa
w(y) =0, y € 0N

The indicator function of Probe Method is as follows:
Q\D 3z I(x) = |[V(-,2)[[72(py — K*19(-, @)1 72
2 2 2
+||wa||L2(Q\5) —k me”Lz(Q\ﬁ)-
In [14] and [17] the author established the following result.

THEOREM 1.4. (i) One can calculate I(z) for x € Q\ D from F(9,d) given
at all directions ¥ and d.
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(i) It holds that, for an arbitrary point a on 0D

;1_% I(z) = 0.
Comments on proof.
On (i). The proof consists of three steps.
1. F = Sp on 99

Here, Sp denotes the single layer integral operator on 0f2 given by

Spf) = | @pln.o)f@)is(a). v e s
and set Sp = Sy if D = ¢. The integral kernel of Sp is given by
Op(y, ) = By, ) + E(y), y eR*\ D, 2 e R°\ D, z # y.

The point is to calculate ®p(y, z) for (z,y) € 0N with x # y from F. For this do
the similar procedures as (i) of Singular Sources Method in a neighbourhood of 92
(however, not close to D). See [14] for the procedures.

Hereafter we take two different key steps from Singular Sources Method.
2. Sp=Ao—Ap

This is due to the connection formula [17]
Sot=Spt =M —Ap,

where Ap denotes the Dirichlet-to-Neumann map u|sq — %Z loq, with Au+k?u =0
in Q\ D and %zOonaD; Ap =Aoif D = ¢.

The third step is the core of the probe method.
3. Ag—Ap = I(JJ)
The procedure is based on the fact: given an arbitrary needle ¢ with a tip at =z,
roughly speaking, which is a path connecting a point on 9 and « (see Subsection

3.1 for the definition) and a sequence {v,} of solutions of the Helmholtz equation
in the whole Q such that v,, — ®(-, z) in HL_(Q\ o) it holds

loc

I(z) = lim [ (Ao — Ap)vnloq - vnlog dS
ifoND = ¢.
On (ii). This needs a technical argument based on PDE [17]. See also the recent
article [40] for another direct approach.
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Historically, in [17] the author gave a reconstruction formula of unknown ob-
stacles from the data

{CDD(yux) |(£L',y) € (89)2,5E 7é y}

The result is formulated by using the original probe method [15] and the proof
employs the connection formula mentioned above. The article [14] combines the
procedure 1 mentioned above with the result of [17].

As can be seen from the comments on proofs of Theorems 1.3-1.4, both methods

consist of numerical calculation procedures for their indicator functions as summa-
rized below.

Sampling domain &, (z), = € R*\ D
/
F(9,d) V9vd
\ _
Needle I(z), 2 € Q\ D

1.3. Enclosure Method for Inverse Obstacle Scattering

First let us describe the formulation of obstacle scattering problem in two di-
mensions. Let D be a bounded open subset of R? with Lipschitz boundary such
that R?\ D is connected. Let k > 0. Given d € S* let w = w(z;d) solve

Aw + k*w =0, r € R?\ D,
3 9 .
a%) =~ ("), wedD,

The w = w(rvd;d), ¥ € S' as r — oo has the expression

ikr

w(rd;d) = NG

The function F(-,d) on St is called the far field pattern of w .

F(9,d)+0(r 2),r — .
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Problem 2. Fix k and d. Assume D # ¢. Extract information about geometry
of D from {F(9,d) |9 € S1}.

Note that unlike Problem 1, the incident direction d is fixed.

The indicator function of Enclosure Method presented here is defined by the formula
In(r) = [ Flop.dian(eim)ds(e)

where N =1,2,---, 7> 0, w = (w1, wy) € S* and the density gy is given by

1 ike "
g (@37 w) 27 |mz<:N { (t+ m)w} .
Note that we identify the real unit vector ¢ = (p1,92) € S' with the complex
number ¢; +v/—1 ¢ and denote it by the same symbol ¢. So the ¢ and w in each
term on the right side of gy have that meaning.
The gn is the truncation of a divergent Fourier series which is a formal “solu-
tion” of the integral equation

/ M g(p)ds(p) = "%, y € R?
S1
and
z=1w4+iV12 + k2w, wh = (w2, —w1).

The left-hand side of this integral equation is the Herglotz wave function with

Y% on the

density ¢ in two dimensions. Since z satisfies z - z = —k?, the function e
right-hand side satisfies the Helmholtz equation and is called the complex plane
wave solution or the complex geometrical optics solution. The solution at k£ = 0
has been used in the linearization of the Calderén problem proposed in [6].

The following result gives us a direct extraction formula of some information
about the geometry of an unknown obstacle from the far field pattern F(-,d) for
an arbitrary fixed d and has been established in [21] by the author-himself.

First we assume that D is given by the union of finitely many interiors of
polygons Dy, --- , Dy with unknown counting number M such that D; N E =0
if i # j. Let w be regular with respect to D, that is, the set {z-w = hp(w)} NID
consists of a single point, where hp(w) = sup,cp « - w called the support function
of D (see Figure 2 for an illustration of the situation).
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w\ 7w = hp(w)

Figure 2. An illustration of regular direction w. Two polygons
are the connected components of polygonal D.

THEOREM 1.5. Let Bgr be an open disc centered at the origin of coordinates
such that D C Br. Let {T(N)}N=12.... be an arbitrary sequence of positive numbers
satisfying, as N — oo

7(N) = <

= =N+0()

with an arbitrary fixed constant ¢ €10, Bo| and By satisfying 20y + elog By = 0.
Then, it holds that

1
A}i_ffloo Wlog Un(T(N),w)| = hp(w).
Comments on proof.
e The idea of the transformation by Vekua [62], [63] combined with Fourier

series expansion enables us to find gy.
e The 7 = 7(N) is chosen in such a way that, as N — oo

/ Mg (@3, w)ds(p) ~ eV %,y € Bp.
Sl

e A result in [19] is the core part. That is, as 7 — oo, it holds that, for all

regular w
ov, ou
— = | d =h 5
[ (Gee-fer ) dsto| o

where v, (y) = e¥# and u(y) = w(y) + e**?. The proof of this formula is not a
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trivial matter.
e Another core is a connection formula of F' and the Cauchy data of v on 0Bg,
see (2.9) in [9].

Remarkably enough, no assumption on k is imposed unlike the Linear Sampling,
Factorization, Singular Sources and Probe Methods! A numerical work based on
this formula, has been done in Ikehata-Niemi-Siltanen [48].

Finally let us give a bird view that indicates the central object in each method.
A Bird View

Linear Sampling Method, Factorization Method
Far field pattern of ®( -, x)

Singular Sources Method, Probe Method
O(-,x) itself

Enclosure Method
e¥'? with z - z = —k?

2. Time Domain Enclosure Method

The observation data of the original enclosure method come from partial dif-
ferential equations being independent of time variable. However, there are a lot of
inverse obstacle problems governed by partial differential equations in time domain,
e.g., heat and wave equations, the Navier system, the Maxwell system, the Stokes
system. Those are motivated by nondestructive testing of material, noninvasive
evaluation of a body and the solutions may have applications to them. Thus it
is quite natural to consider the following problem: how to treat observation data
generated by the solutions of PDEs in time domain? This is a question the author
has been pondering ever since first discovering the Enclosure Method.

In [22], by considering heat and wave equations in one-space dimension, the
author proposed a set of general ideas applicable to inverse obstacle problems in
time domain, which should be called the Time Domain Enclosure Method. Since
then, we have a various applications in three-space dimensions, see Section 4 of
[42] for the total and detailed survey on the Time Domain Enclosure Method and
references therein until 2020.

In this section, we present some of prototype results for three types of inverse
obstacle problems. Those are governed by wave equations in an exterior domain,
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the whole space and a bounded domain of R and show various ideas. It should be
emphasized that those problems are just a few examples and there should be a lot
of problems to be solved further by using the time domain enclosure method.

2.1. Exploring Surface of Obstacle

First we describe the prototype problem to be used for the explanation of the
idea of exploring the surface of obstacle.

Let D C R3 be a bounded open set of R* with 9D € C? and satisfy that R?\ D
is connected. A function v € L*>°(9D) satisfies v > 0. The symbol v = v, denotes
the unit outward normal vector at ¢ € dD. Let B be an open ball with a sufficiently
small radius and satisfy BN D = ¢. We denote by xp the characteristic function
of B.

Fix 0 < T < oo and let u = up(x,t), (z,t) € (R*\ D)x 0, T solve

0%u 3\ =
ﬁfAu:Oa (I,t)G(R \D)X}OaT[a
u(z,0) =0, r e R3\ D,

%(m,O) =xp(z),r €e R3\ D,

ou ou

oy~ 1@)5; =0, (x.1) € 2Dx]0, 7|

Problem 3. Fix a large T (to be specified later). Extract information about
geometry of D together with value of v from observation data ug(z,t), z € B,
0<t<T.

To explain of the role of « look at the energy integral

1
E(t) = */ ~(|0wu* + |Vul)dz, 0 < t < T.
2 Jr\D

Then, a formal computation yields
£(t) = —/ ~(@)|Bul2 dS < 0.
oD

Thus the energy of solution may lose on the surface of obstacle because of 7. In
this sense, the coefficient =y expresses the state of the surface of obstacle D. In
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the Maxwell system, it is corresponding to the surface admittance and v = 1 the
admittance of the background medium. In fact, in the case when v = 1 and the
space dimension is 1, one can not recognize the existence of D by the observation
data [25].

In this subsection, the indicator function takes the form

Ip(T) :/(w—v)dm,T >0,
B
where
T —
w(z) =wg(x,7) = / e Tu(z,t)dt,x € R3\ D, 7 >0
0

and v = vp(-,7) € HY(R?) is the unique solution of the modified Helmholtz
equation with inhomogeneous term

(A =7+ xp(z) =0,z € R%.

It’s explicit form is given by

1 e~ Tlz—yl J RS
) = - N , T € .
vp(x,T) gy /B P Y, T

The indicator function given above has a formal similarity to original Enclosure
Method [16] as pointed out in [25]. More precisely, fix an arbitrary T and choose
Q) a bounded domain of R? in such a way that 9Q € C?, R®\ Q is connected,
BNQ=¢and D C Q. Then, as 7 — oo we have

_ @ _@ -1 _—7T
IB(T)_/BQ <81/w 81/U> dS+O0(r7 e ™),

where v denotes the unit outward normal vector to the surface 92 and v = vg and
w = wp satisfy

(A — 73w =0, x €,

(A—7Hw=0(re”™), ze€Q\D,

— —71y(2)w = 0(e” "),z € OD.

Before describing the first result we impose two conditions on .
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e Write y << 1if 3C" > 0 ~(x) <1—C" ae. x € OD.
o Write v >> 1if 3C" > 0 y(x) > 1+ C" ae. x € OD.

Now we are ready to state the first result of this subsection, which has been estab-
lished in [25].

THEOREM 2.1.  Let T > 2dist (D, B). We have
(i) if v << 1, then for all sufficiently large T we have Ip(T) > 0;
(ii) 4f ¥ >> 1, then for all sufficiently large T we have Ig(t) < 0.
Besides, in both cases it holds

L loaTs(r)]

T—>00 T

= —dist(D, B).
The last formula yields dop(p) = infycaop |y — p| since we have
= 1 f — = i D B .
dop(p) = inf |y —p| =dist (D, B) +n

Statements (i) and (ii) of Theorem 2.1 give us a qualitative criterion whether v >>
1 or v << 1 provided 7 satisfies one of the conditions v >> 1 and v << 1 provided
~ satisfies one of v >> 1 or 7 << 1. It is natural to go one step further or ask the
question: can one explain its reason quantitatively ? In [31] we have already given
the answer as follows.

First we introduce notation. Set B, (z) = {y € R*||y—z| < r} and B = B,(p),
p € R3\ D. Denote by Asp(p) the set of all points on D that are most closest to
point p, that is

Aop(p) ={q € 0D |lqg —p| = dap(p) }-

Hereafter, for simplicity, we call solution up the wave generated at p if B =
By (p) for a small known 7

From Differential Geometry [56] one must recall the notion of shape operator
and its property. For each ¢ € App(p) let S,(0D) denote the shape operator of
surface dD at ¢ with respect to the unit outward normal vector v, of 9D at ¢q. And
the symbol S, (0B, ) () denotes the shape operator of sphere dBg, , () at g
with respect to the unit inward normal vector (= —v,) of 9Bg,, ) (p) at q. Note
that the point ¢ € App(p) attains the minimum value of function D > y — |y—p|,
both 0By, ) (p) and D has a common tangent plane at ¢ and as the quadratic
form on the common tangent space at ¢ it holds

S¢(0Bayp(p) () — Sq(0D) > 0.
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Succeeding to Theorem 2.1, the author in [31] clarified the leading profile of the
indicator function as stated below.

THEOREM 2.2.  Assume OD € C3, v € C?(0D) and v satisfies v(z) > 1(Vz €
OD) or 0 < y(z) < 1(Vx € 9D). Assume also that center point p of B satisfies:
Aop(p) is finite and

det (Sq(0Bay, p) () — S¢(0D)) > 0Vq € Aop(p). (%x)

Then it holds that, as T — 00

27 dist (D, B) In(r) = % (dag(p) )2 Z kq(p)l - 7(@)7_4 _1_0(7—4)7
q€Mop(p)

where

_ 1

/et (S,(0B,,, ») (p) — S4(0D)).

Note that in the case when v = 0, the corresponding result has been derived as
a corollary of [27].

kq (p)

Here we restrict ourself only to describing the keys for proof of Theorems 2.1-2.2.
Energy Decomposition Formula ([25]). We have, as 7 — oo

Ip(r) = J(1) + E(1) + O(77e™™"),

where

and
E(7) :/ (|V(w—v)|2+72|w—v\)2)dx+7/ y|w — v|*dS.
R3\D aD
Energy Asymptotic Formula ([31]). Let T' > dist(D, B). Assume: (i) v has

a positive lower bound; (ii) the set of Agp(p) consists of finite points and satisfies
(%x); (iii) there exists a point ¢ € App(p) such that v(q) # 1. Then, we have, as

T — 00
v 1—v
E(T) ~ — - ds.
(") /aD (8V T'yv) 1+7U
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Theorems 2.1-2.2 enable us to extract information about the geometry of un-
known obstacle together with the state of the surface as shown below.

Application of Theorem 2.1 (determination of all the points on Ayp(p))

Given p € R?\ D and direction w, using wave, one can determine whether there
exist a point on Agp(p) when going from p to w-direction straightly

(a) Find dyp(p) by using Theorem 2.1 (wave generation at p).

(b) Pick a point p’ outside B however, still near to p on the line from p to w-
direction.

(c) Find dpp(p’) by using the similar procedure as (a) (wave generation at p’).
Note that we have always dyp(p’) > dap(p) — |[p —p'|. Besides, we know dgp(p’) =
dap(p) — |p —p'| if and only if p + dgp(p) w € Aop(p)-

Thus, repeating (b) and (c) for infinitely many directions w, one can completely
reconstruct the set Agp(p) for given point p outside D.

Application of Theorem 2.2 (Determination of local shape and admit-
tance)

Given a point ¢ € Agp(p), using three aves, one can find both of value of v and
approximate shape of 9D at q.

(a) Pick three points p1, pa, ps on the segment connecting p and ¢ (see Figure 3 for
an illustration of the situation). Then we have dgp(p;) since this coincides with
Ip — q| — |p — p;|. Besides, it holds that App(p;) = {q}, j =1,2,3 and

det (Sg(0Buayp (n) (p5)) — S4(0D)) > 0,5 = 1,2,3.

(b) Generate wave at each p;. Applying Theorem 2.2 to each wave generated, one
gets

F, = 1 1—(q)
T A6t (84(0Buyp ) (p2)) — S4(0D)) 1 )

.j=1,2,3.

Let H = Hyp(q), K = Kyp(q) denote mean curvature, Gauss curvature of 9D at
q with respect to v,. It holds, for \; = dap(p;)~', 7 =1,2,3

det (Sq(0Byyp(p;) (p5)) — Sq(0D)) = AF —2HA; + K.
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O

Figure 3. The largest circle denotes the sphere |z — p| = dop(p)-
Other three circles denote the spheres centered at p; with radius
dap(p;), j = 1,2,3. Two ellipses represent the connected compo-
nents of obstacle D.

Then from (b) we have linear system
—(WF =N F3) FP - F3\ [(2H FiN; — FiM
—(aFy = NF3) Fy - F) \K FiNs = F3A3

(¢) Find H = Hyp(q) and K = Kyp(q) by solving the linear system above numer-
ically with a regularization method.

(d) Find };18; and thus v(g) from (c) and, for example, F; of (b).

This is a method of approaching and cricking three times to a point ¢ € Agp(p)
which yields the curvatures H(q), K(gq) and thus an approximate shape of 9D at
q and v(q).

Some additional remarks are in order.

e The classical result due to Majda [55] in the context of the Lax-Phillips
scattering theory observes data at infinity and taken over the whole time T' = oo.
Only Gauss curvature can be extracted under the strong convexity condition on
the shape.

e Our result employs only near field data taken over finite time interval and
provides two methods to extract (i) all the nearest points on the surface of obstacle
from a given point p (ii) not only Gauss curvature but also mean curvature at an
arbitrary given nearest point on the surface of obstacle from p.
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e When the place where data is sent and received is away from obstacle, that is,
when dyp(p) — oo, Theorem 2.2 tells us that information about mean curvature
is hidden. This indirectly explains why Majda’s result yields Gaussian curvature
only.

e Theorems 2.1-2.2 have been extended by the author to an analogous inverse
obstacle problem governed by the Maxwell system in [29], [30] and [34].

2.2. Detecting Something Added

This subsection introduces an idea for the general problem: how do we detect
when something has been added to a known possibly complex background medium?
A typical situation is through-wall imaging [4] via electromagnetic waves. We
formulae this as an inverse obstacle problem governed by the wave equation with
a variable coefficient and present a result by using the Time Domain Enclosure
Method.

Fix 0 < T < oo. Let B open ball with a sufficiently small radius. Let u =
up(z,t), (z,t) € R*x]0, T solve

()&—A =0, (z,t) e R*x]0, T
o(z) 73 u=0,(z, , T,
u(z,0) =0, x € R?,

0
a—?(m,O) =xg(z), »€R3

where o € L°°(IR?) satisfies ess. inf,cgs a(x) > 0 and takes the form

ag(z), r €R3\ D,
a(z) =
ag(x) + h(x),z € D,

D is a bounded open set of R® with Lipschitz boundary, ag € L®(R?) satisfies
Imo > 0, IMy > 0 m2 < ag(z) < MZ a.e. x € R® and h € L*°(D).
Here we impose two conditions on h:

e If 3C > 0 h(z) > C a.e. x € D, write a >> ay.

e If3C >0 — h(z) > C ae. x € D, write a << «p.
The set D is a model of something added to the background medium described by
ap with unknown jump h over D. The governing equation appears as a simplified
model of propagation of electromagnetic wave.
In what follows if D # ¢, we assume one of two conditions o >> g and o << ayg.
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Problem 4. Let BN D = ¢. Fix a large T' (to be specified later). Assume ayq is
known, both of D and h are unknown. Determine whether D = ¢ or not by using
the observation data up(z,t), x € B, 0 < t < T. Besides, when D # ¢, extract
information about geometry of D and property of h, that is whether a >> «q or
« << g from observation data.

Define the indicator function by
Ig(r) = / ap(x)(w —v)dx, 7 > 0,
B
where
T
w=w(x,T)= / e Ttup(x,t)dt,x € R?
0

and v = v(-,7) € HY(R?) the unique solution of
Av — ag(x)*v + ag(z)xp = 0,z € R3.

Note that, to compute solution v numerically it needs full knowledge of ag.

The following theorem is taken from [28].

THEOREM 2.3. (i) If D = ¢, then, for all T we have lim,_,, e™* Ig(1) = 0.
(ii) If D # ¢, then, for all T satisfying T > 2My dist (D, B) we have
—00, o >> g,
lim e Ip(r) =

T—00
00, «a<<ag.

Besides, it holds

0<i<dist(D,B) <L < o0,

where
l:_ihmme7
0 T—00 2T
1 log |1
L:——limsupiog‘ B(T)|.

my rt—oo 2T
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In particular, the result, which gives upper and lower bounds on the Euclidean
distance between a sound source and an obstacle using quantities that can be
calculated from observational data, suggests a new direction for research into the
inverse obstacle problem. As a closely related application of the enclosure method

to the detection of an unknown obstacle behind a known impenetrable obstacle,
we have [35].

Comments on proof. The key points are two facts (a) and (b) below.

(a) As 7 — oo, we have

Ip(t) < 7'2/ @(ao —a)v?de +O(t7te™™),
R3 &

Ig(t) > 712 / (g — @)v?dz +O(r~te™™T),
R3

(b) We have

efmoT\E*?A

v(z) < /}RS ao(y)f(y)m dy,

e—Mo|z—y|

> c
o) > [ aol) ) G =i
where f(y) = x5(y)(> 0) and recall m3 < ag(y) < Mg.
REMARK 2.4. Theorem 2.3 in which Ip(7) is replaced with another indicator
function Ip(7). defined by

Ip(7)e = /B ag(z)(w —ve) dz, T > 0,

is also valid, where

T
Ve = Ve(2,7T) = / e TV (z,t)dt, T >0
0
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and V solves

2
ao(x)a—v — AV =0, (z,t) e R®x 0, T,
ot?
V(x,0) =0, r € R3,
ov
g(xao) =xs(r), zeR.

This version enables us to compute Ip(7). experimentally without knowing ag
outside B. Just generate wave V at B, observe on B and compute v, via integral
above. Thus it could be possible to make use of monitoring in a region of interest
to catch a change from aq to !

Before closing this subsection, for further research, we present a conjecture. It
is concerned with an inverse obstacle problem governed by the Maxwell system.
The problem is: can one detect something through-wall or placed in a complicated
background medium by using electromagnetic waves in the time domain? We
formulate the problem using the full Maxwell system in the whole space

E
6% ~VxH=-0E+J,(z,t) e R*x]0, T,
OH
g +V X E=0, (z,t) € R®x]0, T,
Eli—o = Hli—o = 0, T € R,

where electric field E = E(x,t) € R3, magnetic field H = H(z,t) € R3, (z,t) €
R3x [0, T); electric permittivity € = e(x) € R, magnetic permeability u = u(z) € R,
electric conductivity o = o(x) € R; current density J(z,t) = f(t)xp(z)a , constant
unit vector a, f € H'(0, T) with f(0) = 0 and f # 0; B a fixed open ball.

Here we introduce a set of basic assumptions.

e The ¢, p and o belong to L*®°(R?) and satisfy ess. inf,cpse(z) > 0,
ess. inf,ers p(x) > 0 and ess. inf,crs o(x) > 0.

e The €, 1, and o have the expressions

r € R*\ D,

1+e(x), €D,



28 M. IKEHATA

3
fir(z) = ) _ " reRAD
Ho(z) 1+ m(x), z €D,
oo(z), r€R3\ D,

oo(x) + h(z), = € D,

where D is a bounded open set of R3, e,m, h € L>(D), €9 = €o(x), o = po(x), 00 =
oo(z) € L*®(R3) and satisfy ess. inf,cps eo(z) > 0, ess. infyers po(z) > 0,
ess. inf cps og(x) > 0. The (eo, po,00) denotes the permittivity, permeability
and conductivity of the background medium occupied the whole space and D is a
model something added to the medium. In what follows we denote by E = E if

(6,#,0’) = (605 Ho, UO)-

In order to describe the conjecture, we introduce the indicator function defined
as follows. Let a; and as be linearly independent unit vectors and fix an open ball

B such that BN D = ¢. Define the indicator function by
I(r)=I(r,T) = (1) + (1),

where

T T
(We)j(fﬂ,’r) = /O ethEj(x,t)dt, (Wo)j(l'/]') = /0 67Tt(Eo)j(£L',t)dt,

J = f(t)xs(z)a, a=a,
and
_ T
= [ e s
0
It is assumed that there exists a real number ~ such that

lim inf 77| f(7)| > 0.

T—00



Analytical methods 29

This is a standing condition of J at t = 0 not to vanish at ¢ = 0 with infinite order.
Note that E; and (Ey); are generated by the input current J with a = a;.

The form of the indicator function as the sum of I;(7) and I2(7) goes back to
that of [29]. Roughly speaking, both the two reflected waves generated by J with
a =a;, j = 1,2 can not be weak at the same time and so one of I1(7) and I»(7)
would catch a strong reflected signal from obstacle surface. So we take their sum.

Besides, we impose two conditions on the jump of €, and u, over D listed below.

(A.I) 3C; >0 (1 - e(lx)) + (1 —pr(x)) > Crae.xeD.

(AII) 3C; > 0(1 —€,-(x)) + (1 - ) > Cya.e.x €D.

ﬂr(x)

As far as the author knows, these conditions are new. The author proposed the
following conjecture at online talk on Dec. 16th. 2021, Akademgorodok, Novosi-
birsk, Russia, in Conference Eurasia 2021, which corresponds to Theorem 2.3 and
is still unsolved.

Conjecture. Let T > 2EyM, dist(D, B) and positive constants mq, My, ey and
FEy satisfy
eo < €o(x) < Eo, mo < po(z) < My a.e. v € R3.

Assume that one of conditions (A.I) and (A.II) is satisfied with (e, ). Then it
holds

0< L <dist(D,B) <U < o0,

where
. dog |[I(7)]
L=——" "] f——=
VM, FE, PR 2r
log | T
U _ Jim sup 122 LD
M€y r—o0 2T

In [41], we have already shown that if g = ey = Ey, po = mo = My, that is the
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uniform background case, then the conjecture is true as

1 log [T
L =U =dist (D, B) = — lim o8 [ X(T)|

Veolg 700 2T
For the general case, the author in [41] confirmed the validity of a result analogous
to (a) in comment on proof of Theorem 2.3. However, the approach by using
(b)-type estimate in that of Theorem 2.3 still problematic because of system.

2.3. Designing Neumann Data

In this last subsection we present an idea that generates a good input to ex-
tract information about the geometry of unknown obstacle embedded in a known
background medium.

Let Q be a bounded domain (connected open) of R? with 92 € C2. Let D be
a nonempty open subset of R? with 9D € C? and satisfy D € © and Q \ D is
connected.

Fix 0 < T < o0. Given f = f(z,t), (z,t) € 00x]0, T] let u = uy(z,t),(z,t) €
(Q\ D)x )0, T[ solve
0%u

oz —Adu=0,(z,1) € (2\D)x]0, T,

uw(z,0)=0, ze€Q\D,

ou _
E(w,O)—O, IEQ\D,

ou

% =0, (l’,t) € 0Dx ]0, T[,
O bet), (w,1) € 00x )0, T]
ay - x’ ) x? ) .

We call this system the inner system (IS) which is the governing equation of inverse
obstacle problem mentioned below.

Problem 5. Fix a large T (to be specified later). Find a suitable Neumann data
f such that the observation data uys(z,t), x € 00, 0 < t < T corresponding to f
yields information about the geometry of D.

A method of generating suitable Neumann data for Enclosure Method, which
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is a solution to Problem 5, is so simple and as follows.
Let B = B,,(p) be an open ball with radius 7 centered at p and satisfy BNQ=¢.
Let v = v(z,t), (z,t) € R®x 0, T solve

8%
W—A’U:(L (.’I}',t) € R3X]07 T[,
v(x,0) =0, x € R3,
ov
5 (,0) = (1= |z —pl)xp(z), v € R?
and set
ov
flz,t) = a—(x7t),m €c0N,0<t<T.
v

We call the governing equation of v the outer system (OS).
Using the corresponding solution uy, we define

Ip(r) = / (w —wo)O,wdS, ™ >0,
o0
where

T
w(z) =w(z,7) = / e Tuy(x,t)dt, x € Q\ D,
0

T
wo(z) = wo(x,7) = / e T(z, t)dt, x € R3.
0

Both the values of w and 9, w on 02 can be calculated from those of f and uy on
o0x 10, T7.

The following theorem established in [32] suggests a new direction of the time
domain enclosure method.

THEOREM 2.5. (i) Let T satisfy
T > 2 dist(D, B) — dist (%, B).

Then, for all sufficiently large T we have Ig(T) > 0 and

1
lim —loglIp(r) = —2dist(D, B).
T

T—>00
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(ii) We have 0 — oo criterion

oo, T > 2dist(D, B),
lim e TIg(T) =
T—>00

0, T < 2dist(D,B).

This theorem shows the specially designed input Neumann data has the effect
of making outer boundary transparent. If the transmitter is placed close to the
outer surface and sends a specially designed wave, then the outer surface can be
ignored. It should be emphasized that the Neumann data do not have a separation
of variables type form, that is, a product of function of x and that of ¢, such as
considered in [24].

Ideas of choosing another type of initial data in OS have been proposed in [36]
using the time reversal invariance of the wave equation and [39] choosing a shell-
type support of the initial data. These ideas yield the smallest sphere that encloses
unknown obstacle with an arbitrary center point.

We propose the guiding principle: given IS, one can choice an appropriate OS.

It is not necessary to choose the same type of equation of OS as that of IS. Some
experimental attempts have been proposed in [37]. In the article, IS is the heat
equation and OS is the wave equation with growing propagation speed. In [38], IS
is the heat equation and OS is a wave equation. The time-reversal invariance of
the wave equation helps to generate a good Neumann data (input heat flux) in the
sense that it never blow up on the outer surface.

And we have other published articles on classical partial differential equations
listed below.

Table 1. This table presents the OS and IS for some references.

0S IS
[33], [38] | wave eq/heat eq | Thermo elasticity system

[46] heat eq Stokes system

Finally, it should be noted that, in Tkehata-Kian [47] the idea of this subsection
has been applied also to an inverse problem governed by the time fractional diffusion
equation in a bounded domain of R? over the time interval |0, cof

o(x)
<§t) u— Au =0,
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where (%)a(m) denotes the Caputo fractional derivative of order a(x) €10, 1] with
respect to t.

3. Integrating Probe and Singular Sources Methods

This section focuses on the author’s most recent study on the Probe and Sin-
gular Sources Methods. As we saw in the first section, the common character of
both methods is summarized as follows.

e Calculating a “field” defined outside an unknown obstacle from the observa-
tion data

e Blowing up of the "field” on the surface of the obstacle
Such a field called the indicator function. Recently in [43] the author proposed an
integrated theory of the Probe and Singular Sources Methods (IPS) by considering
a prototype inverse obstacle problem in a bounded domain.

The problem is as follows. Let £ be a bounded domain of R? with smooth
boundary. It is a mathematical model of the domain occupied by a known back-
ground medium. We denote by D the unknown obstacle embedded in 2 D embed-
ded in Q. We assume that D is a non-empty open set of R? with smooth boundary
such that D C Q and Q \ D is connected.

Given a function f on 99 let u = u(x) solve

Au=0,2€Q\D,

ou
E—O,IGaD,
u=f, x€dN.

In this section, the observation data is given by the Dirichlet-to-Neumann map Ap
defined by

ou
AD : f — af‘ag
14

Write Ap = Ag if D = ¢. The prototype inverse obstacle problem to be discussed
here is

Problem 6. Reconstruct D from Ap.
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The contents of this section are mainly based on two papers [43] and [44] and
consist of three parts.

e Introducing the singular sources method combined with the notion of the
probe method

e Finding a third indicator function whose two ways decomposition yields the
indicator functions in the Probe and Singular Sources Methods

e Finding the completely integrated version of the Probe and Singular Sources
Methods and its byproduct

3.1. Singular Sources Method via Probe Method

The Probe Method has two sides which are called the Side A and, Side B firstly
appeared in [20].

First recall the Side A of Probe Method. To describe Side A we need three

concepts listed below.

Needle Given x € ), a non-self intersecting piecewise linear curve o : [0, 1] — Q
is called a needle with tip at z if 0(0) € 99, o(t) € Q for 0 < ¢ <1 and o(1) = =.
We write 0 € N,.

Singular solution Given z € 2 let

Gly—=) = ,y €RI\ {a}.

1
dmly — @

Needle sequence Given z € Q and 0 € N,, a sequence {v,} of solutions of the

Laplace equation Av = 0 in (2 is called a needle sequence for (x, o) if v,, = G(- —x)
in HL _(Q\ o).
In what follows, we write fBQ fgdS =< f,g >. The Side A of Probe Method

is summarized as follows, which is taken from [20].

THEOREM 3.1. (i) Let + € Q\ D and 0 € N,. If o N D = ¢, then for all
needle sequences {v,} for (x,0), it holds that

1i_>m < (Ao = Ap) fu, fn >= I(z),

where fr, = vploq-

(ii) For each a € 0D, it holds that

iﬂ](m) = 00.
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(iii) For each € > 0, it holds that

sup [I(x)] < 0.
z€Q\D,dist(z,0D)>e¢

The function I(x) of independent variables x € Q\ D satisfying (i) to (iii) is called
the indicator function for the Probe Method. It follows from (i) and integration by
parts that the indicator function takes the form

1(z) = [V |2 0,5, + IVG( —2) 32y, = € 2\ D

where the function w, = w,(y) = w(y), y € @\ D is the unique solution of

Aw =0, y € Q\D,
ow 0

W —aG(y—x),y €adD,
w =0, y € 0.

The w, is called the reflected solution and appears in the energy integral expression
of I(x) as above. See also subsection 1.2, Probe Method. This is the case when
k=0.

The Singular sources method via probe method has been proposed in [43] as
follows.

THEOREM 3.2. (i) Let x € Q\ D and 0 € N,. If o N D = ¢, then for all
needle sequences {v,} for (x,0), it holds that

— lim < (Ao — AD)fnvgn >= wL(x)v

n—oo

where fn, = vnloq and g, = (G(- —x) — vy)|oq.
(ii) For each a € 0D, it holds that

lim w, (x) = oo.
r—a

(ili) For each € > 0, it holds that

sup |wy (z)] < 0.
z€Q\D,dist(z,0D)>e

Theorem 3.2 realizes the spirit of Singular Sources Method since the restriction of
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reflected solution w,(y) to the diagonal set y = x plays the same role as I(z).

The difference between Theorems 3.1 and 3.2 is just the computation formula
of each indicator function:

— lim < (Ao — Ap)fn, gn >= wa(x),

n—0o0

lim < (Ag = Ap) fu, fr >=1(z),

n—oo

fn - Un|8§la gn = (G( —l‘) _Un)|BQ-

This is the meaning of “Introducing the Singular Sources Method combined with
the notion of the Probe Method”.

3.2. Integrated Theory (IPS)

In [43] the author introduced a new concept which integrates both the Probe
and Singular Sources Methods.

The IPS function Given x € Q\ D, let W = W, = W,(y) , y € Q\ D be the
unique solution of

AW =0, yeﬂ\ﬁ,
oW 0

o TGy — D
5 ayG(y x),y € 0D,

W =Gy - «x), y € 05

The restriction of W (y) to y = z is called the IPS function.

Clearly, the IPS function has a natural decomposition which is called

Outer decomposition of IPS It holds that

W) = ws (@) + wh(),e € 2\ D,
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where w! = wl = wl(y), y € 2\ D solves
Aw! =0, ye€Q\ D,
o 1
l:O, y € 0D,
ov

w' =Gy — ),y € 0N.

From this we have immediately, as x — 9D
Wi (x) = we(x) + O(1).

Our finding in [43] is another decomposition of IPS function

Inner decomposition of IPS It holds that
Wo(z) = I(z) + I'(x),z € Q\ D,
where
(&) = [Vl 2 g, + IVE( = 2)]2a g0
This yields, as ¢ — 9D
Wa(z) = I(x) + O(1).
Therefore, as x — 9D, modulo O(1)

Wi(x) ~wy(x) ~ I(z).

This is the meaning of “Finding a third indicator function whose two ways decom-
position yields the indicator functions in Probe and Singular Sources Methods”.

Finally, we explain the meaning of “Finding the completely integrated version
of the probe and singular sources methods”.

Recall a special singular solution of the Laplace equation.
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Green’s function for  Given x € Q, let H(-,z) be the unique solution of
AH =0, y € €,
H=-G(ly—x),y € 0N
Define
Gly,) =Gy —z) + H(y,z),y € (L.
For each fixed « € Q, the G( -, x) satisfies
AG(y,z)+0(y—x) =0,y € Q

in the sense of distribution and G(-,z) = 0 on 992. Note that A, denotes the
Laplacian with respect to the variable y = (y1, y2, y3)-

Now replace G(- — z) with G(-,z) in the definition of w,, wl and W, and
denote them by w?, (wl)*, W7, respectively. Then, the governing equation of

w} = w* becomes

Aw* =0, y€Q\ D,
ow* 0

e _EG(yvx)a y € 90D,
w* =0, y € ON.

We have (wl)* = 0 and thus W (z) = w ().

The indicator function for the completely integrated version of the Probe and
Singular Sources Methods is defined by

I'(z) = |[Vw )+||VG(-,1‘)H%2(D),$EQ\ﬁ.

* |12
x HLQ(Q\ﬁ
The property of I*(z) is described as below, which is taken from [43].

THEOREM 3.3. (i) Given z € Q\ D and o € N, let {v,(-;z)} be an arbitrary
needle sequence for (x,0). If o N D = ¢, then we have

lim < (Ao — Ap)gn, gn >= I (2),

n—roo
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where g, = (G(- —x) — vy)|oq-
(ii) We have, for each a € 0D

igr}ll () = oo.

(i) We have, for each € >0

sup I*(z) < o0.
z€Q\D, dist (z,0D)>¢,dist(z,0Q)>e¢

(iv) For all z € Q\ D we have

Comments on proof. It holds that

gn = _(Un +H(;m)>|897

Ay(vn(y) + H(y,7)) =0, y €,
and
vn(y) + H(y,z) = Gy, ) in HL (2 o).
Thus everything is reduced to Probe Method in which just replace G(- — =) with
G(-,x).
REMARK 3.4. Besides, it holds that, for all z € Q\ D

I*(z) = I(z) + 2(I'(2) — wy(2))+ < (Ao — Ap)(G(- —)|ag), G(- —z)laa > .

Thus, as * — 0D
I*(z) = I(z) + O(1).

Note (iv) of Theorem 3.3 and the inner decomposition of IPS function yield also

wy(2) = wa () + (I' (@) = wy(2)+ < (Ao = Ap)(G(+ = 2)on), G(+ — )]s > .

Green’s function G(-, ) eliminated!
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3.3. Side B of IPS and Solution to Old Question
Let x € Q. Let 0 € N, and {v,} be an arbitrary needle sequence for (z,0).
In IPS we have three sequences (called indicator sequence)

< (Ao — Ap) fu, fn > (Probe Method)
I (z,0,{v,}) = ¢ — < (Ao — Ap)fn,gn > (Singular Sources Method)

< (Ao — Ap)gn, gn > (Completely Integrated)

where f, = vnlo0, gn = (G(- — ) — v,)|sq-
Side B asks
o Fix I,,(z,0,{v,}) and study the behaviour as n — occ.
The result below should be called the Side B of IPS, which has been established
by combining [43] and an idea of [44].

THEOREM 3.5. Letx € Q and 0 € N,. Assume that one of the two cases (i)
and (ii) is satisfied:
(i) z € D;
(i) x € Q\ D and c N D # ¢.
Then, for any needle sequence {v,} for (x,0) we have

nlgl;o L,(z,0,{v,}) = 0.

See Figure 4 for an illustration of the cases (i) and (ii) of Theorem 3.5.
And we have an explicit characterization of D itself.

COROLLARY 3.6. Corollary 3.6. A point x € Q belongs to the set D if and
only if for any needle o € N,, and needle sequence {v,} for (x,0) we have

nhﬁrr;() I, (z,0,{v,}) = 0.

In the proof, the blowing up property of needle sequences described below is
essential and firstly established in [20].

PROPOSITION 3.7.  Given an arbitrary point x € 2 and needle o € N, let {v,,}
be an arbitrary needle sequence for (x,0).
(i) Le V be an arbitrary finite cone with vertex at x. Then, we have

. 2
nh_{lgo ||an||L2(va) = .
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(i) Let z € Q be an arbitrary point on o\ {x} and B open ball centered at z. Then,
we have

. 2
nh_{{.lo ||an||L2(BmQ) = 0.

REMARK 3.8. Proposition 3.7 says that the energy of needle sequence con-
centrates on needle and blows up! It made us to create a new side of the original
probe method [15], which we call now the Side B.

In the proof of Theorem 3.5 the case when
I (z,0,{v,}) = — < (Ao — Ap) fn, gn > (Singular Sources method)

is most interesting one. Having Theorem 3.5 and Corollary 3.6, IPS enables us to
answer the old question (see also subsection 4.1 of [43] for a discussion).

e Does Singular Sources Method have Side B as Probe Method?

Now we can say the answer is yes! The key idea is so simple and was found in [44]
which considers IPS of the Stokes system. Fix x € (2. We have

o) + gu(y) = Gy — x), y € 9.
Thus
< (Ao — Ap)(G(+ —2))]on, G(+ — 2)|oq >

=< (AO - AD)fn;fn >4+ < (AO - AD)gnagn >

+ < (AO _AD)fnvgn >4+ < (AO - AD)g’mfn > .

By the symmetry of DN map, this yields

(< (AO - AD)fn7fn >+ < (AO - AD)gnagn >

DN =

- < (AO - AD)f’ﬂ7g’ﬂ) > =

— < (Ao —Ap)(G(- —2)|an), G(+ — x)|an >).

From this and the behaviour of two sequences {< (Ag — Ap)fn, fn >} and
{< (Ao — ADp)gn,gn >}, we see the validity of the Side B of Singular Sources
Method (formulated by Probe Method). The old question was finally solved purely
algebraically. The author thinks this is the most emphasized part of the theoretical
advantage of IPS.
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Figure 4. The circle denotes 92. Two ellipses represent the con-
nected components of obstacle D. The three segments are needles
and the tips of them satisfy (i) or (ii) of Theorem 3.5.

3.4. Further Development

In [44] by developing IPS for the Stokes system, the author has considered

e How to treat the complexity caused by system of equations.
In particular, as a byproduct, we have established, in particular, the corresponding
theorem for the Stokes system to Theorem 3.5.

In the article [45], by considering an inverse obstacle problem governed by the
Helmholtz equation we have established

e A way from IPS to Probe and Singular Sources Methods.

e Creation of Method of Complimenting Function as a technique in IPS.

Pursuing IPS for various equations like the Maxwell’s, Navier’s ones, and the heat
equation in time domain, etc., to be continued.

3.5. Other References

Finally we mention the articles [60] and [61].

e They state a relationship between the probe and singular sources method in
terms of the singular sources method, however, no IPS view together with Side B.
And see [42] for a total review on Probe and Enclosure Methods from the author’s
point of view together with [26] for an earlier review.
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