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Note on monotonicity tests for the magnetic Schrodinger
operator

Ryusei YAMASHITA

Abstract. We give a method to detect unknown obstacles in the
magnetic Schrodinger equation using monotonicity tests. In [6], we gave
monotonicity tests to detect unknown obstacles under a monotonicity
assumption on the scalar potential ¢g. In this paper, we show that un-
known obstacles can also be detected under a monotonicity assumption
on the vector potential A.

1. Introduction and main results

We refer to [2] for monotonicity tests using localized potentials. The technique
of localized potentials was first proposed in [1]. The monotonicity based method
is due to the fundamental work of B. Harrach, V. Pohjola and M. Salo [4], which
extended the previous result in [3]. In [5], they improved the bounds for the dimen-
sion of a space in [4]. In [6], we assumed a monotonicity relation for a potential ¢ in
a neighborhood of ¥ C 0f, we proved local uniqueness by the monotonicity based
method for the magnetic Schrodinger equation. In addition, we proved monotonic-
ity tests to detect an unknown obstacle for the magnetic Schrodinger equation. In
this paper, we prove monotonicity tests under a monotonicity assumption on the
vector potential A from partial boundary data. Before we define the Neumann to
Dirichlet map (we say ND map for short) for the magnetic Schrodinger equation,
we assume the following admissibility condition.

Let Q C R™(n = 2,3) be a bounded domain with Lipschitz boundary 0€2. Here,
for A= (A1, As,..., Ap), let

n
1
Dju = Z;DAJ(DAJU)’ Daj = 70;+4;.
j:
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Throughout this paper, we assume that A € C*(;R"),q € L=(;R).

DEFINITION 1.1 (ADMISSIBILITY). We say that A(z) and ¢(x) are admissible
if 0 is not an eigenvalue of the problem:

—D%u+qu=0 inQ,
v (V+iA)u = 0onof,

where v is the outward unit normal vector to €.
To define the ND map, we give the definition of a weak solution.

DEFINITION 1.2 (WEAK SOLUTION). Suppose A(z) and ¢(z) are admissible.
Let ¥ C 99 be an open subset of 9. For a given g € L?(X), there exists a unique
weak solution u € H'(Q) to the following boundary value problem:

Y
1 —D? =0 inQ . Ay =90
(1) du+tqu=0 inQ, v-(V+idu {Oelse.
Namely, u satisfies
(2) /(DAu)-DAw—qux=/g¢dS
Q b

for any ¢ € HL(Q2). Here, % is the complex conjugate of .

We may use the solution by uff_)q instead of u to clarify the dependence of g and

A, q. Here, we define the inner product of H} () and L?(f2) as follows:

(U, v) 1 () 1= /(DAu) -Dav+uvdz, (u,v)r20q) = / uv dx.
Q Q
We use the bounded linear operators as in [6].
KA = ijA, and KA’q = jj:qujA7

which are compact self-adjoint linear operators from H(Q) to HY (). Here, I4
denote the identity operator, j4 is the compact embedding from H(Q) to L?(€2),
and M, is the multiplication operator by q. v4,5= denote the compact trace operator
from HL(Q2) to L*(X). We can write (2) as

(I — K — Kag)u, ¢y = / Jax)dS, o€ HY(9).
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Since A and ¢ are admissible, I4 — K4 — K4 4 is continuously invertible. Then,
we can define the Neumann to Dirichlet operator.

Aag:g€ L*(D) = uls € L*(%),

where u € H}(£2) solves (2). So, the Neumann to Dirichlet operator can be written
by

Aag=vax(a—Ka—Kag) "as

We note that As 4 is a compact self-adjoint linear operator. Now, we give the
formula of monotonicity tests to detect an unknown obstacle D for the magnetic
Schrodinger equation, which also generalizes the results in [4]. The unknown ob-
stacle is assumed D C Q with D C Q and connected complement 2\ D. We
assume that u; is constant in an open ball B C ) and zero outside. In the next
section, we show that a given function u; can be approximated by functions in a
subspace of solutions of the magnetic Schréodinger equation in 2. We assume that
A=A; =Asin Q\ D (a.e.) and that ¢ is fixed in . Here, we define the operator
T for an open ball B C Q:

Ty 32 > ), [ oTohas = [ ufu .
= B

where uﬁ-"),uﬁh) € HL(Q) solve (2). It is easy to see that T is a compact self-

adjoint operator on L?(X).
THEOREM 1.3.  Assume A € C*(Q) and
|A1]| > |As|  for allz € D (a.e.).
1. If a ball B C D, then
aTB <4(A,qmm) Mag — Mayq  for all a < |Ay| —|As].

Here, for the meaning of this inequality and the definition of d(A,q), see
Definition 3.1 and Proposition 3.2.

2. If a ball B ¢ D, then Aa, 4 — Aa,,q — &I has infinitely many negative
eigenvalues for all o > 0.

Throughout this paper we count the number of eigenvalues for a compact self-
adjoint operator with multiplication according to the dimension of the associated
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eigenspaces.

REMARK 1.4. 1In [6], we proved monotonicity tests under the condition to
g(x) =11in Q\ D (a.e.) and A is fixed in . In addition, we assumed

1 < @min < ¢(2) < ¢max for all z € D (a.e.),
or

Gmin < ¢(2) < Gmax <1 for all x € D (a.e.).

2. Localized potentials and Runge approximation

In this section, we show that we can approximate a given function ¢ € L?(0),
defined on a measurable subset O C Q, by functions in a subspace of solutions of
the magnetic Schrodinger equation in €. Local uniqueness result is controlled by
using localized potentials. We can construct localized potentials for a magnetic
Schrodinger equation in a similar way to [4].

PROPOSITION 2.1.  Let B, D C Q be measurable sets. Assume A € C*(Q) and
q € L=(Q)\ {0} are admissible, D and B\ D possess positive measures and Q\ D
is connected and (X \ D) N # @. Then, there exists a sequence {g;}jen C V*
such that

/|uff;7‘(1)|2dm—>oo and / |U(ffq)|2dx—>0
B D

for any subspace V. C L*(X) with dimV < oo, where ufffé) € HL(Q) solves the

magnetic Schrédinger equation (2) with Neumann boundary data g;.

Proposition 2.1 can be proved using arguments as in [4]. For the proof of
Proposition 2.1, see [6]. Now, we give the Theorem that we can take a given
function ¢ € L?(0) on a measurable subset O C Q.

THEOREM 2.2. Let D C Q be a measurable set and C C € be a closed ball
such that CN'D = & and Q\ (C U D) is connected to 3. Then, for any function
¢ € L>(C U D), there exists a sequence of solutions u € H*(Q) that approzimates
@ in the L*(C' U D)-norm. u is solutions of

gonx,

—D? =0 inQ . jA)u =
2ut+qu=0 inQ, v-(V+ildu {Oelse,
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for any subspace V C L*(X) with dimV < oo and a function o satisfies

el =0 and ¢lg#0
for all subset B C C with positive measure.
Here, we show Theorem 2.2 implies Proposition 2.1.

COROLLARY 2.3. Let B,D C Q be measurable sets. Assume A € C1(Q) and
q € L=(Q)\ {0} are admissible, D and B\ D possess positive measures and Q\ D
is connected and (Q\ D) N # @. Then, there exists a sequence {g;}jen C V=*
such that

d

/|u£ffé)|2d:r—>oo and /|uffj)|2dm—>0
B D

for any subspace V. C L*(X) with dimV < oo, where uffi]) € HL(Q) solves the
magnetic Schridinger equation (2) with Neumann boundary data g;.

PRrROOF. From [4, Lemma 4.3], we can take a closed ball C' C Q such that BNC has
positive measure, C N D = &, and Q \ (D UC) is connected to 3. Using Theorem
2.2, there exists a function ¢ € L?(C' U D) and {@\9)};en € HY(Q) of

g; onX,

—D%aY9) +qa =0 inQ, v-(V+id)a) = {0 olec

19 rc | L2sroy = IellLzsacy >0 and @9 |5]| 25 — 0.
That is, we can take g; as follow

gj ::V.(V—F—WGVJ-.

159151 2 p)
O

Although we can show Theorem 2.2 by using the arguments as in [4], we give
the proof for the sake of completeness. We write vy, € L*(Q) for the zero extension
of a function v € L?(0).

LEMMA 2.4.  Let O C Q be measurable set and let H C H(Q) be a subspace of
solutions to —D3u+qu = 0 in Q. Then, a function p € L*(O) can be approzimated
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by solutions w € H, meaning that
D o — _
nf Yl —ullz20) =0,

where @ satisfies fo ovdr =0 for any v € L*(O) such that the solution w € H'(Q)
of

(3) ~Diw+quw=10v,,inQ, v-(V+id)w=00n0Q
also satisfies [0 v - (V + iA)u|aqwloq ds = 0 for any u € H.
ProoF. We assume that

R = {ulo:u e H} C L*(0).

Let v € L?(0) and let w € L?(€) be the solution of (3). Then, for v € RL, we
have

0= / uvdx = / u(—D3w + qu) dx
o Q
= / W(—D%u + qu) dx + / (v-(V+iAd)u)wds
Q a0
= / (v-(V+id)u)wds =0
o0
for any u € H. Since R = (R1)1, the desired result follows. O
We characterize the functions w as follows.
LEMMA 2.5. Let V be a finite-dimensional subspace of L*(X), and let O C Q

be a closed set such that its complement Q\ O is connected to . Define the spaces

v-(V+id)wlgg =0, wlx €V

Jv € L*(0) s.t. — D3w + qu = vy,
v-(V+idw|sgn =0, wlxy =0 '

2 2 _
W {w € HY(Q) Jv € L?(0) s.t. — D3w + qu Uxm} 7
Wy == {wEHl(Q):

Then, the codimension d := dim(W/Wy) of Wy in W satisfies d < dim (V).

Although we consider the magnetic Schrédinger equation, we can prove in the
same way as Lemma 4.11 in [4].
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Proof of Theorem 2.2. Let D C ) be a measurable set and C' C € be a closed
ball for which C N D = @ and Q \ (C U D) is connected to X. Let V be a finite-
dimensional subspace of L?(¥). From Lemma 2.4, we assume O := C U D and

H:={ue H'(Q): —Dju+qu =0 in Q,v-(V+id)ulpo\x = 0,v-(V+id)uls = g}.

A function w € H! satisfies (3) and
/ V- (V + iA)u|agw|aQ ds =0,
09

for any u € H if and only if w € W. Therefore, by Lemma 2.4 a function ¢ € L?(O)
can be approximated by solution v € H if and only if

(4) /ng(—D%w +quw)dx =0

for any w € W. Next, we show that there exists a function ¢ € L?(O) satisfying
(4) which vanishes on D, but does not vanish on any subset of C' with positive
measure. By unique continuation, Neumann data that are linearly independent give
rise to solutions whose restrictions to the open ball C° remain linearly independent.
Therefore, there exist infinitely many linearly independent solutions.

(5) p; € H'(C) with —D3¢;+qp;=0 in C° jeN.

We extend ¢; by zero on D U 9C to ¢; € L?(0O). Every wy € Wy has vanishing
Cauchy data on 99Q. That is, wglggo = 0 and v - (V 4+ iA)w|sq = 0 by unique
continuation. Consequently, for all wyg € Wy and j € N, we obtain

/ ©j(—D3wo + quo) dz = / ©j(=D3wo + quo) dx
o c

= / (pjlacy - (V +iA)wolac + v - (V +iA)pslacwolac) ds
ac
+/ W(—D3pj + qp;) do = 0.
c

By a dimensional argument, one can find a nontrivial finite linear combination ¢
of the infinitely many linearly independent functions ¢; such that

/ o(—D}wy, + qui) dz =0
o)
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for each of the finitely many functions wy,--- ,wg € W given in Lemma 2.5. Then
we obtain a function ¢ € L?(0) satisfying p|z = 0, ¢|co # 0, and

/ o(—D3jwk + qui)dz =0 for all we W =Wy +span{wy, -+ ,wa}-
o

¢ is solution of (5). By [6, Theorem 3.4] we have p|g # 0 for all B C C° with
positive measure. Since JC' is a null set, the latter also holds all B C C with
positive measure. The desired result then follows from Lemma 2.4. O

3. A key compact self-adjoint operator A

First, we recall the following definition in [4].

DEFINITION 3.1 ([4]). Let A,B: X — X be two self-adjoint compact linear
operators on a Hilbert space X. For a number d € Ny, we write

A<4B or <A513,1'>X <d <B{IJ,£L'>X

if B — A has at most d negative eigenvalues. We also write A <g, B if A <; B
holds for some d € Ny, and we write A < B if A <4 B holds for d = 0.

We present the monotonicity relation as follows.

PROPOSITION 3.2. Let Ay, A € C1(Q) and q1,q2 € L (Q)\{0}. Assume that
A1, q1 and Ag, qo are admissible and let d(Aa, q2) € Ny be the number of eigenvalues
of Ka, + Ka,.q, that are larger than 1. Then, there exists a subspace V C L?(X)
with dim(V') < d(As, g2) such that

J o ae = Raaads > [ D4l P = 1Da? P do+ [ (02 = a)luf? o
forallge V+.
REMARK 3.3. When g = ¢; = ¢2, we can also obtain
(0 Mt = At )0) 120 < [ DA = 1D

for all g € V* with dimV < d(Ay,q1).

For the proof of Proposition 3.2, see [6]. From the monotonicity inequality in
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Proposition 3.2, we can obtain

(6) (9, (AA2~,¢12 — Ay )9>L2(Z) > <97A9>L2(E)

for any g € V* with a finite dimensional subspace V' C L?(X), where A : L?(X) —
L2(Y) is defined as follows.

A= Z(;SMAlM(Al—AQ)kaSH - ;SleM(Al—Ag)k]A1S1)
k=1
(7) + ST7a, M4, 12— 4212)J 4,51 + ST54, Mgy —g1)J 4, S1

where S7 : g — ugg) is the solution operator and D; : u — % is the differential
J

operator, which is bounded from H} () to L?(2). We note that A is a compact
self-adjoint linear operator on L2(X).

4. Proof of Theorem 1.3

In this section, we show a monotonicity tests to detect an unknown obstacle.
To prove Theorem 1.3, we need the following Lemma.

LEMMA 4.1.  Assume Ay, A € C1(Q) and g1, q2 € L°°(Q)\{0} are admissible.
If Ai(z) = As(2),q1(z) = qo2() for all x a.e. outside a measurable set D C (2,
then there exist constants C1,Cy > 0 such that

Cl/ |u§g)|2dx§/ |uég)|2d:c§02/ |u§g)|2dx
D D D

for all g € L*(X), where ugg),ugg) € HL(Q) are solutions of (2) with Neumann
boundary data g and A = Ay, Aa,q = q1, g2, respectively.

Although we consider the magnetic Schrédinger equation, we can prove in the

same way as Theorem 4.2 in [4]. We write ugg) = uffl),q and uég) = uff;q for
simplicity.
Proof of Theorem 1.3. 1. From assumption and ¢ = ¢; = g2, w1 is constant in

an open ball B C Q and zero outside. There exists a subspace V C L2(%)
with dim V' < d(As, q), where



120 R. YAMASHITA

/ 9(Aayqg —ANa,q)gdS > (9, Ag) 12(x)

>
::ﬂﬂDAﬂ#WQ—LDMuPH2+<q q)uf” 2
z/ﬂmP—Mﬁm@Pm

B
forall g€ V1. If BC D and a < |A;| — |A2|, we have
/(|,41|2 A )2 da 2/ a|u§9>|2dx:a/ JTrgdS.
B B >

for all g € L2(X). Therefore,

/gm&g—A%gm$2a/ﬁﬁ§%
> )

for all g € V.

2. We prove the claim by contradiction. Let B € D, > 0 and we assume that
Agg = Nay g Zfin oTp.

From Remark 3.3 and Lemma 4.1, there exists a finite dimensional subspace
V C L*(X) with dim V < d(Ay,q) and a constant C' > 0 such that

/ g(Aay,q — A4, q)gdS < / D4, ul”? — |Dayus? | da
> D
SC/amP—mﬁwﬁwm
D

for all g € V+. By the assumption and the transitivity property, there exists
a finite dimensional subspace V C L?(X) with

a/gTBgdS:/ a|u(1g)|2dx§6’/ (JAL? = |A2) [l |2 da
> B D

for all g € Vi However, this is contradicted by the localized potentials.
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That is, by Proposition 2.1, there exists a sequence (g;);jen C VL with
/ \ui,gj)\de—)oo and / |uffj)|2das—>0,
B sq D »q

Therefore, Aa, 4 — Aa,,q — aT'p has infinitely many negative eigenvalues. U
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