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Asymptotic properties of solutions to elastic equations in a
perturbed half-space in R?

Hiroshi IsozAki, Mitsuteru KADOWAKI and Michiyuki WATANABE

Abstract. We give an overview of our recent results for an
elastic wave equation in a locally perturbed half-space in R3. We derive
asymptotic expansions at infinity of stationary solutions, formulate the
radiation condition and prove the uniqueness of scattering solutions
including body waves as well as Rayleigh waves.

1. Introduction

The elastic equation describes the motion of displacement vectors of solids (see
e.g. [2]). If the material occupies the whole space R?, there occur two types of
spherical waves with two propagation speeds: the primary wave (P-wave) and the
secondary wave (S-wave). If the material is homogeneous at infinity, the motion
splits into these two waves. However, if there is a boundary, different phenomenon
appears. Let us consider the half-space case R} = {z = (21,22, 23) € R?; 23 > 0},
which is already hard to study in spite of its appearance. There occur two types
of waves. One is the body wave, as in the case R?, having a spherical shape and
propagating inside the body. The other is the surface wave, called the Rayleigh
wave, which is exponentially decreasing in the direction vertical to the surface and
propagating like a two-dimensional spherical wave along the surface (see [8]). One
can calculate these waves explicitly by passing to the partial Fourier transform in
the reduced wave equation, and by projecting to the eigenspaces associated with
these waves. One can then observe these waves separately. However, it is far
from obvious to derive these waves simultaneously in the asymptotic expansion at
infinity of solutions to the reduced wave equation. The main difficulty is to find an
appropriate topology which can capture all of these waves. The body waves move
three-dimensionally while the Rayleigh waves propagate two-dimensionally. The
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same problem also occurs in the elastic wave equation in a stratified medium, for
which there exist Stonely waves propagating only along the interface.

In the series of works [10], [11], [12], we studied this problem with the following
strategy. We use the classical method of stationary scattering theory. Dermenjian-
Guillot [4] constructed the plane wave solutions to the unperturbed elastic equation
in the half-space, and proved the limiting absorption principle for the perturbed
operator in weighted L? spaces. Dermenjian-Gaitan [5] derived an eigenfunction
expansion theorem which makes it possible to represent all functions by these gen-
eralized plane waves. Our arguments are based on these results. As a new step,
we employ the Besov type space B* introduced by Agmon-Hormander [1]. We
represent, the resolvent by the generalized plane waves and derive its asymptotic
expansion at infinity by applying the stationary phase method. All of the above
body waves and surface waves are then captured in the expansion simultaneously
without any restriction on the direction of propagation. Here, we encounter new
difficulties. The wave equation in a half space or a stratified medium has the phe-
nomena of reflection or refraction of waves at the boundary or the interface, which
give rise to singularities for the second order derivatives of generalized eigenfunc-
tions along some cone or critical angle. However, by a close application of the
classical stationary phase method, we can overcome this difficulty.

Many works have been devoted to the spectral and scattering theory for sym-
metric systems (see e.g. [15], [18], [20], and as rather recent results [21], [19]). Let
us mention in particular that in [6], the radiation condition and the uniqueness of
solutions to elastic equations have been announced for the case of Ri with free
boundary. In [13], the authors studied the elastic equation in a wedge domain
in R?, the limiting absorption principle and the radiation condition and proved
the uniqueness theorem. The function spaces they adopted are different from the
weighted L?-spaces, Besov type spaces used in this paper.

The radiation condition is a type of boundary condition at infinity that en-
sures the uniqueness of solutions to partial differential equations. It is generally
expected that such a condition should be derived naturally from the asymptotic
behavior of the solution (or the resolvent) at spatial infinity. However, in cases in-
volving Rayleigh waves, only local asymptotic information had been available, and
a complete description had remained elusive. In our previous work, we successfully
established a full characterization of the asymptotic behavior of the solution, even
in the presence of Rayleigh waves. This allowed us, for the first time, to formulate
a radiation condition that naturally reflects the solution’s (or resolvent’s) behavior
at infinity, including the contribution of surface waves. This radiation condition is
expressed in the B* space, which is a natural function space for characterizing scat-
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tering solutions to the elastic wave equation in a half-space. The norm of this space
precisely captures the full asymptotic profile, including Rayleigh waves. Therefore,
describing the radiation condition within this space is not only natural but also
essential.

In Section 2, we illustrate the main problems for the case of the wave equation
in an exterior domain. We explain the limiting absorption principle, Besov type
spaces, radiation condition and eigenfunction expansion theorems. In Section 3,
we explain them for the case of elastic equation in R3. In Section 4, we start our
main theme of elastic equation in a half-space. The asymptotic expansion of the
resolvent and the stationary solutions are derived in the topology of B* including
all of body waves and Rayleigh waves. In Section 5, we formulate the radiation
condition and state the uniqueness theorem.

2. Reduced wave equation in an exterior domain

2.1. Rellich type theorem

We first consider the case of H = —A defined in a domain Q exterior to a
bounded open set  in R”,n > 2, with Neumann boundary condition on 992. To
study the wave equation 9?u = —Hu in €2, we reduce it to the behavior of time-
periodic solutions, i.e. solutions of the form u(t, z) = e~V y(z), which leads us
to the Helmholtz equation

(1) (=A=XNv=0 in Q Jdwv=0 on 99,

v being the unit normal to 0€2. We assume that the energy X is positive. In the
case of 2 = R", there exists a plane wave solution v,(z) = eV oy e gn—l
However, the following space plays an important role. Let B be the set of functions
f such that

1
(2) 171l = sup — \f (2)]?dz < o.
R>1 lz|<R

We use the notation f ~ g to mean

. 1
(3) f~g<= lim sup — |f(x) — g(z)|*dz = 0.
R—o0 R>1 R |z|<R

Then, in addition to the plane wave, one can also find another solution

(4) vs(x) = /Snil eiﬁ“'”w(w)dw,
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where 1)(w) € C°°(S™~1). This solution should be called a spherical wave, since,
as can be shown by the stationary phase method, it behaves like

ei\/Xr e—i\/XT

D2

(5) vs(2) = C(A) (@) + CN) ¥ (=2),

rn=1)/
as r = |z| = oo, where & = z/r and C()) is a constant depending on A. The first
term vy and the second term v_ of the right-hand-side of (5) satisfy

(% - i\&)wr = o(r~(n=1/2), (% + iﬁ)v, = o(r~(n=1/2),

which are called the outgoing and incoming radiation condition, respectively. The
solutions v+ behave like O(r~(~1/2) as r — oco. The crucial fact is that this
decay rate O(r~("=1/2) is critical for the existence of solutions to the Helmholtz
equation. In fact, we know the following theorem due to Rellich and Vekua.

THEOREM 2.1.  Assume that u(z) satisfies (—A — N)u = 0 on |z| > R, for
some constants \ and R. If u(z) = o(r~"=V/2) as r — oo, then u(x) = 0 for
|z| > R.

Theorem 2.1 is the uniqueness result near infinity of solutions to the Helmholtz
equation. It requires that u satisfies (—A—A)u = 0 only near infinity. This theorem
plays an important role for the spectral theory of —A. It proves the non-existence
of eigenvalues embedded in the continuous spectrum of —A in an exterior domain.
Moreover, it also provides us with an important link between the scattering waves
at infinity and the those in a bounded part of the domain. By virtue of Theorem
2.1, one can show that the far-field patterns of the wave equation near infinity
determine the near field patterns.

2.2. Limiting absorption principle
For a self-adjoint operator A in a Hilbert space H, the inverse (A—\)~! does not

exist for A € o(A). However, in some cases, when X is in the continuous spectrum
of A, the limit

(A= XFi0)™t =lim(A - (A £ie)) !

el0

exists as a bounded operator from X to ), where X and ) are Banach spaces
rigging A, namely they satisfy

XCHC)Y
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where the inclusions are dense and continuous. For instance, the Laplacian —A in
R? is known to have this property, for A > 0, by choosing X = L*(R3) and YV =
L>(R3), observing the explicit form of the resolvent kernel eV =¥l /(47 |z — y]).
This property, called the Limiting absorption principle (LAP), is a powerful tool for
the study of continuous spectrum of —A, or more generally, differential operators
with continuous spectrum.

As Banach spaces X, Y, the weighted L? spaces L%*,
(6) L>» 3 f<=|fli= /Q [f(@)P(1+ [2]*)°dz, s €R,

were usually adopted: X = L?® ) = L?~* with s > 1/2. The optimal choice was
given as the Besov-type spaces by Agmon-Hérmander [1]. Let

Rj=2 (j>0), Q={zecQ;|z|<1},

QO ={reQ; 2 <zl <27} (j>1),

and X be the space of functions f € L? () such that
oo
1/2
171l = D RIS 1132(a,) < oo
§=0
The space ) is defined to be the set of functions such that

1
July = sup . [ Ju(a)Pdz < co.
R>1 1T Jan{|z|<R}

It is known that ) is identified with the dual space of X and the Y-norm is equiv-
alent to the norm of the dual space of X. With this in mind, we denote

X=B, Y=58,

employing the norms || f||lx = ||f|ls, l|u]ly = |ul|s-. Especially, if u € B* satisfies

1
lim — |u(x)|*dz = 0,
R—oo R Qn{|z|<R}
we denote u € Bj.

Let us consider the Neumann Laplacian H = —A in an exterior domain 2 C R".
Let R(z) = (H — 2)~! for 2 € C\ [0,00). Then, for any A > 0 and f, g € B, there
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exists a limit

lim(R(A & ie) 'f.9) = (R(A£i0)f,9).

For any compact interval I C (0, 00), there exists a constant C' > 0 such that

(7) [RA+i0)fls- < Cllflls, Ael, feB.

2.3. Eigenfunction expansion

The Fourier transformation in R™
Foif > f@Q=ny [ e s

gives a spectral representation of —A in R™. It is an integral transformation by
e”®¢ a generalized eigenfunction of —A, which is unitary : L?(R") — L?(R"),
diagonalizes H i.e. (FoHf)(€) = |€]2Fo(€), and gives an inversion formula

fla) = (2m) 72 / e (Fof)(€)dé.

One should also note that Fyf is computed by observing the behavior at infinity
of the resolvent: For f € B and A > 0,
eIV AT
r(n—1)/2

C(}\) _ \/ze—(n—3)7ri/4)\(n—3)/4'

These facts are extended to H = —A in an exterior domain. Assuming that
Q C {|z| > R}, we take a C* function x(z) such that x(z) = 0 for |z| < R+ 1,
x(xz) =1 for |z| > R+ 2, and put

(8) (A-XN—i0)' f~CN) 75 (Fof)(VIw), r=|z] 200, w=z/r,

p(x,€) = x(2)e™ + R(IE]* —i0)(A + [€*) (x(x)e’™),

where R(z) = (H —z)~! and H is the Neumann Laplacian on §2. Define the Fourier
transformation F by

(FE) = 2r)2 /Q P@.8)f(2)de
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Then, F : L?(2) — L?*(R") is unitary, a diagonalization of H, and gives an
inversion formula

f(x) = (2m) "2 / o, E)(FI©OE, | e IX(Q).

The generalized plane wave ¢(z, ) has the following property. Letting & = Vw,
A >0, w € S" 1, it has the following asymptotic expansion

ivVAr

~ i\/Xwﬁr
o(z, ﬁw) =€ + r(n=1)/2

a(\b,w), r=lz|, 0=ux/r

and for a suitable choice of the constant Cy(A) the operator

(S(V)(8) = $(8) + ColN) / 0B, (w)dw, € LA(S™ )

Sn—1

becomes a unitary operator on L2(S™~1). This S()) is called Heisenberg’s S-matrix.

One can further prove the following fact. For any a) (w) € L2(S™™1), there
exist a unique u € B* and a(®"" (w) € L?(S"~1) such that

0
—A—=)MNu = in , —“:0 on 01,
A— A 0 Q 3
v
eiﬁ’r " efi\/Xr (in)

(9) U~ T(n_l)/Qa (w) — 77‘("—1)/2(1 (w).
Moreover
(10) ae = S(\)Jal™),

where Jy(w) = ¥ (—w).

3. Spectral properties for elastic equations in R3

The stationary elastic wave equation in R? is written as

(11) (£ - Nu=f,
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where the operator £ is defined by

3
(12) cu={--L5 %

p(x) <~ Oz

( )]:1 J 1<i<3

Here u(z) = *(ui(z),uz(z),us(z)) is the vector displacement, p(x) > 0 is the
density and o;;(u) is the stress tensor of the form

(13) 0ij(0) = A(@)(V - u)di; + 2u(x)E&ij (u),

where §;; is the Kronecker’s delta, A(x) and p(z) are Lamé coefficients, and &;;(u) =
1 ((“)ui N du;
2 aij 8.131'
positive, and equal to constant Ay, pg, pg outside a compact set. Then, the unper-
turbed equation is of the form

) is the deformation tensor. We assume that A\(z), u(x), p(z) are

(14) Lou = <> pgAu+ (A + po)V(V - u) + pou = 0.

Then, there are two characteristic roots, cp, cs defined by

Ao+ 2
(15) cp = /M’ cg = [Fo
Po Po

Hence the equation (14) has two types of plane waves

. —1 - =1
eicp \/Xwnra’ eics \/X(J.)'.’I,'b’ we 52

with constant vectors a,b € R3. Taking the spherical mean fS2 eicﬁ”'zw(w)dw,
we find two types of spherical waves

eic;,1 \/Xr eicgl ﬁr
(16) “—a(@). bl

called primary and secondary waves. As in the case of scalar wave equation, the
following Rellich type theorem holds.

THEOREM 3.1.  Let u € C*(R3,C3) be a solution of (14). Decompose u into
u® +u® | where
1

—cp?)

1

(P) —
u’) = — = =
(cp” = c5)A

(A+cp?Mu.
(cs

)\(A +egiu, u® =
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Suppose that as r = |x| — oo,

D — o). (2 _icm1/x ) u = O(r-2
(17) uv’) =0(r ), 3~ AuV) =0(r77),
where j = P, S. Then u=0.

Namely, the solution u is decomposed into two parts u("”) (primary wave) and
ul® (secondary wave), and we can use the Sommerfeld radiation condition for
each part. One can also obtain an asymptotic expansion of solutions to (11). Let
us consider the unperturbed case. Let Ro(A + i0) be the resolvent of Ly. If f €
L= (R?3,C3) is compactly supported, Ro(\ + i0)f(z) has the following asymptotic
behavior at infinity: Letting r = |z| and & = x/r,

eicglﬁr eicglx/Xr

(18)  Ro(\ +i0)f(z) = fap(A,:z) + Tas(/\, &) 4+ 0(r7?),

ap(\, @) = 4; - (I-‘(cj,lfm) : x)a:
(19) 4
as(\, &) = 40%?((;51\55;) - (f(cglﬁ;%) :I:)w

where f is the Fourier transform of f.

By the well-known perturbation theory, see e.g. [9], one can prove LAP for the
perturbed operator L and extend (18) to L. One can also prove the expansion of
the form (9) for L and define the S-matrix as in (10).

Let dp(v),dsv(v), and dsg(¢) denote the displacement vectors of the P-,
SV-, and SH-waves, respectively, and let Fp()\), Fsy(A), and Fgp()\) represent
the Fourier transforms with respect to the operator L. The detailed definitions are
omitted here and will be given in the next section in the case of a half-space.

THEOREM 3.2. Let A > 0. Then the following follows:

For f € B and A € (0,00), the boundary value of the resolvent of L admits the
following asymptotic expansion

ei\f)\r/cP eiﬁr/cs
R(A+1i0)f ~ CT(]’—P()\)f)dP(‘P) + Cf(]:sv(/\)f)dsv(sé’)
eiﬁr/cs

+ Cf(FSH()\)f)dSH(%O%
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where C' = €'™/4(2py)~1/2.

Theorem 3.2 is essentially known. The proof is almost the same as (8).

It should be noted that the total motion of the S-wave is represented by a
vector displacement lying within the wavefront plane, which can be decomposed
into SV and SH components by introducing an appropriate coordinate system.
However, from the point of view of applications (e.g., in elasticity or seismology),
when considering S-waves propagating in the whole space, such a decomposition
into SV and SH is generally regarded as less essential (see, for instance, [16, Sec.
2.4]). We describe it in this way with the comparison to the half-space case, which
will be discussed in the next section, in mind.

4. Spectral properties for elastic equations in a half-space

Our aim is to prove the results in §3 to a locally perturbed upper half space
R3 = {z € R®; 23 > 0}. We consider an elastic solid  C R? such that
Qn{zeR’;|z| >R} =Qn{z e R3; |z| > R},
Q=RI\K)UQ_,
where R > 0 is a fixed constant, K C R? is a bounded closed set, and Q_ is a
bounded open set in R = {x € R% 23 < 0}.
Let WkP(Q) be the usual Sobolev space of order k in LP(Q2). However, we often

use H™(Q, C3) = W™2(Q, C3). Assume that the Lamé coefficients A(x) and u(z),
and the density p(z) satisfy the following conditions:

(A1) A p, pe WHe(Q).

(A2) There exist positive constants m and M satisfying

0<m < Aax), p(x), plx) <M on £

(A3) Let Mo, po and po be positive constants. Assume that

Mz) = Xo, w(x)=po, plx)=ps on BS:={xcR3|z|> R}

Using £ in (12), we consider the elastic operator Lu with a boundary condition
o(u)v|sq = 0, where v is the exterior normal at x € 9Q. Here the trace o(u)v|sg =
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0 means the following generalized sense:
0 [ (cawip(e)dz [ @V 0T %) + 200085 (w8 () } do =0
Q Q

forue HY(Q,C3) N L3(Q, L,C?) and v € HY(Q, C3), where

L*(Q,L£,C%) ={ue L*(Q,C?; Luc L*(Q,C?}

As in [4], the elastic operator Lu = Lu in L?(Q, C3, p(x)dz) with domain
D(L) = {u e HYQ,C%) N LA, £,C%) ;5 a(wplon = 0}

is a positive self-adjoint operator, with the spectrum o (L) = [0, 00), the continuous
spectrum oeont (L) = [0, 00) and without singular spectrum oy (L). In addition, L
has no positive eigenvalues embedded in (0, c0) under the assumptions (A1), (A2),
and (A3) (see Sini [19]).

The limiting absorption principle for R(z) = (L — 2)~! was studied by
Dermenjian-Guillot [4]. They computed the generalized eigenfunctions for Ly and
used them to study the boundary values (Lo — A Fi0)~! in weighted L? spaces.
The eigenfunction expansion for L in  was proven by Dermenjian-Gaitan [5]. We
prefer to use the Besov type spaces B and B* in the same way as in §2.2 with R"”
replaced by the upper-half space R3+.

THEOREM 4.1 ([11, Theorem 5.3]). Let A > 0. Then the following follows:
For any X € (0,00), the limit

liﬂ)l(R(A +ie)f,g) := (R i0)f,g), "f,geB

exists. There exists a constant C > 0 such that

IR(\ = i0)f|

5 <Clfls, A€ (0,00).

By the spherical mean, the generalized plane waves give rise to spherical waves:
the primary wave, the secondary wave and their reflections at the boundary 9f2.
They are 3-dimensional spherical waves propagating inside {2 and called the body
wave (cf. (16)). A new phenomenon is the appearance of Rayleigh wave which is a
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wave propagating only along the boundary. It is represented as
ei\/XT*/CR
VT x

where for @ = (x4, x3), r« = |z«|, 7 > 0 is a constant and cg is a unique solution of

2 K2NU/2 0 R2\1/2
220 (1-55)-(1-%) (1-%) =0, 0<k<es<er
2cs ler cp

(21) 6_\/XT£IJ3,

Therefore, horizontally, the Rayleigh wave is a 2-dimensional spherical wave and
vertically decays exponentially. The behavior of Rayleigh waves is very anisotropic
compared to that of the Body waves, and we are interested in how to observe
these waves simultaneously, namely the norm by which we can derive these waves
asymptotically. The following theorem shows that the Besov type space B* in (2)
suffices for this purpose. We define f ~ g by

1
(23) [ lim ~ (@) - g() *de = 0,
E—co R JR3 n{ja|>Ro}
where Ry > 0 is chosen large enough.

We put 7 = |z],¢0 = (px, 93) = (9))j=1,2,3 = /7, 1% = |Bs], Pss = 34 /7. We
define the displacements by

dp =dp(p) =
dsy = dsv (¢ (901%03 ©p2$3 —|<p*|>,
dsg = dsu(p ( 22 ) ;
||’ Iso*
d(l) (1)( ¢ ('LQD**, _CRP)
diy) = d (. > H(iERsPae, 1),
where Cry = 4/1 — é (t = P,S). Then, the vectors dp, dsy and dgpy are or-

thonormal bases in R3.

THEOREM 4.2 ([11, Theorem 5.8 and Remark 2.1]). Let A > 0. Then the
following follows:

1) There exist bounded operators F3(\) (i = P,SV,SH) from B to L*(S%) and
# +
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Fr()\) from B to L?(St).

(2) For £ € B and X\ € (0,00), the boundary value of the resolvent of L admits
the following asymptotic expansion

' eiﬁr/cp eiﬁr/os
R(A+1i0)f = Cf(fp(k)f)dzﬂ(@) + Cf(}'sv()\)f)dsv(w)
eiﬁr/cs

+ CT(}-SH()‘)f)dSH(@)
2 eiﬁr* /cr

—V ATz (0)
+ e Ey(FrNE)dR (0,
=1 VT

where C' = ™/*(2pg) =2 and, 7o(> 0) and E, are constants depending only
on cp, ¢g and cR.

THEOREM 4.3 ([11, Theorem 1.5]). Let A € (0,00). Suppose that u € B*
satisfies (L — A\)u = 0. Then there exists f¥) = (fl(gi),féf/), é?, éi)) € h(\) =
[L2(S%)]? x L*(S') such that

i\/XT/Cp iﬁr/cs iﬁr/cs
& & (&
u(e) = ———— 3 dp(p) + 1§ dsv (9) + S dsn(p)
2 iﬁr*/cR
e *ﬁTNBE (+)d(€)
* ; ¢ ofr AR (@)
e—iﬁr/cp N e—i\/XT/CS e e—iﬁr/cs N
P o g T a0 - T e

2 —iﬁr*/cR
€ ~rezs g (=) 3(0)
_Z — ¢ Eifp "dg (—Pus),
=1 T

where d‘(f)(go) = dy(—s, ¢3) (8 = P,SV,SH) and, 7v > 0 and E; are constants
depending only on cp, cs and cr. Furthermore, there exists a bounded operator
S(\) on h()\) such that £+) = S(\)f(-),

Theorems 4.3 together with Theorem 5.1 in the next section give a complete
description of scattering in the stationary form. In fact, let f_ be a data having
the same form as in the last 4 terms of the right-hand side of u(z) in Theorem 4.3.
Then, there exists a unique u(z) satisfying (L — A\)u = 0, having the asymptotic
expansion in Theorem 4.3. In fact, letting u = R(\ 4 i0)F; — f_, where F; =
(L—X)f-, we know the existence of u. The uniqueness of such u and the expansion
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follows from Theorem 5.1 .

The proof of Theorem 4.2, on which Theorem 4.3 is based, is done by applying
the stationary phase method to integrals for generalized eigenfunction of L over
the semi-sphere. However, a serious problem arises here. Due to the reflection or
refraction of waves at the boundary, the generalized plane waves have singularities
along some cone. The waves are piecewise C'!, but their second order derivatives
are not continuous along this cone. This is a characteristic feature of the layered
media and happens even in the simpler case of wave equation. By this reason, in
[10], we studied the problem in Theorem 4.2 for the stratified media in R3, i.e. for
the operator H = —c(z)?A,., where

o(z) = {c+ for x3>0,

c_  for w3 <0,

with 0 < ¢ < c4. A careful application of classical stationary phase method by
[3] and [17] works for this purpose, and they can also be applied to the elastic
equation.

5. Radiation conditions for elastic equations in a half-space

In Theorem 4.3, we considered the existence of solutions to the elastic equation
in a half-space with spherical wave like asymptotics. In this section, we consider
its uniqueness. Our main concern is the Rayleigh wave. For § > 0, put

Dy = {x € R% x5 < 0]}, By = (o€ R% s > o]},
For a solution u to (L — A)u = 0, we put
uy, = (u-dp)dp, uyg = (u-dsy)dsy, ur=u—uy, uy =u-ug.

THEOREM 5.1 ([12, Theorem 2.1]). Let A > 0, and u € B* N H} (Q;C?)

be a solution to (11) with boundary condition (20). Suppose that the following
conditions (1), (II) are satisfied:

(I) For any ¢ > 0,

(24) (DO - ipon\/X) uy, € BS(Q N Bi—io NEs, C3)7
(25) (DO - ipocsﬁ) ur € By (QNBY, NE,, C),
(26) (DO - ipocsﬁ) uy € By (QNB%, ND,, C°).
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(II) For any € > 0, there exists 6 > 0 such that

(27) lim sup —

1
/ (DO — ipocRﬁ) uy - udz| < e,
Rooo R QNBNB% ND;

where B, is the same as in (A3). Then u = 0.

The conditions in (I) are for the body waves. The one in (II) deals with the
Rayleigh wave. Note that (27) is formulated by the quadratic form not by the
norm. In fact, one can show that one cannot prove (27) by the norm on §.

We briefly explain the reason why the radiation conditions are divided into (24)-
(27). In [11, Theorem 1], the scattering wave for an incident (P, SV, SH, R) plane
wave was shown to be a linear combination of P, SV, SH, R-spherical waves. As
is already mentioned, dp, dgy and dgg are orthonormal bases in R?, and satisfy
dsy - dg) = 0 and d; - d%) #0(j = P,SVand/ = 1,2). The scattering waves
in E5 and Dy are almost equal to linear combinations of P, S = (SV + SH) and
S H, R-spherical waves, which are also L,T and H, V-componets of the scattering
wave, respectively (see (2.12)-(2.15) in [12]). As they have different phases and
amplitudes, we need to formulate the radiation condition separately for each body
wave and surface wave.

We have thus seen that the spherical wave solution to the elastic equation in
a perturbed half-space Ri exists uniquely. This is a basic fact for the forward
problem of scattering theory. In the case of the inverse problem for the wave
equation, as well as the elastic equation in R3, the Rellich type theorem was the
first important step. To extend the Rellich type theorem for the elastic equation
in the half-space remains an open problem.
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