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Remarks on propagation of discontinuities in stationary

radiative transfer

Daisuke Kawagoe

Abstract. We consider the stationary transport equation with

the incoming boundary condition. We are interested in discontinu-
ities of the solution. Under the generalized convexity condition, it is
known that it has only boundary-induced discontinuities, which are dis-
continuities arising from discontinuous boundary data, they propagate

along positive characteristic lines, and we can reconstruct the atten-
uation coefficient from boundary measurements by the inverse X-ray
transform. In this article, we observe that coefficient-induced disconti-
nuities, discontinuities of the solution arising from discontinuous coeffi-

cients, would also appear without the generalized convexity condition.
If the set of discontinuous points of the coefficients contains at most
finite number of flat parts, coefficient-induced discontinuities do not
affect the inverse X-ray transform. We also remark that, under the

generalized convexity condition, a three dimensional inverse problem
can be reduced to the two dimensional one. A numerical experiment is
exhibited.

1. Introduction

We consider the stationary transport equation

ξ · ∇xI(x, ξ) + (µa(x) + µs(x))I(x, ξ) = µs(x)

)

Sd−1

p(x, ξ, ξ′)I(x, ξ′) dσξ′ ,

(x, ξ) ∈ Ω× Sd−1.

(1)

It describes photon propagation in turbid media like biological tissue [2, 3]. The

function I(x, ξ) stands for density of photons at a point x ∈ Ω(⊂ Rd), d = 2 or 3,

with a direction ξ ∈ Sd−1. Here, Sd−1 is the unit sphere in Rd. The coefficient µa

characterizes absorption of particles by the media, and the coefficient µs and the

2020 Mathematics Subject Classification. Primary 35Q49; Secondary 35A21.
Key Words and Phrases. stationary transport equation, boundary value problems, discontinu-
ities of solutions.



94 D. Kawagoe

integral kernel p characterize scattering of particles in media; they are called the

absorption coefficient, the scattering coefficient, and the scattering phase function,

respectively. In this article, we let µt = µa + µs and call it the (total) attenuation

coefficient.

For a bounded domain Ω in Rd with C1 boundary, denote the incoming bound-

ary Γ− and the outgoing boundary Γ+ by

Γ± := {(x, ξ) ∈ ∂Ω× Sd−1 | ±n(x) · ξ > 0},

where n(x) is the outer unit normal vector at x ∈ ∂Ω. The forward problem is to

seek a solution I to the equation (1) satisfying

(2) I(x, ξ) = I0(x, ξ), (x, ξ) ∈ Γ−

for a given function I0 on Γ−.

We are interested in discontinuities of the solution I to the boundary value

problem (1)-(2). In [5], propagation of boundary-induced discontinuities, discon-

tinuities of the solution arising from discontinuous boundary data, was discussed

assuming that the coefficients (and the integral kernel) of the equation (1) were

piecewise continuous (with respect to x) and that the collection of such pieces sat-

isfies the generalized convexity condition [1]. There, the authors made use of the

propagation of boundary-induced discontinuities to obtain the X-ray transform of

the attenuation coefficient µt from boundary measurements (I0, I|Γ+). Since the

coefficient µt is reconstructed by its X-ray transform, this study can be applied

to solve an inverse problem to determine µt from the boundary measurements,

which is a mathematical model of the optical tomography, a new medical imaging

modality [3].

The proposed idea in [5] was examined numerically [4]. They exhibited some

numerical experiments on the computerized tomography for reconstruction of µt in

the unit disk. In one of the experiments, though µt was still piecewise continuous,

the collection of the pieces violated the generalized convexity condition. Neverthe-

less, the numerical reconstruction seemed to be successful. This motivates us to

discuss the case without the generalized convexity condition, or the set of discon-

tinuous points of the coefficients has a flat part. We mention that the case where

the set of the discontinuous points of the coefficients was a square was already

discussed in [4].

The rest part of this article is organized as follows. In Section 2, we shall re-

view results on propagation of boundary-induced discontinuities obtained in [5] as

a preliminary. Thanks to the generalized convexity condition, only discontinuities
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of boundary data create those of the solution. If we remove the assumption of

the generalized convexity condition, discontinuities of the coefficients would create

those of the solution, which will be called coefficient-induced discontinuities in com-

parison to boundary-induced discontinuities. We shall describe coefficient-induced

discontinuities in the two dimensional case in Section 3, and extend the descrip-

tion to the three dimensional case in Section 4. In addition, we shall show that,

under the generalized convexity condition, the three dimensional inverse problem

can be reduced to the two dimensional one, a tomographic imaging. We exhibit a

numerical experiment for the computerized tomography at the end of Section 4.

2. Propagation of boundary-induced discontinuities

In this section, we review results on propagation of boundary-induced discon-

tinuities obtained in [5].

We introduce a generalized convexity condition [1]. Let Ω be a bounded con-

vex domain in Rd with the C1 boundary ∂Ω. Suppose that Ω = ∪N
j=1Ωj , where

Ωj , 1 ≤ j ≤ N , are disjoint subdomains of Ω with piecewise C1 boundaries.

Let Ω0 := ∪N
j=1Ωj . We say that the partition {Ωj}Nj=1 satisfies the generalized

convexity condition if, for all (x, ξ) ∈ Ω× Sd−1, the half line {x− tξ | t ≥ 0} inter-

sects with ∂Ω0 at most finite times. In other words, for all (x, ξ) ∈ Ω × Sd−1,

there exist positive integer l(x, ξ) and real numbers {tj(x, ξ)}l(x,ξ)j=1 such that

0 ≤ t1(x, ξ) < t2(x, ξ) < · · · < tl(x,ξ)(x, ξ), x − tξ ∈ ∂Ω0 if and only if t = tj(x, ξ),

and sup(x,ξ)∈Ω×Sd−1 l(x, ξ) < ∞. In what follows, we use these notations tj(x, ξ)

and l(x, ξ) for the generalized convexity condition, and we put t0(x, ξ) = 0. We

put Figure 1 as an example of a partition of the domain satisfying the generalized

convexity condition to facilitate readers’ imagination.

Figure 1. An example of the generalized convexity condition

We next describe the setting in [5]. Let µt and µs be nonnegative bounded

functions on Ω such that µt(x) ≥ µs(x) for all x ∈ Ω. We assume that there
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exists a partition {Ωj}Nj=1 of the domain Ω such that all of discontinuous points of

these two functions are contained in ∂Ω0 and it satisfies the generalized convexity

condition. For the discussion in what follows, we reset µt(x) = µs(x) = 0 for

x ∈ Rd \Ω0. It is worth mentioning that µt and µs are bounded continuous at least

on Ω0. We also assume that the integral kernel p is a nonnegative bounded function

on Rd × Sd−1 × Sd−1 which is continuous on Ω0 × Sd−1 × Sd−1 and p(x, ξ, ξ′) = 0

for (x, ξ, ξ′) ∈ (Rd \ Ω0)× Sd−1 × Sd−1, and satisfies

(3)

)

Sd−1

p(x, ξ, ξ′) dσξ′ = 1

for all (x, ξ) ∈ Ω0 × Sd−1.

We regard the directional derivative ξ · ∇xI(x, ξ) as

ξ · ∇xI(x, ξ) :=
d

dt
I(x+ tξ, ξ)

����
t=0

.

The measure dσξ′ is the Lebesgue measure on the unit sphere Sd−1.

We introduce some notations. Let

D := (Ω× Sd−1) ∪ Γ−, D := D ∪ Γ+,

and we define two functions τ± on D by

τ±(x, ξ) := inf{t > 0 | x± tξ �∈ Ω}.

Let Γ−,ξ and Γ−,x be projections of Γ− on ∂Ω and Sd−1 respectively;

Γ−,ξ := {x ∈ ∂Ω | n(x) · ξ < 0}, ξ ∈ Sd−1

and

Γ−,x := {ξ ∈ Sd−1 | n(x) · ξ < 0}, x ∈ ∂Ω.

Let disc(I) be the set of all discontinuous points for a function I.

We define a solution to the boundary value problem (1)-(2). For all (x, ξ) ∈ D,

integrating the equation (1) with respect to x along the line {x− tξ | t > 0} until

the line intersects with the boundary ∂Ω and taking the boundary condition (2)
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into consideration, we obtain the following integral equation:

I(x, ξ) = exp
�
−Mt

�
x, ξ; τ−(x, ξ)

��
I0(P (x, ξ), ξ)

+

) τ−(x,ξ)

0

µs(x− sξ) exp
�
−Mt(x, ξ; s)

�

×
)

Sd−1

p(x− sξ, ξ, ξ′)I(x− sξ, ξ′) dσξ′ds,

(4)

where

(5) Mt(x, ξ; s) :=

) s

0

µt(x− rξ) dr.

We call a bounded measurable function I on D satisfying the integral equation (4)

for all (x, ξ) ∈ D a solution to the boundary value problem (1)-(2). We remark that,

under the generalized convexity condition on pieces of the coefficients, the solution

satisfies the following properties: (i) it has the directional derivative ξ ·∇xI(x, ξ) at

all (x, ξ) ∈ Ω0 × Sd−1, (ii) it satisfies the stationary transport equation (1) for all

(x, ξ) ∈ Ω0×Sd−1 and the boundary condition (2) for all (x, ξ) ∈ Γ−, (iii) I(·, ξ) is
continuous along the line {x+ tξ | t ∈ R}∩ (Ω∪Γ−,ξ) for all (x, ξ) ∈ D, and (iv) ξ ·
∇xI(·, ξ) is continuous on the open line segments {x−tξ | t ∈ (tj−1(x, ξ), tj(x, ξ))},
j = 1, . . . , l(x, ξ) with t0(x, ξ) = 0 for all (x, ξ) ∈ Ω0 × Sd−1.

The first result shows that boundary-induced discontinuities propagate only

along positive characteristic lines starting from discontinuous points of the incoming

boundary data. Here, a positive characteristic line from a point (x, ξ) ∈ Γ− is

defined by {(x+ tξ, ξ) | t ≥ 0}.

Proposition 2.1 ([5]). Suppose that a boundary data I0 is bounded and that

it satisfies at least one of the following two conditions.

1. I0(x, ·) is continuous on Γ−,x for almost all x ∈ ∂Ω,

2. I0(·, ξ) is continuous on Γ−,ξ for almost all ξ ∈ Sd−1.

Then, there exists a unique solution I to the boundary value problem (1)-(2), and

we have

disc(I) = {(x∗ + tξ∗, ξ∗) | (x∗, ξ∗) ∈ disc(I0), 0 ≤ t < τ+(x∗, ξ∗)}.

Remark 2.2. Proposition 2.1 implies that, for a bounded continuous bound-

ary data I0 on Γ−, the unique solution I is bounded continuous on D.
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Remark 2.3. Anikonov et al. [1] showed Proposition 2.1 with the condition

2. Our main contribution is to show Proposition 2.1 with the condition 1.

As the second result, we shall discuss boundary-induced discontinuities of the

solution extended up to Γ+. In other words, we can extend the domain of the

solution I up to Γ+, and we see that boundary-induced discontinuities propagate

along positive characteristic lines up to Γ+.

Proposition 2.4 ([5]). Let a boundary data I0 satisfy assumptions in Propo-

sition 2.1 and let I be the solution to the boundary value problem (1)-(2). Then, it

can be extended up to Γ+, which is denoted by I, by

I(x, ξ) :=


{


I(x, ξ), (x, ξ) ∈ D,

lim
t↓0

I(x− tξ, ξ), (x, ξ) ∈ Γ+.

Moreover, we have

disc(I) = {(x∗ + tξ∗, ξ∗) | (x∗, ξ∗) ∈ disc(I0), 0 ≤ t ≤ τ+(x∗, ξ∗)}.

We state the decay of boundary-induced discontinuities in some situation as the

third result. Let γ be two points in ∂Ω when d = 2, while let γ be a simple closed

curve in ∂Ω when d = 3. Then, γ splits ∂Ω into two connected components A and

B, that is ∂Ω = A ∪B ∪ γ and A ∩B = A ∩ γ = B ∩ γ = ∅. We put an incoming

boundary data I0 by

(6) I0(x, ξ) =

�
C, (x, ξ) ∈ ((A ∪ γ)× Sd−1) ∩ Γ−,

0, (x, ξ) ∈ (B × Sd−1) ∩ Γ−,

where C is a non-zero constant. We note that I0 satisfies the condition 1 of Propo-

sition 2.1, and that disc(I0) = {(x∗, ξ∗) | x∗ ∈ γ, ξ∗ ∈ Γ−,x∗}.
For (x, ξ) ∈ disc(I), we define a jump [I](x, ξ) by

(7) [I](x, ξ) := lim
x→x

P (x,ξ)∈(A∪γ)

I(x, ξ)− lim
x→x

P (x,ξ)∈B

I(x, ξ),

where

P (x, ξ) := x− τ−(x, ξ)ξ.

We note that, in our situation, [I0](x, ξ) = C for all (x, ξ) ∈ disc(I0) = (γ×Sd−1)∩
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Γ−. In this situation, we have the following theorem.

Proposition 2.5 ([5]). Let I be the extended solution to the boundary value

problem (1)-(2) with the incoming boundary data given by (6), and let (x∗, ξ∗) ∈
disc(I). Then, we have

(8) [I](x∗, ξ∗) = C exp

�
−
) τ−(x∗,ξ∗)

0

µt(x
∗ − rξ∗) dr

�
.

In particular, we take a point (x∗, ξ∗) ∈ disc(I) ∩ Γ+. By Proposition 2.5, we

have

(9) Xµt(x
∗, ξ∗) =

) τ−(x∗,ξ∗)

0

µt(x
∗ − rξ∗) dr = − log

�
[I](x∗, ξ∗)/C

�
.

The right hand side is obtained from observed data. By changing a position of γ,

we can observe the X-ray transform of µt. Then, applying a well-known method

such as filtered back projection [8], we can reconstruct the attenuation coefficient

µt.

We give a sketch of proofs of the above proposition for readers’ convenience.

Define a sequence of functions {I(n)}n≥0 on D by

(10) I(0)(x, ξ) := exp
�
−Mt(x, ξ; τ−(x, ξ))

�
I0(P (x, ξ), ξ)

and

I(n+1)(x, ξ) :=

) τ−(x,ξ)

0

µs(x− sξ) exp
�
−Mt(x, ξ; s)

�

×
)

Sd−1

p(x− sξ, ξ, ξ′)I(n)(x− sξ, ξ′) dσξ′ds.

(11)

Then, we have

sup
(x,ξ)∈D

|I(0)(x, ξ)| = sup
(x,ξ)∈Γ−

|I0(x, ξ)|

and

sup
(x,ξ)∈D

|I(n+1)(x, ξ)| ≤ M sup
(x,ξ)∈D

|I(n)(x, ξ)|,
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where

M := sup
(x,ξ)∈D

�
1− exp

�
−Mt

�
x, ξ; τ−(x, ξ)

���
.

Since M < 1, the sum I :=
�∞

n=0 I
(n) converges absolutely and uniformly in D,

and it is the unique solution to the integral equation (4).

We decompose the solution I to the integral equation (4) into two parts as the

following:

(12) I(x, ξ) = ID(x, ξ) + IC(x, ξ),

where

ID(x, ξ) := exp
�
−Mt(x, ξ; τ−(x, ξ))

�
I0(P (x, ξ), ξ),

IC(x, ξ) :=
∞�

n=1

I(n)(x, ξ).

We show that the discontinuous points of the function ID is described as

disc(ID) = {(x∗ + tξ∗, ξ∗) | (x∗, ξ∗) ∈ disc(I0), 0 ≤ t < τ+(x∗, ξ∗)},

while the function IC is bounded continuous on D.

Under the assumption of the generalized convexity condition, the function

Mt(·, ·; s) is continuous on D for all s ∈ [0, R], where R is the diameter of the

domain Ω. In particular, since µt = 0 on Rd \ Ω0, it follows that the function

Mt(·, ·; τ−(·, ·)) is continuous on D. Thus, the discontinuity of the function ID only

comes from that of the boundary data I0.

We discuss continuity of the function I(1). Let G be the function defined by

(13) G(x, ξ) :=

)

Sd−1

p(x, ξ, ξ′)ID(x, ξ′) dσξ′ .

More explicitly, we have

G(x, ξ) =

)

Sd−1

p(x, ξ, ξ′) exp
�
−Mt(x, ξ

′; τ−(x, ξ
′))

�
I0(P (x, ξ′), ξ′) dσξ′

=

)

∂Ω

p

�
x, ξ,

x− y

|x− y|

�
exp

�
−Mt

�
x,

x− y

|x− y| ; |x− y|
��

× I0

�
y,

x− y

|x− y|

�
|n(y) · (x− y)|

|x− y|d dσy.

(14)
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Although the function I0 may be discontinuous, under the assumption of Proposi-

tion 2.1, the function G is bounded continuous on Ω0 × Sd−1. Since the function

I(1) is described as

I(1)(x, ξ) =

) τ−(x,ξ)

0

µs(x− sξ) exp
�
−Mt(x, ξ; s)

�
G(x− sξ, ξ) ds,

it is bounded continuous on D by the dominated convergence theorem. We in-

ductively say that the functions {I(n)}n≥1 are bounded continuous on D. Since

the series
�∞

n=1 I
(n) converges uniformly on D, the function IC is also bounded

continuous on D.

We consider the extension of functions ID and IC up to Γ+ in the way stated

in Proposition 2.4, which are denoted by ID and IC respectively. The function

IC is bounded continuous on D by the dominated convergence theorem, while the

boundary-induced discontinuity in ID propagates up to Γ+.

Now we discuss the jump in Proposition 2.5. Let (x∗, ξ∗) ∈ disc(I). By Propo-

sition 2.4, we have (P (x∗, ξ∗), ξ∗) ∈ disc(I0) or P (x∗, ξ∗) ∈ γ. Thus, we have

[ID](x∗, ξ∗) = exp (−Mt(x
∗, ξ∗; τ−(x

∗, ξ∗))) [I0](P (x∗, ξ∗), ξ∗)

=C exp (−Mt(x
∗, ξ∗; τ−(x

∗, ξ∗))) .

On the other hand, since IC is bounded continuous on D, we have [IC ](x
∗, ξ∗) = 0.

Thus, we have

[I](x∗, ξ∗) =[ID](x∗, ξ∗) + [IC ](x
∗, ξ∗)

=C exp

�
−
) τ−(x∗,ξ∗)

0

µt(x
∗ − rξ∗) dr

�
.

This is the sketch of proof from Proposition 2.1 to Proposition 2.5.

3. Coefficient-induced discontinuities in 2D

In Section 2, we reviewed propagation of boundary-induced discontinuities as-

suming that the set of discontinuous points of the coefficients was contained in the

boundary of a partition {Ωj}Nj=1 of the domain Ω and the partition satisfied the

generalized convexity condition. In this section, we investigate discontinuities of

solutions without the generalized convexity condition in the two dimensional case.

We introduce a setting for this section. Let Ω be a bounded convex domain in

R2 with C1 boundary. Suppose that µt, µs and p satisfy the assumptions in Section
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2 except that the partition {Ωj}Nj=1 satisfies the generalized convexity condition.

Instead, we assume that ∂Ω0 \ ∂Ω contains at most finite number of (open) line

segments {Lj}, j = 1, . . . ,K. Since the case K = 0 corresponds to the generalized

convexity condition, we only consider the caseK ≥ 1. We note that this assumption

holds if ∂Ω0 is piecewise C1 and it contains a line segment.

For 1 ≤ j ≤ K, let ξ
(j)
+ ∈ S1 be a direction of the line segment Lj . Namely, for

any x ∈ Lj , there exists t > 0 such that x + tξ
(j)
+ ∈ Lj . We also let ξ

(j)
− := −ξ

(j)
+ .

Then, Proposition 2.1 is extended as follows.

Theorem 3.1. Suppose that a boundary data I0 is bounded and that it satisfies

at least one of the following two conditions.

1. I0(x, ·) is continuous on Γ−,x for almost all x ∈ ∂Ω,

2. I0(·, ξ) is continuous on Γ−,ξ for almost all ξ ∈ S1.

Then, there exists a unique solution I to the boundary value problem (1)-(2). More-

over, we have

disc(I) ⊂ discB ∪ discC ,

where

discB := {(x∗ + tξ∗, ξ∗) | (x∗, ξ∗) ∈ disc(I0), 0 ≤ t < τ+(x∗, ξ∗)}

and

discC := ∪K
j=1{(x+ tξ

(j)
± , ξ

(j)
± ) | x ∈ Lj , 0 ≤ t < τ+(x, ξ

(j)
± )}.

We call discB boundary-induced discontinuities as we saw in Section 2 since it

is characterized by disc(I0). In contrast, the set discC is characterized by {Lj} in

∂Ω0, which are related to discontinuous points of the coefficients. Thus, we call it

coefficient-induced discontinuities.

Proof. Even without the generalized convexity condition, the sum I =
∑∞

n=0 I
(n)

with functions {I(n)} defined by (10)-(11) converges absolutely and uniformly in

D, and it is the unique solution to the boundary value problem (1)-(2). In what

follows, we discuss its discontinuities.

We first discuss discontinuities of the function I(0), which consists of the bound-

ary data I0 and the exponential factor with the function Mt. As we saw in Section

2, the discontinuous boundary data I0 creates discontinuities of I(0). We focus on

discontinuities of the function Mt.
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By the dominated convergence theorem, the function Mt defined by (5) is con-

tinuous at (x, ξ, s) ∈ Ω× S1 × [0, R] if ξ �= ξ
(j)
± , j = 1, . . . ,K. On the other hand,

Mt(·, ξ(j)± ; s) may be discontinuous on positive characteristic lines

{x+ tξ
(j)
± | x ∈ Lj , 0 ≤ t < τ−(x, ξ

(j)
± )}

for some large s ∈ [0, R]. Combining the above cases, we obtain disc(I(0)) ⊂
discB ∪ discC . Here, the equality “=” does not hold in general due to three reasons.

First, we assumed that all of discontinuous points of the coefficients were included

in ∂Ω0, which does not imply that all of the point ∂Ω0 are discontinuous points of

the coefficients. Second, a coefficient-induced discontinuity does not appear if the

boundary data on the corresponding characteristic line is zero. Third, cancellations

of boundary-induced discontinuities and coefficient-induced discontinuities could

occur.

We next investigate discontinuities of the other functions I(n). For n ≥ 0, let

G(n)(x, ξ) :=

)

S1

p(x, ξ, ξ′)I(n)(x, ξ′) dσξ′

so that

I(n+1)(x, ξ) =

) τ−(x,ξ)

0

µs(x− sξ) exp
�
−Mt(x, ξ; s)

�
G(n)(x− sξ, ξ) ds.

We remark that the function G(0) is the function G defined by (13). Thanks to the

formula (14) and the dominated convergence theorem, we can show that G(0) is

bounded continuous on Ω0×S1. Thus, discontinuities of the function I(1) only come

from those of coefficients. In other words, we have disc(I(1)) ⊂ discC . Inductively,

by applying the dominated convergence theorem again, we see that G(n) is bounded

continuous on Ω0 × S1 for all n ≥ 1 and disc(I(n)) ⊂ discC for all n ≥ 2.

Since all of functions {I(n)} are bounded continuous at least on D \
(discB ∪ discC) and the sum I =

�∞
n=0 I

(n) converges absolutely and uniformly

in D, it is also bounded continuous at least on D \ (discB ∪ discC), which means

that

disc(I) ⊂ discB ∪ discC .

This completes the proof. �

The following theorem can be shown in the same way as in the proof of Propo-
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sition 2.4.

Theorem 3.2. Let a boundary data I0 satisfy assumptions in Theorem 3.1

and let I be the solution to the boundary value problem (1)-(2). Then, it can be

extended up to Γ+, which is denoted by I, by

I(x, ξ) :=


{


I(x, ξ), (x, ξ) ∈ D,

lim
t↓0

I(x− tξ, ξ), (x, ξ) ∈ Γ+.

Moreover, we have

disc(I) ⊂ discB ∪ discC ,

where

discB := {(x∗ + tξ∗, ξ∗) | (x∗, ξ∗) ∈ disc(I0), 0 ≤ t ≤ τ+(x∗, ξ∗)}

and

discC :=
K�

j=1

{(x+ tξ
(j)
± , ξ

(j)
± ) | x ∈ Lj , 0 ≤ t ≤ τ+(x, ξ

(j)
± )}.

We can also discuss jumps of boundary-induced discontinuities with the bound-

ary condition (6).

Theorem 3.3. Let I be the extended solution to the boundary value problem

(1)-(2) with the incoming boundary data given by (6), and let (x∗, ξ∗) ∈ disc(I).

Suppose that ξ∗ �= ξ
(j)
± , j = 1, . . . ,K. Then, the identity (8) holds.

We remark that we can still reconstruct the coefficient µt from observed data.

By Theorem 3.3, for (x∗, ξ∗) ∈ disc(I) ∩ Γ+ with ξ∗ �= ξ
(j)
± , j = 1, . . . ,K, we can

observe the X-ray transform of µt (9). Since the set of the irregular directions

{ξ(j)± }j=1,...,K is a null set in S1, lack of the X-ray transform on the set (or on

(x∗, ξ
(j)
± ) ∈ disc(I) ∩ Γ+ more precisely) does not affect the inverse X-ray trans-

form. Thus, we can apply the inverse X-ray transform to the observation (9) to

reconstruct the attenuation coefficient µt.
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4. Remarks on discontinuities in 3D

In this section, we make two remarks on propagation of discontinuities in the

three dimensional case.

The first one is on counterparts of results in Section 3. Let Ω be a bounded

convex domain in R3 with C1 boundary. Suppose that there exists a partition

{Ωj}Nj=1 of the domain Ω with piecewise C1 boundaries such that µt, µs and p

are bounded continuous on each Ωj , ∂Ω0 \ ∂Ω contains at most finite number of

(closed) flat parts {Fj}, j = 1, . . . ,K and that the other parts ∂Ω0 \ (∂Ω ∪K
j=1 Fj)

do not contain any line segments. In this case, the same results as in Section 3

hold.

For 1 ≤ j ≤ K, let nj be a normal vector to Fj and let S2
j := {ξ ∈ S2 | ξ·nj = 0}.

Then, we have

disc(I) ⊂ discB ∪ discC,3d,

where

discC,3d :=
K⋃

j=1

{(x+ tξ, ξ) | x ∈ Fj , ξ ∈ S2
j , 0 ≤ t < τ+(x, ξ)}.

Also, for the extended solution I, we have

disc(I) ⊂ discB ∪ discC,3d,

where

discC,3d :=

K⋃

j=1

{(x+ tξ, ξ) | x ∈ Fj , ξ ∈ S2
j , 0 ≤ t ≤ τ+(x, ξ)}.

Moreover, with the boundary condition (6), the identity (8) holds for all (x∗, ξ∗) ∈
disc(I) with ξ∗ /∈ ∪K

j=1S
2
j . Since the set ∪K

j=1S
2
j is a null set in S2, we can apply

the inverse X-ray transform to observed data to reconstruct the coefficient µt.

The second one is on the reduction of the three dimensional inverse problem

to the two dimensional one. For the sake of simplicity, we assume that the parti-

tion {Ωj}Nj=1 satisfies the generalized convexity condition. Since the domain Ω is

bounded, there exist two constants a, b ∈ R such that it is contained in the slab

R2 × (a, b). For a fixed x0 ∈ (a, b), take

A := ∂Ω ∩ {x3 > x0}, B := ∂Ω ∩ {x3 < x0}, γ := ∂Ω ∩ {x3 = x0},
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and consider the boundary condition (6). Furthermore, let Ω̃ := Ω ∩ {x3 = x0}
and Ω̃j := Ωj ∩ {x3 = x0}, j = 1, . . . , N . We remark that {Ω̃j}Nj=1 is a partition of

Ω̃ and it also satisfies the generalized convexity condition.

Let S2
0 := {(ξ1, ξ2, ξ3) ∈ S2 | ξ3 = 0}. Then, by Proposition 2.4, for each

ξ ∈ S2
0 , we have disc(I(·, ξ)) = Ω̃. In other words, if we restrict the direction ξ to

S2
0 , boundary-induced discontinuities propagate in Ω̃. Moreover, we can observe the

jump of the extended solution I (8) on Γ+∩ (γ×S2
0). Since the X-ray transform of

the coefficient µt on {x3 = x0}×S2
0 is obtained, we can reconstruct the restriction

of the coefficient µt|Ω̃ from boundary measurements. It is worth mentioning that

we do not need to rearrange the closed curve γ in this reconstruction procedure.

We exhibit a numerical experiment for the second remark. Let Ω = {x ∈ R3 |
|x| < 1} be the unit ball. Also, let

Ω1 :={(x1, x2, x3) ∈ Ω | 0.031 < (x1 − 0.43)2 + x2
2 + (x3 − 0.50)2 < 0.13},

Ω2 :={(x1, x2, x3) ∈ Ω | (x1 + 0.38)2 + (x2 − 0.38)2 + (x3 − 0.50)2 < 0.047},

Ω3 :=Ω \ (Ω1 ∪ Ω2).

The section of the domain at x3 = 0.50 with the partition is shown as Figure 2. We

remark that Ω1, Ω2 and Ω3 correspond to the red, white and blue parts in Figure

2 respectively.

Figure 2. The section of the example at x3 = 0.50
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We set µs = 0.3 on Ω and define µa by

µa(x) =


{



0.3, x ∈ Ω1,

0.2, x ∈ Ω2,

0.1, x ∈ Ω3.

We adopt the scattering phase function p of the following form:

p(x, ξ, ξ′) :=
1− g2

4π

1

(1 + g2 − 2g cos(ξ · ξ′))3/2

with g = 0.9. The function is called the Henyey-Greenstein kernel, and it is typi-

cally used in the field of the optical tomography [7].

The reconstructed image of µt(= µs + µa) based on the proposed method is

shown in Figure 3. The A-analytic theory was also applied to stabilize the recon-

struction process [6].
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Figure 3. The reconstructed image of µt

Figure 4 shows the section of the reconstructed image along a red diagonal line

in Figure 3.
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Figure 4. The section of the reconstructed image

for his numerical reconstruction based on the propagation of discontinuities and

for providing figures from Figure 2 to Figure 4 in this article.
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