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On active sonar-type wave scattering inverse problems for
different types of cavities

Mishio KAwAsHITA and Wakako KAWASHITA

Abstract. In this paper, we survey the active sonar-type inverse
problem based on the wave equation. We adopt the enclosure method
and discuss the inverse problem of detecting different types of cavities.
We address the issues caused by ‘mixed media’ by dividing them into
two types: ‘separated’ and ‘non-separated’ for mixed media where the
sign of the indicator function is not determined. Furthermore, in a new
attempt, we assume high smoothness at the boundary of the cavities
and perform a higher-order expansion of the indicator function.

1. Introduction

The inverse problem of wave phenomena has attracted the interest of many re-
searchers for a long time. When a plane wave comes from far field and is reflected
by an object, the reflected wave gradually becomes a spherical wave when it is far
enough away from the object, but the spherical wave we obtain from the reflection
is not uniform in all directions. The function that describes this is called the far-
field pattern (or scattering amplitude), and the problem of estimating the original
object from the far-field pattern is called the ‘scattering inverse problem’. Based
on this concept, many excellent results have been reported. On the other hand, the
problem we would like to address in this paper is different from the inverse scatter-
ing problem and is based on the concept of active sonar used in marine exploration
and breast cancer screening. More simply, it is a problem of obtaining information
about obstacles by emitting waves from a certain location and observing the waves
reflected by obstacles at a certain location. In the following, we refer to this as
the ‘active sonar-type scattering problem’, and we will provide an overview of the
results obtained thus far in its mathematical analysis and discuss future challenges.

To limit the scope of the discussion, we assume that wave propagation is gov-
erned by the wave equation and that the objects D under investigation are only
cavities. An incident wave is emitted from B at time 0, and reflected waves are
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observed at the same position B until time 7" > 0. The observation data are given
by the solution of the wave equation in [0, 7] x B. The objective is to estimate the
cavity D from the observation data.

Various methods have been developed to approach inverse problems, but among
them, the enclosure method is a mathematical method that is particularly well
suited to active sonar-type inverse problems. In [3, 4], M. Ikehata developed the
enclosure method for the cavity estimation problem of Laplace’s equation. It has
also been confirmed to be effective for time-dependent systems such as wave and
heat equations (see, e.g., [5, 6, 12]). In the enclosure method, similar to other
reconstruction methods for inverse problems, a function called the indicator func-
tion is introduced based on the observed data, and information about the object
is obtained through its analysis. It is known that the indicator function I, in the
enclosure method contains a large parameter 7 > 1, and if the propagation speed
is constant /79 > 0, the shortest distance dist(D, B) (that is, the minimum length
for a wave originating from y € B to reach a point x on the object D) is obtained
from the asymptotic behavior of I, when 7 — oo.

The indicator function gives different signs depending on the type of cavity
boundary conditions. For example, I, < 0 for cavities with the Dirichlet boundary
conditions (negative cavities), but I, > 0 for cavities with the Neumann conditions
(positive cavities). Even if there are two or more cavities, if each cavity has the
same sign for the indicator function, we say that the ‘monotonicity condition’ is
satisfied. When the monotonicity condition is satisfied, even if there are multiple
types of cavities, the same argument can be applied as in the case of a single cavity.
However, the situation changes significantly when the positive and negative cavities
are mixed. When both positive and negative cavities exist in the medium, this is
called the ‘combined case’. In the combined case, analysis of the indicator function
is more difficult because the positive or negative sign of the indicator function is
uncertain in asymptotic behavior. In this article, we will explain the combined
cases in the following sections. Since the symbols used vary according to previous
papers, this paper mainly uses symbols in accordance with [17].

The contents of each section are as follows. Section 2 of this paper provides a
formulation of the combined case and gives a brief explanation of the basic idea
of cavity detection using the enclosure method. Based on previous research, we
explain what kind of information can be obtained using the enclosure method.
Section 3 provides an overview of the ‘combined but separated’ case discussed in
[16], limiting the discussion to case where the targets are only cavities. The sit-
uation ‘combined but separated’ is the case where positive and negative cavities
coexist but are clearly separated from each other. Under the assumption ‘sepa-
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rated’, by focusing on the points around the shortest distance and refining the
estimates, the same argument as in the case of monotonicity holds. Therefore, as-
suming ‘separated’, it is possible to analyze the indicator function without placing
strong assumptions on the smoothness of the cavity boundary. In [15], we explain
the necessity of classifying combined cases into separated and non-separated cases
and present an outline of the proof for separated cases. Furthermore, as explained
in Section 3 below, when considering the actual exploration of multiple cavities, it
is not desirable to assume ‘separated case’. To remove this restriction, [17] discusses
the case where ‘separated’ is not assumed, i.e., the non-separated case. In Section
4, we discuss the results of the ‘non-separated’ case dealt with in [17]. In [17], an
‘asymptotic solution’ is used to investigate the behavior of the indicator function
without assuming separated. The asymptotic solution allows us to derive more
detailed information, but it also has the weakness of requiring higher assumptions
about the regularity of the cavity boundary. Section 5 shows that when the cavity
boundary and data are sufficiently smooth, an asymptotic expansion of any order
can be obtained for the indicator function I.. This result is new in this paper. It
will serve as a stepping stone for more detailed analysis in the future.

2. Enclosure method and the indicator function

Let D = D™UD? be a bounded open set satisfying D"ND? = & and have
C' boundary dD. We set = R3\ D, being an exterior domain in R3. Let
v(z) = Y (), va(z),v3(x)) (z € D = 9Q) be the unit outer normal vector
pointing the outside of D. Let A\; € L>(9D™) (j = 0,1) be real-valued functions
and A1 (z) > 0 a.e. on 9D™.

For a fixed T' > 0, consider the following initial-boundary-value problem for the
wave equation:

(02 — yoA)u(t,z) =0 in (0,7) x Q,
(2.1) (Yovz - Ve — A1(2)0; — Mo(z))u(t,z) =0 on (0,T) x 9D™,
' u(t,z) =0 on (0,T) x D4,
u(0,2) =0, Owu(0,x) = f(x) on €,

where 79 > 0 is a constant and A\; € L*(0D") (j = 0,1). In (2.1), D™ and
D? correspond to cavities with the Neumann and Dirichlet boundary conditions,
respectively. When D" = & (or D? = &), this means that there are no cavities
with the Neumann boundary conditions (or the Dirichlet boundary conditions).
In this way, there are multiple unknown cavities D™ and D¢ in a homogeneous
medium §2, and the objective is to obtain information about these cavities.



68 M. KAwASHITA and W. KAWASHITA

As an observation site, we choose a bounded set B C R? away from the cavities
D" and D? (i.e., BN (D™ U DY) = &). Incident waves are emitted from B and
waves reflected by the cavities D? and D™ are observed in the same region B.
This corresponds to choosing initial data f so that supp f C B and observing the
solution u(t,z) to (2.1) in [0,7] x B. Here, f is selected as follows so that the
incident wave is reliably emitted.

(2.2) f € L*(Q) with supp f C B and there exists a constant ¢ > 0 such that
’ f(x) >cae z€Bor—f(zx)>cae x€B.

This condition (2.2) is called the emission condition.

In this paper, the solution of (2.1) is considered in the sense of a weak solution.
On 9D, the Dirichlet boundary condition is satisfied, so we introduce a function
space H&,aDd(Q) = {p € HY(Q) | ¢ = 0 on dD? in the trace sense} that is com-
patible with it. Here, H'(f2) is the usual L?-Sobolev space. We denote the trace
operator on D" by yapn : H'(Q) — HY2(OD"). We set

(Y, 0)0 = <wa‘P>(H0116Dd(9))’><HéﬁaDd(Q)-

DEFINITION 2.1. A function v € C([0,T]; H} 55,4()) is a weak solution of
(2.1) if and only if u satisfies Oyu € C([0,T]; L*(Q)), 0?u € L*(0,T;(HY(Q))),
u(0,2) =0, Ou(0,x) = f(x), and % [,p+ AM(x)vopru(t, x)p(x)dS, is well-defined
and

d
(OFu(t,-), p)a + / 0 Veu(t,z) - Vop(z)de + - Ar(@)voprult, ©)p(x)dS,
Q oDn

+/ Xo(x)vapnu(t,z)p(z)dS, =0 a.e. on (0,T)
aDn

holds for all ¢ € Hy 5pn(S2).

It is well known that for any f € L?(Q), there exists a unique weak solution
u(t,z) of (2.1). For example, the weak solution can be obtained by [1] Chap.18,
Sections 5 and 6. We consider the weak solutions in this class.

The active sonar-type inverse problem considered here is the problem of estimat-
ing a cavity from measurement data u|jo 7]x g corresponding to a single function f
satisfying the emission condition (2.2). This corresponds to a single measurement,
and note that one measurement yields one piece of data. In other words, this is
a practicable framework, and by repeating a finite number of measurements while
changing f and B, more information can be obtained.
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In the enclosure method, based on these measurement data, the indicator func-
tion I is constructed using weak forms commonly used in the theory of differential
equations. Examining the asymptotic behavior of I. when 7 — oo, we can find the
minimum length (shortest distance) Iy of the line segment with endpoints at the
point on the boundary of the object to be searched and the observation site B. For
example, let B = B(p,d)(= {z € R3 | |[z—p| < §}), that is, an open ball with center
p € R? and radius § > 0. In this case, if the shortest length Io(p) is determined,
then D C (B(p,0 + lo(p)))°. If we move p further and take measurements, we can
see that D C Ny, |p1>>1(B(p,do + lo(p)))¢, and we can enclose D.

Let us introduce the indicator function I, for (2.1). For f € L?(Q2) satisfying
(2.2), consider the weak solution u(t,x) of (2.1). We extend f to 0 outside the
domain . We use the same notation to express the extended function in this
manner. For extended f, consider the weak solution v(-;7) € H(R?) of

(2.3) (Yo — ) v(z;7) + f(x) =0 in R?,
and set
T
Lru(z;T) :/ e Tu(t,x)dt (x € Q).
0
For these, we introduce the indicator function:

I = /B f@)(Lru(z; 1) — v(z;7))de.

Because we know u(t,z) on [0,7] x B as the measurement data, we can compute
I (1 > 1). As described in the introduction, the enclosure method allows us to
obtain the shortest distance Iy = dist(B, D"UD?) as

(2.4) lim Y22 log |1, | = —lo.
T—o0 2T

Depending on the boundary conditions of the cavity that achieves the shortest
distance, the sign of I- may be positive or negative in the limit of 7 — oco. From this
point of view, Neumann-type boundary conditions must also be treated separately
for cavities where A\j(x) > /70 and for cavities where Ay (z) < \/j0. Thus, we
assume that D™ can be divided into two types of cavity groups, D"+ and D"-,
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which satisfy the following conditions.

D™ = D"UD™, D™+ N D"~ =, and there exists a constant p; > 0
such that (A1 (z) — /0) > p1 a.e. on D™=,

Thus, we assume that D is D = D"™+UD"-UD? and D*ND? = & for o, €
{nq,n_,d} with a # 3.

As summarized in the following table, previous studies handle the case that
only one type of inclusions or cavities, for example, only the case of the Neumann
boundary condition (i.e., Ay = Ag = 0).

No boundary condition type of | sign | literature | asymptotics
of cavities objects | of I, of I,
1 Neumann (9, u = 0) only D™+ | + [7] None
Neumann with dissipation only D™+ | + [8] None
2 . 8], [11] .
as in (2.1) only D"~ | — [11] Given
3 | Dirichlet(u = 0) (bistatic case) | only DY - [9] Given
4 Robin((d, — A2)u = 0) only D"+ | + [10] Given

As in No.3 in the table, Tkehata in [9] formulates the bistatic case that the place
measuring the reflected waves is different from the place generating the incident
waves. Some studies have also investigated the asymptotic behavior of I under
additional assumptions to achieve the shortest distance lg. Furthermore, there are
also many studies on cases where the object is not a cavity but an inclusion, and
results are also available for cases where the background medium (i.e., a medium
without cavity and inhomogeneity) is a two-layer structure with a flat transmission
boundary (e.g., [13, 14]). However, in these studies, since the object is a single
type, the ‘monotonicity condition’ is satisfied. Because the monotonicity condition
also provides a priori information about the target, this situation is special and
cannot be considered a natural assumption. Therefore, when considering practical
situations, it is important not to assume monotonicity.

3. Separated case

Among the three types of cavities { D"+, D"~ , D%} defined in Section 2, when
T — 00, the indicator function I becomes positive for D™+. On the other hand, for
D"~ and D?, the indicator function I, becomes negative. Thus, D"+ is a positive
cavity, while D"~ and D¢ are negative cavities. In this section, we consider the
combined case where these exist simultaneously, particularly when the cavities are
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separated™.

The shortest distance for each group represented by
I§ = dist(B,D"*), g =min {dist(B,D"*),dist(B, Dd)}.

Thus, the shortest distance Iy for all the cavities in the medium is given by [y =
min{la'7 Iy }- As mentioned in Section 1, ‘separate’ means that the negative cavities
and positive cavities are clearly separated. Therefore, when lg' # 1y is known in
advance, we call this case the ‘separated case’.

In the enclosure method, the indicator function I, corresponds to the weak form
that appears in the boundary value problems for elliptic operators. For this reason,
the method of using elliptic estimates is very effective in the enclosure method, and
originated from its use in boundary inverse problems of Laplace’s equation ([3, 4]).
This method has also been introduced in the reconstruction of wave equations using
the enclosure method in the research by Ikehata [7, 8]. Hereafter, this method will
be referred to as ‘methods of elliptic estimates’. The strength of the ‘method of
elliptic estimates’ is that it can be applied when conditions for the elliptic estimates
are satisfied. For example, it is possible to set an assumption of low regularity for
the cavity boundary. Therefore, let us apply the method of elliptic estimates to
the combined case as well.

In the combined case, because of the existence for both positive and negative
cavities, I, is approximately expected to have the following form :

(3.1)
B -2 T + +
I, = (p+(7')e vio ol —p_ (T)e VW ° ), 0<Cer® <pi(r) <CLT™ (T >>1),

where C’, > C1 > 0 and af > ai are constants independent of 7 >> 1. However,
it is difficult to show an asymptotic form such as (3.1), so instead we show:

(3.2) I > (g (e P55 —q_(r)e" Fo0T) (7> 1),
(3.3) L 2 (G- (r)e BT G (r)e FTET) (7 >> 1),

where ¢+ and ¢+ are functions satisfying 0 < C’iro‘li < q+(1) < CQET%i and
0< Curoi < G+ (1) < CQET%i and for 7 >> 1. This is actually possible by the
methods of elliptic estimates (cf. (3.8) and (3.12) in [16]).

Here, assuming that the cavities are ‘separated’, the shortest distance [y can

*Reference [16] considers cases where plus and minus inclusions exist simultaneously in addition
to cavities; such cases are referred to as mixed cases. Here, we discuss only combined cases.
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be obtained from these estimates as follows. If Iy = [T < I is known in advance,
from (3.2) and (3.3) it follows that there exists a constant C' > 0 such that

+ 2 +
0< O™l < v, < Cr: (r>>1).

This implies that

7&1; log T (1 >>1).
-

Claflogr < 2 lo + log |1, <
T V7o
Then, we have (2.4). If [y = [ < I, we also obtain (2.4) as well.

Thus, under the assumption that the cavities are ‘separated’, since lar # 1y, the
term with lar or ly as the exponent, which does not match the shortest distance Iy,
can be regarded as a remainder term. From this, if we can obtain estimates (3.2)
and (3.3), we can obtain the shortest distance. This suggests that the separated
case is similar to a case with a monotonicity condition, even if it is combined.

Let us consider the case where the cavities are not ‘separated’. The problem is
that [ = I; = lp may occur. When I =I5 = lo, (3.1) becomes

I = (p4(7) —277(7'))6_%70[077 0< Cj[TO‘li <pi(r) < C'iTaét (t>>1),

o it is necessary to know the more concrete forms of py(7) and p_(7). Since
the method of elliptic estimates is based on the estimation of inequality using
exponential decay, further analysis is required to obtain the specific form of the
polynomial.

When the monotonicity condition is satisfied, p4(7) = 0 or p_(7) = 0, but even
in this case, it is very meaningful to investigate the asymptotic behavior of p, or
p—. Ikehata [9, 10, 11] employs appropriate elliptic estimates for each case and,
when the regularity of the cavity boundary is C?, provides the main terms of the
asymptotic expansion (i.e., p4(7) or p_(7)) using a skillful technique. However, to
the best of the author’s knowledge, a monotonicity condition seems to be necessary
when estimating the error. Based on the above points, in the non-separated case
where the separated assumption does not hold, we decided to adopt an asymptotic
solution commonly used in scattering theory to investigate the asymptotic behavior
of I more directly. This is discussed in Section 4.

4. Non-separated case -heuristic argument-

In this section, we discuss cases where the cavities are not separated. Before
going into detail, we divide I, into the main term J, and the remainder term. We
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set A(x;7) = M (2)7+ Xo(z) and Brw = (v - voVa — A(z; 7))w. Because Lru(x;T)
satisfies

(Lyy, — T3 Lru(z;7) + f(z) = e T (0pu(T, x) + Tu(T, z)) in €,
B2 Lou(z;T) = M (z)e T u(T, z) on 0D™,
Lru(z;7) =0 on 9D?,

Lru(z;T) is approximated by
(4.1) I£ru(s7) —w(57)|l2@) < O™ (7 >> 1),
where w(z; ) is the solution of

(L, — w(z;7) 4+ f(z) =0 in Q,
(4.2) Brw(w;7) =0 on 0D™,
w(z;7) =0 on OD¢

(cf. Appendix C in [12]). We call (4.2) the reduced problem of (2.1), and the weak
solution v(+;7) of (2.3) is described as

1 e Tlz—yl/v70
470 |9C - y|

i) = [ @) W)y with @(2.9) =

For the solution w(z;7) of (4.2) and the solution v € H(R3) of (2.3), we set

Jr = / f(z —v(z;7))dx.
Then, the usual elliptic estimates yield the following.
I =J,+0(r7 ™) (1 — ).

Therefore, it is sufficient to deal with only J, instead of I.. By integration by
parts, J, is decomposed as follows.

(4.3) Jr = JM 0 4 TE
where
(4.4)

JIE = / Bv(z; ) w(z; 7)dS,, J¢ = — Oy, w(x;T) v(x;7) dS,.
oD+ 9D
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If we set w(x;7) = v(z; 7)o +w(x; 7), W(x; T) corresponds to the reflected wave
of the incident wave v(x; 7). Let w(x;7) have a kernel representation:

i 7) = /Q . (2,9) () dy,

(oA = 72T (z,y) =0 in Q,
(4.5) l:j’f\i/T x,y) = =B, (z,y) on 0D™,
U (z,y) = —P,(x,y) on 9D

Here, as in Section 4 of [17], we construct a concrete approximate solution
for \TIT(:my) using asymptotic solutions. First, let us have a formal discussion
without considering convergence or anything else. For x near 0D, we construct the
asymptotic solution:

2

(4.6) U, n(z,y) = e 7@V Z (y € B)
7=0

as an approximation of @T(m,y). We construct the phase function ¢ and the
amplitude functions b; for x near 9D satisfying

Y0|Vao|? =1 in €2,
(4.7) ¢z, y) =z —yl/v/ 7o ondD,
3um¢($,y) >0 on 8D,
and
Tybj(x,y) +10Abj—1(x,y) =0 in Q,
(4'8) ((7081/.1 (15) + /\1( ))b ( ) + Bo j— 1($ y) = —aj (:c,y) on aDn,
bj(z,y) = —m on 0D?,

where Ty, = 2(70V29) - Vo +70A¢ and Biw = v90,, w — Xo(x)w, 0o j = 1 for j =0,
and do; =0 for j > 1 and a; (j =0, 1) is defined by

1 (vx-(m—y)+kl(z)), o — -1 (Vx-(af—y) Ao(%))

apg = = +
drlz —y| \ yYolr — yl Yo iz -y

|z —y|? Yo
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and a; = 0 for j > 2. Then, note that
B:L(I)T(xa y) = (—7'(LQ(£L'7 y) + al(x, y))e—ﬂw—yl/\/%.

Substituting ¥, x(z,y) into ¥, (z,y) in (4.5), we find that ¥, (z,y) is an approx-
imate solution to \iJ-,—(x, y) with remainders of order 7= Ne=7¢(®:y)

Then, if we substitute ¥, y(x,y) into (4.4) and formally take the limit as N —
00, we obtain

JiE = Z TFKIY, and  Jf = Z K,
k=—1 k=—1
where K¢ (a € {n4,n_,d}, k=-1,0,1,...)) are given by

-

(49) Ko, = / dydif () f() / eyt e () s,
BxB 0D«

The top term of the expansion (when &k = —1) can be expressed specifically as
follows:

(410) H?i (xvya:g) = _QO(xvy){% + bo(.’E,ﬂ)},

drtyolz — 7|
5 1 1 |22 (I‘ - :l]) 8V¢(x7g)
4.11 kM@, y, ) = — ~ + ——— .
(4.11) 1(z,9,7) (47r)270|x,y|{ Yo T —gP |z — g }

For £k =0,1,..., we have

(4.12)
o) = () oo )b (0.9) + 01 09) (P + o)
(Oé € {n+,n—})7
(4.13)
- 1 Uy (x—7) / ~
Ky (,y,9) = m( - 5O,km + (—1)k8ywbk(x,y))

(cf. p.12 of [17]).

From this expression, we can determine the coefficients of the highest terms for
p+(7) and p_(7) of (3.1) in Section 3 for 7 — oo. For this purpose, the Laplace
method is used:

LEMMA 4.1.  Let U be an arbitrary open set of R™. Assume that h € C?*5°(U)
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with some By > 0 and h(x) > h(xg) for all z € U\ {zo} at a point zg € U, and
det (Hess (h)(xo)) > 0. Then, for a given ¢ € C%Po(U) it holds that

677’}7,(:11(]) I n/2
e ™MB) () dx = — T 0.50 7 O(T7P0/2)) .
/U ela)d \/det(Hess (h)(zo)) ( T ) <SD( 0) + llge.20 @) O ’ 2))

Moreover there exists a positive constant C such that, for all 7 > 1

/ e MO p(z)dx
U

Ce—Th(zo)

< oz H‘PHc(ﬁ)-

For a proof, see e.g. Appendix A in [12].

Set Lo(z,y) = |z —y| and Eq = {(z0,y0) € D x B | Lo(zo,y0) = lo}. By
comparing (4.9) with the statement of Lemma 4.1, we can see that the dominant
part of (4.9) is determined by point (o, Yo, §o) which gives the minimum value of
the function L(z,y,9) = |t —y|+|x—g| = Lo(x,y)+ Lo(z, 7). The point (xo, Yo, Jo)
is of the form (xq,yo,yo) for the point (xg,yo) € Ep that gives the minimum value
of Lo(z,y).

To use Lemma 4.1, we introduce the following ‘non-degenerate condition’ (Def-

inition 4.2).

DEFINITION 4.2.  (non-degenerate condition) We say that B and D satisfy the
non-degenerate condition with respect to the function Lo(x,y) if and only if for any
(z0,y0) € Ey, there exist constants § > 0 and co > 0 such that

Lo(z,y) 2 lo + co(|z — @ol* + |y — yol*)  ((z,9) € (ODNBs(x0)) x (9BNBs(yo))),
where Bs(wg) = {x € R3 | |v — 20| < 0}.

From the non-degenerate condition, we can see that Ej is a discrete set. There-
fore, the following expressions will be used from now on:

Eo = Uacn, m_.ay B, E§ ={(25,yj) €9D* xIdB|j=1,2,...,M*}.

Applying the Laplace method, the geometric information of the cavity boundary
appears in the coefficient of the top term of the expansion of the indicator function.

For simplicity, we take B as a ball with radius a > 0, and we denote the principal
curvatures of 0D at x € 0D* by K1 o(z) and kg o(x), where k1 o () < K2,o(z) for
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a € {ny,n_,d}. We set

_ﬁ(nja lo-li- ) (o € {ny,n_,d}).

As in Section 2 of [17], non-degenerate condition yields A, (x§) > 0 for any z§ €
0D satistying (z%,y) € Eg for some y$ € B. Take alocal coordinate z = s%(0),
y = b%(u) near (z¢,y$) and set L¥(o,u, @) = Lo(s*(c),b%(w)) + Lo(s*(c), b*()).
Then, we have

4(a+1o)*
(lo)*a?

Thus, from Lemma 4.1, we can obtain the asymptotic behavior of I.. However, the
above asymptotic solution does not converge in general. Thus, if we take the first
N-terms as in (4.6), then we need to consider the remainder estimates. Further
discussion is required to concretize this intuitive argument. This was performed in
[17], which reached the following conclusion.

(4.14) det(Hess(L)(0,0,0)) = Ao (29).

J

THEOREM 4.3.  (Theorem 3.8 in [17]) Assume that 0D™ and OD? are of class
C*, B is a ball with radius a > 0, and D and B satisfy the non-degenerate condition
for Lo(z,y), Ao € L>®(0D"), \y € C?(0D™) and f € C*(B). Then, there exists
0 > 0 such that

I = e FH T+ 0(r )} + 0@ ) L 0(r 71T (7 00),

T

2 oy (F@)? a ,a o
where To = Y oetn, na} Z] 1 f)zba(‘rj)\/%m?y (x§,y5) € Eg, balz) =

\/‘/1:2_&1(3 for o€ {ny,n_} and bg(x) = —1.

From the above result, even if [ = I, the shortest distance Iy can be deter-
mined if 7y # 0. The detection of Iy is impossible only in the special case where
To = 0.

Taking the case where D™+ and D? are equidistant from the observation site B,
we consider the effects of curvature and energy dissipation. The curvatures of the
cavity boundary appear in the denominator of the coefficients of the highest-order
term in the asymptotic expansion. Therefore, the curvature of the cavity boundary
affects the detectability of the cavity. For example, when there is no effect of energy
dissipation on 9D"+ (i.e., A\;(z) = 0 in @ € dD"+), between cavities D"+ and D,
the cavity with the smaller curvature is detected at the arrival point. In addition,
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the effect of energy dissipation on D™ reduces the detectability of D™. When
energy is dissipated on 0D", the measured reflected waves become weaker, making
it difficult to detect D™+. For example, if A;(z) > 0 holds for € D™+, then D¢
is detected if the curvatures at the arrival points on the cavity boundary are equal
(e, i g, (2) = Rja(ad) (G = 1,2)).

The asymptotic solution requires high regularity assumptions on the cavity
boundary 0D. In fact, the above result uses the asymptotic solution ¥, o(x,y) of
order N = 0, but requires condition C* for the boundary D and \; € C?(9D").
To obtain higher-order asymptotic expansions, the corresponding higher regularity
assumptions are required.

5. Asymptotic expansion in the smooth case

Here, we show that when 0D, 0B, \g, A1, and f are smooth enough, an asymp-
totic expansion of any order can be obtained for the indicator function I.. In this
section, we also assume the non-degenerate condition (Definition 4.2). In [17], the
following terminology is introduced for 0D, Ay, and ;.

DEFINITION 5.1.  We say (0D, \) is of m-class if OD is of class C*™%4, \; €
C?m+2(9D"™) and \g € C*™(OD™) for integer m > 1, and (0D, \) is of 0-class(that
is, m = 0) if OD is C*, \; € C*(0D™) and \g € L>=(0D").

Theorem 4.3 is the asymptotic expansion of I, when (9D, \) is of 0-class. In
this section we show that the following holds.

THEOREM 5.2.  Assume that (0D, \) is of N-class for some N € N, and
OB has C* boundary and f € C*°(B). Then, the indicator function I, has the

asymptotic expansion of the form:
(5.1)

N
I‘r: (277-)3(\/%)56_\/%70%0{2817'_1+O(T_N_1)}+O( -1 —-rT) (T—>OO)

T4
=0

for certain constants S;. If we assume that B is a ball with radius a > 0, then (5.1)
is also represented as

(5:2) I =R’ {ZTT +0(r N 0 e ) (r— o0),

where Tg is given in Theorem 4.3.
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To prove Theorem 5.2, let us define the local coordinates z = s%(o) and y =
b*(u) for each (z,ys). Set Uy = UjI‘/SBk,.O(xJO-‘) 1<k<4 j=12,...,M*
a € {ny,n_,d}), Uy C Uy, (k=1,2,3). Let 79 > 0 be small enough so that
B4TO($5—‘)DB4TD (y]“) = & and (Bur, (2§) X Bar, (y§))NEo = {(z§,y5)}. From (2.2)
of [17], there exists a constant ¢y > 0 such that

(5.3) |z —y|>lp+co if (z,y) € (OD\U) x B or (z,y) € ID x (B\ V),

where Vi = Unefn, n_.4} U]]Vial B, (y]“) From (5.3), we can see that the main part
of each K* ; is given only in the neighborhood of (z§,ys', y5).

According to the discussion in Sections 4 and 5 of [17], if we appropriately select
an open set B such that B C B, then the solution ¢ and b; of (4.7) and (4.8) exist
in (N U,) x B, respectively, and we know that ¢ € C2N+t4((QNiUy) x B) and
b; € C?N=D+2(QNUy) x B), j = 1,...,N. Here, C*(QNUy) x B) = {¢ €
C((QQNUy) x B) | 0200¢ € C((ANUy) x B) for |a| < k and |3| > 0}. Therefore,
the asymptotic solution defined in (4.6) is valid in Q NUy. Take a cutoff function
X € C§°(R3) with x(z) = 1 for & € Uy, suppx C Us. Then, as in p.11 of [17], the
solution w(z;7) of (4.2) can be given in the form w(x;7) = wy(z;7) + wi(z; 7),
where we can see that

wyleir) = [ (@) + X0 (0,0) 0)
B
and there exist constant C' > 0 and 7y > 1 such that w’y(z;7) satisfies
lwill2opm < CTN"T2e” TR0 (7 2 7),

[ 0t wias nig(a)ds,
oD4

< Cr NSO g 2y

(g € HY*(OD%Y), 1 > 79)

(cf. (6.16) and (6.19) of [17]). From this fact, (4.3), (4.1) and Lemma 6.3 of [17],
we obtain

(5.4)

N
L=Y 9. K 7 * 40 N5 7)o e ™) (r— o0).
ae{ny,n_,d} k=—1

Here, ¥, =1, ¥4 = —1, each K, is given by (4.9) and x{(x,y,9) is given by
(4.10) and (4.11). Moreover, for 0 < k < N, k%, (z,y,7) is given by (4.12) and
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(4.13). Here, we set by =0 (k > N + 1). If we note (5.3), we have

Me )
(5.5) Ko, = ZK‘TJme + O(e_jTT(lo+6)) (r — 0)
j=1

for some § > 0, where we set for any (z%,y$) (o € {ny,n_,d}, j=1,2,...,M?)

(5.6)

T

K% = / ( / e R (2y, ﬂ)f(y)f(ﬂ)dydﬂ> dsS,.
DN By, (x2) \ Y/ (BNBy, (y))2

Above, the form of k% (z,y,§) differs from that in [17], but noting that x(z) =1
in Uy, we see that they coincide at least on Uy x (BNBy, (y$))?. This fact and (5.3)
show that K can be decomposed as (5.5) and (5.6).

In order to obtain the complete asymptotic expansion of I, in addition to the

. . . . . 0, . .
discussion in Theorem 4.3, an asymptotic expansion for each K%, . is required.

2J
Here, we use the following Laplace method.

ProPOSITION 5.3.  Let U be an arbitrary open set of R™. Assume that h €
C*N+2(U) for some N € N, and h(x) > h(xg) for all x € U\ {zo} at a point
xo € U, and det (Hess(h)(zo)) > 0. Then, for a given ¢ € C*N(U) it holds that

/ e M@ o (z)dx
U

e—Th(ro) (27T>n/2 N-1

- \/det (Hess (h)(z0)) ; Lip(xo)T™7 + Ry (T) (1 — 00),

T

where Ry (7) is estimated by

By <Cxr™ 3 suplofh(@)] Y suplofe(@)] (r=1).

18]<2n+2 €Y 18l<2n *€U

FEach L; (j =0,1,...,N —1) is linear differential operators of order 2j with co-
efficients consisting of differentials (0%h)(xo) (2 < |a| < 2(j 4+ 1)), which is given
by

(5.7 Liplwo) = D>, [((2H (20)) ™82, 0:)' (¥ (2)) "] (o).
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1
ere, o) = = (Goh] i) >0, an ) 18 aejine Y
H H 5 Hess(h 0 av s d d b

U(z) = ((H'(z) — H(zo))(x — x0), (x — z0) )n, H' () = (Hjj(x)),

¥

where
aN—1 1 1
1 _ T A _ @
) = kZ:O (k+1)(k+2) |Zk o 0% P (20) (@ = 0)"

If we suppose that h € C*N*L(U) and ¢ € C*V(U), Proposition 5.3 is the
same as Theorem 7.7.5 of Hormander [2]. In Proposition 5.3, we assume that
h € C?N+2(U), we need to give additional arguments to obtain

REMARK 54. (1) In the differential operators L; defined by (5.7),
formally, differentials of order greater than 2j may appear. Hence,
the terms [((2H(z0)) 10z, 0:) (¥ (x))*¢](z0) has to be written with
[(2H(20)) 718, 0,)! ((2))* 01 (20), where

p1(z) = Z 5 2 o(xo)(z — 20)".

la|<2N

However, since ¥(z) = O(|x — x0|®) (x — x0), for any smooth function ¢, for
3l > 2k, every coefficient of [((2H (x0)) ™ 0x, 0:)'(¥(2))*¢] at @ = xo vanishes.
This is the reason why L;j is of order 2j, and we write L; as (5.7) even though
o € CN(U).

(2) In Ly, the sum is taken over for k =1 = 0, which yields Lop(xo) = ¢(x0).
However, L; (j > 1) is complicated even when j =1 (see e.g. section 6).

Proof of Theorem 5.2. Choose (x§,y$) € Eo and take an orthonormal basis {e;, ez}
for Ty (OD®). Then, we have y§' = x§ + lovze. As in p.5 of [17], for sufficiently
small g > 0, we take a local coordinate system of 0 DN By, (x$) and 0 BN Bay, (§)
as

Ug;}x 30 =(01,02) —~ s%0) = :17;)‘ + o1e1 + o0e0 — go‘(o)l/z? € 8DaﬁB4rU(a:?),
Uye 5 u = (u1,uz) = b%(u) = 2§ + urer + uzez + (lo + h®(u))vze € OBNBur, (y5),

where Uye and Uye are open neighborhoods of (0,0) € R?, g* = gga € C*NT4(R?)
and h* = hg. € C*(R?) satisfying ¢°(0,0) = h"(0,0) = 0, Vg*(0,0) =
Vh*(0,0) = 0. To describe a local coordinate system of BNB;, (zf), we set Uys =
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{u € Uye | b*(u) € 9BNBy,(25)}, t§(u) = sup{us € [0,3ro] | b%(u) + ugvae €
BNBsr, (y5)} and y = y*(u,uz) = b%(u) + ugves (u € Uye, 0 < ug < 15 (u)).
We also set Upe = {0 € Ue | 5%(0) € 0DNBy,(2§)}. Note that |g*(o)[ < 1o
(0 € Uye) and [h%(u)| < 7o and ro < 1§ (u) < 3ro (u € Uye).

. . 0,a .
Using these local coordinate systems, K~ . is expressed as

Krszg / da/ 0, dudiuJyp(o)Jap(u)Jop (i)
cx ch cx

S e * (0) ™ (uu3),y° (ihyiz))
(58) / |7 RO I D g (o, ),
where Jyp (o \/1+ (99)% + (92,)%, Jop(o \/1+ (hg,)? and

92&]‘(0’7“7&’“37’&3) = ’%(ik(sa(U% ya(uvu?))’ya(avai’)))f(ya(ua U3))f(ya(ﬂ7z]3))
(o€ ﬁm?,u,ﬂ € Uy?70 <ug < t5(u) and 0 < Uz < t57(a)).

We set

2(lo + g%(0) + h*(u))us + u3
Lo(s*(0), y*(u, us)) + Lo(s*(0),b*(u))”

Then, since we have Lo(s*(0),y*(u,us)) = Lo(s*(0),b*(u)) + A*(0,u,us), the
integral of ug and s of (5.8) can be expressed by

A% (o, u,uz) =

t5 (@) wf s
s / e AN ) T AT g0 (0, iy g, ) dusdig.
Because (9y,A%)(0,u,0) = A (0,u,0) = lz:(iz((z))—zz(g)) > ﬁg;ﬁ;g ((o,u) €

[L?ny?), we can assume that there exists a constant ¢y > 0 such that
AS (o,u,uz) > co > 0 for (o,u) € Ux?xﬁy? and 0 < uz < t§(u) if we take
ro > 0 sufficiently small again if necessary.

We set Q = Q(o,u,ug,0y,) = m&m. Then, it follows that
&, (o,
Q(U,U,U3,au3)€ mA (o) = —Le_\/%

var)
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Hence, integration by parts yields

5 ()

i L A%(oyu, B B
/ e Vo (Uuug)&fkj(a,u,u,u;g,u;g)dug
0

— €
T

Ag (o,u,0) A (o, u, tjo‘(u))

V70 (egk,j (07 u, 1,0, ’EL3) =5 A (o u,tf (u)) ec—yk,j (07 u, U, t? (u) ﬂd) )

-

=t (u) o
+ ﬂ/ T e AR AT (wua) LQ(a, u, uz, Oy, ) (0% (0, u, 0, ug, U3))dus,
T 0 i

AS L (ou,ug)
t _ 1 waus ;U U3 s 3
where Q(O’, u,us, 8u3) = m@ug — m is the formal transpose

operator of Q(0,u,u3,0y;). Because s*(0) € By,(z§) (0 € Um?), and b*(u) €
By, (y§) and y*(u,u3) € By, (y5) (u € ﬁy?), it follows that A%(o,u,t$(u)) >

lg—2 lo—2 5 : . .
5oty (u) = 2552 > 0 (u € Uy)). From this estimate, we obtain

o T A% (st (w) 0%y, (0, u, @, t5 (u), us)
AG, (o, u,t5 (u))

<Ce ™ (r>1)

for some constants C' > 0 and ¢; > 0. Since 6% ; and A® (0,u,usz) are of C* class

for (u,us), this operation can be repeated as many times as necessary. Then, for
any m € NU {0} we obtain

£ (u)
i T A%(o,u, B 5
e Vo (Uuus)&fkj(a,u,u,u&u?,)du;g

S—

_ i (\/%) 1+p (tQ(Ua U, u37 6713))p(egkd (07 ’LL7 ’l], u3a a?}))"ll,g:()

p=0 T Agg (Ua U, 0)
’YO 1+m t] (u) __T Aa(o_uug) ¢ 1+ 5 ~
+ ( T ) /0 e v o ( Q(O’,U,Ug,@us)) m(egk,j(U,U,U,U&u;g))du?,
+0(e™7)
_ i (\/’%) 1+p (tQ(07 u,us, 8u3))p(62k7j (0', u, 1], us, a3>)‘u3:0 n O(T*1*M)
p=0 T Agg (07 U, 0)
(1 — 00).
Using Q(o, @, @3, Oz, ) = maﬁs, the same operation yields the following.
usg 7
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t3(a)  pt5(u) .
/ / e~ Vo AT (euus)  — 5 AT (Uuug)ﬁo‘k](a u, U, uz, g )dugdiz
0 0

AN (1Q(oyu, us, g )P (0% (0w, @ us, ) =0
= (*) 67‘/770 (0'771“’“3) P du?)

N T o A¢ (0,u,0)

+O(T727m)

m 2+
= (ﬂ) @a’g’?(a,u,ﬂ)—l—O(T_Q_m) (1 — 00),

=0 T
where

@“’é’?w u, i)

Z U , u3, Og ))iip(tQ(O—v U, U3, 6u3))p(93k’j (07 u, U, u3, ﬂg)) |u3:07ﬁ3:0
N Ag (0,u,0)A%, (0,1,0) '

We set L% (o,u,u) = Lo(s¥(0),b%(u)) + Lo(s*(0),b%(w)) for (o,u,a) €
U, a xU, o ><U . This expansion and (5.8) yield

m .
/fYO 241 L%, i . B B
K(T):’k = E (— e Vo i (Uuu)@(i’,g (o, u, @) doduda
y—R,J ~ ~ ~ N
im0~ T Upo xUye xUya
J .7 .7

(5.9) + e~ Vo

) 7 (o, u, @) dodudi,

yo
J

where @C_Y’]gyi(a, u, ) = Gf’g:?(a, u, @) Jop(0)Jop(u)Jop(a) and re (o,u, @) is a
function satisfying

sup 7

5 B T, m(av u, ﬂ)| < Cm7-727m (7' > Tl)
(o,u,0)EUa xUya xUya
J b J

for some constants C,, > 0 and 7, > 1. Since the second integral of (5.9) can be
estimated by

’/ e v ki (o u)'r‘” 7 (o, u,0) dodudi
aa U U
Coem B _
< Cp1 /_ e Vi dodudii,

Ugpe xUya xUye
J J J
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from Lemma 4.1 we obtain

5 10 ‘/ ~ e \/7L] (o,u,a) av] (0‘ U, u) dodudu| < C’mT_s_me_2\/TT)l0.
XUy xUyo
Yj Yj

From (5.9) and (5.10), it follows that

(5.11)
m /AN 24
k2% =2 (%F) / e O] (0,0, @) dodudi
T 0 axﬁ QXU @

=0

2

+O(r e PVE ) (m=0,1,..)).

REMARK 5.5.  Since @’i’gj(a,u,ﬂ) is bounded in Ux;_x X Uy; xl}y;w, similar to
obtaining (5.10), we also have

——L - - g — 274

‘/ e Ve J(Ouu)Ga’J J(o,u, @) dodudi| < Cr~3e” V5 °.
axUya xUya

J

From this estimate and (5.11), we obtain

0, = lo
(5.12) K%, = 0(r % ) (r = o).

With the above preparations, let us find the asymptotic expansion of I,.. First,
from (5.4), (5.5) and (5.12), we obtain the following:

(5.13)
N—-1 M“

L=Y" oy Y KX r 40 N2 V0) 0 e ™) (1 o0).

ae{ny,n_,d} k=—1j=1

From (5.11), it suffices to consider the following Laplace integrals:

(5.14) / e Ve (o,u, @) dodudi.
Uzg_x ><Uy31 XUy;gt

For these integrals, we set h(o,u, @) = L§ (o, u,a) and ¢(o,u, @) = @C_Y’gl(o u, ),
and apply Proposition 5.3. Since (0D, \) is of N-class, h € C’QN+4(U o xU, o U, ye)
Q E 3 4,
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(ny? ny;x). Therefore, Proposition 5.3 implies that (5.14) can be expanded as

N—-k—1

B ™)’ ,j @i 0
\/(Hess[\j;)(()’()’o) (2 7\'/’T> ( Z L7 ;H(O 0, O)(L) olta (N— k))>

Here, Eg"j is the differential operator determined using L§ as in Proposition 5.3.
From (5.11) with m = N — 1 — k, (5.13) and the above asymptotics for (5.14), it
follows that

M* N-1 N—-1-k . -2 3
_ I\ e b 27/To
= ey { L ) ()

ac{ny,n_,d} j=1k=-1 Hess L?)(O’an)

N—-k—1
> preri w00 2) o —<N—’f>>)+o<r—5-N+’“e‘W°>}7_k
T
+O(r NP F) L O(r 1 T)
M*

:e_\jllo 27T Z 19 Z 1

actmoma) =1 1/ (Hess L$)(0,0,0)

N N-k . N—k
ok (2) VI0) £ @34, (0,0,0) + O(r~ (VIR
kz:;)z':o ( T ) 1;3 {( T ) 1=k }
+O( —N— 56 \/— )-I-O( —16—TT)
3 5 M*
T DA SRS

a€{nin_,d  j=1 \/(HeSSLJO-‘)(O,O,O)
N N—-—kN—k

Z Z Z . k+z+p )H-pﬁcw@ad (07070)
k=0

=0 p=0

+O( —N— 5 )+O( -1 —TT)-

Taking into account 0 < k+i+p < 2N —k, 0 <k < N, we have
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N c
> 7 (A0) LI 07 4(0,0,0)

N
=Y Y (V)L e, (0,0,0) + O(r N,

1=0 k+i+p=l

we obtain (5.1), where

Ma
1 a,
Si=> ), S (V)L (0,0,0).
a€{nym_.d} =1 \/(HeSS L5)(0,0,0) ktitp=t

If B is a ball, then (4.14) implies (5.2) if we set

l 2.2 . o
Tt Y 0.y o) S (VA HPLII6%, (0,0,0).

ae{n+,n_,d} i=12(a+10)2\/ Aa(T) Kritp=t
Since Eg’jg = g for any function g, and A,,(0,0,0) = 1, it follows that
£57073(0,0,0) = (F(§)*A1 (=5, 45" 7).
As in p.14 of [16], we obtain

! VA ()

2 (2%, g2 %) = 4 TR VAT ) (a € {ny,n_}),
1 7 ayj 1yj I (a _ d)
SFT (Y0 (T :

Thus, the above T; as [ = 0 coincides with Ty given in Theorem 4.3. This completes
the proof of Theorem 5.2. O

6. Asymptotics of Laplace integrals

In this section, we show Proposition 5.3. By Taylor’s theorem for h at z = xg,
it follows that

h(x) = h(zo) + (H(x)(ﬂﬁ —Z0), T — xo)Rm
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where
1
(6.1) H(z) = (H;j(z)),  Hij(z) = /O (1 = 0)ho,a; (xo + 0(x — 20))do.

Since h € C2N+2(U) c C3(U), there exists a constant C' > 0 such that
|HZJ(.’17) — Hij($0)| < C|.’13 - LU()| (SC S U,Lj =1,2,... ,n).

Let 11 > pg > -+ > pp > 0 be the eigenvalues of H(zg)(= (Hess(f)(zo)) > 0). Wi
take an orthogonal matrix P satisfying * PH (zo) P = diag(u1, pt2, -+ , iin) (dlagonal
matrix), and set y = tP(x —x9) and B(y) = ‘P(H(z) — H(a:o))P, o(y) = p(x).

We also set ®q(y Z,u]yj and ®1(y) = (B(y)y, y)rn.
Jj=1
Take any d; > 0 sufficiently small. Then, there exists a constant ¢; > 0 such
that h(z) > h(xg) + c1 (z € U, |v — xg| > 61), which yields

/ e M@ p(z)dx
{z€U||z—z0|>61}

Hence, if we take a cut-off function ¢ € C§°(R™) with ¥ (y) = 1 (Jy| < §1/3) and
¥(y) =0 (Jy| > 261/3), we obtain

< 7Th(;v0)
< Ce 7 max|p(z)].

[ etz = e {10) 4 0 el oy (7 ).
where

I(T) — /n e_T(%(y)""bl(y))@(y)w(y)dy.

Because hg,,, € C?N(U), using Taylor’s theorem for (6.1), we can decompose
H(z) into H(z) = H'(z) + H'(z), where H'(z) = (Hj;5(x)), H'(z) = (Flllj(x)),

2N—-1

! = . P xo)(T — z0)®
Hij(w) = kzzo (k+1)(k+2) laz_:k o1 Oz haiz; (o) (@ = 20)",
Hjj(x)
=2N Z /9"" /( — )2V T19%hy 0, (20 + sO(z — x0))dsdf.
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We set B(y) = 'P(H'(x) — H(x0))P, B'(y) = "PH*(z)P, ®1(y) = (B (y)y,
and ®1(y) = (B*(y)y,y). Then, we have ®;(y) = ®1(y) + ®1(y). Because N >
it follows that

Y)
1,
\H'(z) — H(zo)| < Clo — 0|, H'(z)=0(z —x0|*N),

which yields B'(y) = O(|y|), B*(y) = O(jy|*N) (y — 0). Hence, taking 6; > 0
small enough, we obtain

(6.2) 121 (y)| + |21 ()| < Clyl* < %‘I’o(y) (lyl < 61)
and
(6.3) 1B1(y)| < CnlyPN T2 < Cn(@o(y) VL (Jyl < 61).

To decompose @ into @(y) = ¢1(y) + P2(y), we define @1 (x) and ¢2(z) by

p) = Y oele)@ -0, eale) = pla) — pa(a)
laj<2N 77

and set @1 (y) = ¢1(x), P2(y) = @2(z), where x = ¢ + Py. Since ¢ € C2N(U), it
follows that ¢ € C?N(R™), py € CO(U) and |pa(7)| < Clz — 20N (|2 — 20| < 61),
which yields

(6.4) P2(y)] < On(Po(y)Y (Jy| <61).
We set
(65) hir) = [ T @G, )y

Then we have

I(r) = Ii(r) = / 677(<I>o(y)+<1>i(y))(efféi(y) — 1)@y (y) dy
1 ~
(6.6) d [T )y )y,

From [eX — 1] = |X [ ¢¥df| < |X|elX] (X € R), (6.2), (6.3) and (6.4), it follows
that
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|6—T(<I>o(y)+<1>i(y))(e—ﬂiﬁ(y) —1)| < e oW TIL W |7 1B (y) [ E1 )]

< Cnre TW/2(H (1)) VT < Cyr Ne ™0 W/ (|y] < 6y)
and

! = -7 T|®t -7
e~ T(@oW+21W) 3 ()| < Cn (Bo(y)) Ve "W P1W < O N (B (y)) Ve ™o W)/2
< Oyt Ne m20W)/4 (Jy| < 61).

From these estimates, (6.6) and Lemma 4.1, we obtain
[I(1T) = I ()] < CNT_N/ e TP W/ () dy < CyT N2,

Thus, the problem can be reduced to performing the asymptotic expansion of the
integral given in (6.5).

n (6.5), the functions ®g, ®1 and $; are smooth functions in R", and satisfy
Do(y) + Pi(y) > 0(= ®o(0) + ®1(0)) in supp (p19). Hence, we can use Theorem
7.7.5 of Hormander [2]. This completes the proof of Proposition 5.3. O

Finally, we calculate L£ip(z9). We need N > 2 to handle £ip(zg), that is,
h € C5(U) and ¢ € C*(U) at least. For j = 1, the possible cases of (k,1) are (0, 1),
(1,2) and (2, 3). We set

Z he, iTjT xO - (130)1')(:61' - (xo)j)(zk - ('TO)/C)7

i,5,k=1

@\H

n

= i4 Z wizae (0) (T — (20)i) (w5 — (w0) ;) (wr — (zo)r) (21 — (T0)1)-

Since W(z) = Wo(z) + ¥1i(z) + O(jz — x0]°), Yo(z) = O(|z — x0]*), Vi(z) =
O(|z — zo|*) (x — x0), it follows that [((H( 0)) 104, 02) (¥ (x))F ]( o) are of the
form:

((H (20)) ™" O, 0) p(0) for (k,1) = (0,1),
((H(20)) ™" 0z, 0:)*(To(2)¢) (x0) + ((H(20)) ™" O, 02)*(W1(x)) (0) p(w0)
for (k1) = (1,2),

((H (20)) ™" 0, 0)* (To (2))* (x0) (o) for (k,1) = (2,3).
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Note that for k& > 1, only the term ((H (o)) 0s,02)*(¥o(z)p)(z0) includes the
derivative of ¢. Hence, we obtain

Laplwo) = J((H(0)) ™0, 0)plw0) = 55 (H(0)) ™ 0o, 80 (Bo(w)) (0)
1

b (S (0)) 0,02 (010 o) 45 (L o)) ™0, 0 (W0 (2))?) 0) ) ),

where it contains only the first-order derivative of ¢ at z = =z since ¥o(x) =
O(|z — x0|®). Therefore, this representation does not depend on N.
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