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Scattering theory for one-dimensional wave equations with
thin bond layers

Hisashi MORIOKA and Steeve GREAUX

Abstract. In this note, we consider a mathematical justification
of a reconstruction of wave velocities via in situ ultrasonic interferom-
etry from a measurement of the travel time of the acoustic pulse. In
order to do this, the impulse response for the one-dimensional wave
equation on the stratified media is studied. Moreover, due to the sit-
uation of an experiment, we try to justify the bond correction method
which is used to remove the perturbation of the measurement by the
thin bound layers. On the other hand, for the sake of simplicity of
our model, we restrict our study to wave propagations without mode
changes.

1. Introduction

In this note, we report a recent collaborative study between applied mathe-
matics and experimental geophysics in a nondestructive testing of minerals. Our
main aim is to justify mathematically a reconstruction of wave velocities via in situ
ultrasonic interferometry from a measurement of the travel time of the acoustic
pulse. The measurement is based on the back scattering of elastic waves. The
wave velocity of the sample is calculated from the sample length and the travel
time through the sample (see Figures 1 and 2).

Note that we do not use the scattering matrix in our argument. In mathe-
matical studies of inverse scattering problems for wave equations and Schrodinger
equations, one often considers the scattering matrix as a measurement and devel-
oped some techniques of the reconstruction of coefficients or potentials. For this
topic, see, e.g., [3], [7] and the references therein. However, in the experimental
situation which we consider in this note, we cannot get the data of the scattering
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matrix. Then we study an auxiliary method of the reconstruction without the
knowledge of the scattering matrix.

Another perspective is the bond correction method ([9],[16],[15]). In the exper-
imental situation, there are some thin bond layers between the buffer rod or the
pressure maker and the sample layer. Thus, the reflected wave is perturbed by the
bond layers. We have to remove the effect of the bond layer from the measurement.

Mathematical study of stationary scattering theory for elastic wave equations is
one of basic issues in partial differential equations. There are some developments in
the asymptotic behavior of scattered waves and characterizations of the generalized
eigenfunctions on R? or on the half space R3 ([6], [4], [17, 18], [11], [8]). Since we
adopt a restricted situation like a real experiment, we have to consider the elastic
equation in a cylindrical domain with the free boundary condition. In this case,
the general theory of scattering is too complicated in order to apply the argument
to the bond correction method. Then we restrict the incident wave to the case
where it is perpendicular to the interface and reduce the problem to the impulse
response problem for the one-dimensional wave equation. This topic is going to be
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Figure 1. The situation of experiments ([14], [13], [5]). The length
of every layer can be observed by the X-ray tomography. The travel
time of elastic waves are observed in view of pulse echoes by the
oscilloscope.
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Figure 2. The situation of ultrasonic experiments. We input a
pulse and observe pulse echoes in view of the back scattering.
There are perturbations by the thin bond layers between the buffer
rod and the sample layer.

discussed in §2 and §3.1.

In §3, we derive an ideal model of pulse echoes by using an impulse response
of the wave equation. The solution of the wave equation in view of the impulse
response is represented by the propagation of Dirac’s measure with suitable in-
tensities. This kind of propagation problems is studied in the research area of
inverse problems on quantum graphs (e.g., [2], [1]) in view of the boundary con-
trol method (e.g., [10]). We adopt their construction of solutions as the impulse
response for wave equations on the stratified media. However, in our setting, the
coefficient which appears in the wave equation is piecewise constant. Then we can
use a combinatorial approach instead of Duhamel’s principle in order to derive the
propagation of singularities. Actually, our combinatorial method has been used for
the scattering theory of discrete time quantum walks ([12]).

As an application of these arguments, we derive a reconstruction formula of the
wave speed of the sample from a measurement of the travel time of singularities,
removing the effect of the thin bond layers. The main result is Theorem 3.5.
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2. Preliminaries for elastic wave equations

2.1. Elastic wave equations in stratified media

Let us consider the scattering theory for the elastic wave equation in stratified
media. In this paper, we only consider the scattered wave associated with the
incoming plane wave which is perpendicular to the interface. Then we omit the
general theory.

Let R? =, + UQ, _US, for fixed a € R where
Qor={2cR?®; £(x1—a) >0}, S,={recR®; z; =a}.

We assume that every domain ), + is an isotropic elastic continuum with the
interface S,. Let p,\,u € L>®(R3) be the density and the Lamé coefficients.
Suppose that

(A-1) p, A\, and p are piecewise positive constant functions, i.e.,

(1) alz)=ar >0, z€Qr, a=pA\u

For the displacement w(t, ) = [wy (¢, z), wa(t, z), w3(t,x)]" at (t,7) € R x R3,
the stress tensor [0 ,w]?,_, is given by

0 xW = A(-)0; xdivw + 2u(-)e; W,
where

€5, kW = (8zkwj + 8zjwk) .

1
2
Letting w(t, z) = ¢(t)u(x), the wave equation
13
)= j=1,2,3

is reduced to Hou = k?u in R? for a constant k > 0, where the operator Hy is
defined by

3

1

Hyv = l—() Z@wkaj,kv] , veCF R CP).
P = j=1,2,3
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We use the Hilbert space Ho = L?(R3; C3, pdz) equipped with the inner product

3
v, =3 [ i@,

and the associated norm |juf|z, = ((u,u)5)/2. For a nonnegative integer m, the
Sobolev space H™(R?; C?) is defined by the norm

”uH%Im(R?’;C?’): Z ||agu||2L2(R3;CS,dac)7

la|<m

for multi-indices «. It is well-known that Hy is self-adjoint on Hy as follows (see
[17]).

LEMMA 2.1.  The operator Hy has the self-adjoint extension with the domain
(2) D(Hy) = {u € H'(R*;C%) ; Hou € Ho},
in the sense of
L 3
(Hou, V)3, z/ Adivudivv 4+ 2pu Z € kUE LY | do
R3 jk=1

for any v € HY(R3; C3). The operator Hy is nonnegative.
Let us note the continuity of u € D(Hj) across S,.

LEMMA 2.2.  Ifu e D(Hp), we have

(3) u‘11:a+0 = u’mlzaf(]’ 7514 x1=a+0 =051 z1=a—0’

for j=1,2.3.

PROOF. Since there exists the trace operator from H!(R3;C3) to L*(S,; C?), we
have u‘ml:a € L?(S,; C?). This implies the continuity of u across the interface S,,.
In view of Lemma 2.1, we have (Hou,v)y, = (u, Hyv)y, for any u,v € D(Hy).



128 H. MoRIOKA and S. GREAUX

Then, by the integration by parts, we have from (Hou,v)y, = (u, Hov)x,

/1:{2 [u]?vl ’ Tj|w1:adx/ B /112 uj|ﬂ:1:a ’ [V];ldm/)

3
£ 30 [ (o Bt — Oy )

k=1

where [u]f,(z') = 0ju(a+0,2') — 0jpu(a — 0,2"). For the second term on the
right-hand side, we note that

3
g / 0,0 - O, vjdx
R3

J,k=1
3 - 3 -
= Z/RS )\81]“] . amj'Ujdx + Z /R3 12 (@aku] + axjuk) 6Zkvjdx
j=1 k=1
3
- Z /R3 O uj - 05 pVdr.
j,k=1

Then we have

3 3
(4) Z/ [u] 4 'Tj|$1:adx' = Z/ uj|$1:a - [¥]§ 1 da’.
j=17R? —i/Rr?

Taking an arbitrary v; € C§°(R3) and letting v = [v1,0,0]7, we obtain from (4)

0'1’111’ :0'17111‘ L

z1=a—0 x1=a+0"

The proofs of aj,lu}xlza_o =0j1u +0 for 7 = 2,3 are similar. ]

|z1:a

Let us turn to the generalized eigenfunction with the incident wave perpendicu-
lar to the interface S,. There are P-waves and S-waves. Due to our aim, we ignore
surface waves, namely, Rayleigh waves or evanescent waves (see, e.g., [8]). We put

At 2u 1/2 u 1/2
Cp = , Cs= | — 3
p P

as the wave speed of a P-wave and a S-wave, respectively. Letting w € S?, a P-wave
is of the form B(k)e***“/¢»¢ for a wave number k > 0 and an complex amplitude
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B(k). On the other hand, a S-wave is of the form (k)e’** /¢y where y(k) is a
complex amplitude, and 0,1 € S? with 6 - = 0.

Now we consider the equation Hou = k?u for a fixed wave number k > 0 with
the boundary condition (3). We seek the solution in H} (R?;C3). By using the

loc
notation (1), we put

B ()\i+2ui>1/2 B <Mi>1/2
pt = —— , Csr = | — .
P+ P+

We seek the solution to Hou = k*u of the form

1
(5) 11(33) — _efikz1/cp,+ 0 +Rp(k’)eikm'w+/cp’+w_~_ +Rs(k)€ikx.0+/65’+’l7+,
0

for z € Qq + where wy, 0,0y € S% with 64 -ny = 0, R,(k) and Rs(k) are the
complex reflection coefficients. In addition, letting wy = [wy 1,wt 2,wy 3]" and
0p =[041,04 2,04 3]7, we can assume that wy 1,041 > 0. Note that the first term
on the right-hand side is the incident P-wave. In the similar way, for x € Q, _, we
put

(6) u(z) = Tp(k)eik’”'w*/cp**w, + Ts(k)ei’m'ef/c&*n,,

where w_,0_,n_ € S? with 6_ -n_ = 0, T,(k) and Ts(k) are the complex trans-
mission coefficients, and we assume that w_ ;,6_ ;1 < 0.

PROPOSITION 2.3.  Let k > 0. We have for (5) and (6)

(7) Rp(]ﬂ) _ e—2ika/cp74r P—Cp,— — erCpHr7
p—Cp,— F P+Cp+
(8) Tp(k) — e—ika/cp,Jreika/cp,, 2p+ciﬂ7+

)
p—Cp,— + p+Cp+

and Rs(k) =Ts(k) = 0.
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PROOF. In view of the boundary condition u|,,—4+0 = U|s;—q—0 in (3), we obtain

1
_ e—ika/cp,+ 0l + (Rp(k)eikw‘w+/cp,+w+ + Rs(k)eikw‘9+/cs,+n+)
) 0 n=

_ (Tp(k)eikl“w’/cp”w,—I—Ts(k)eikz'a’/cs”n,)

)
Tr1=a

for any (a,2’) € S, with 2’ € R?. Since e?*w+/ep.x |, _, and e*@0+/csx |, _, are
analytic in 2’ € R2, it follows from (9) that

1 0
(10) wy=0L==+1(0|, nt=|nxo
0 N+,3
Now we obtain
(11) Rp(k)eika/6p,+ +Tp(k)€fika/cp,+ _ e*“m/cp&’
(12) Rs(k)eika/cs,+ |:77+,2:| _ Ts(k)e_ika/cs'+ |:77,2:| )
.3 -3

Due to (5), (6) and (10), we have
gjaul, _ .o =051ikppcp i (6*“”/””'* + Rp(k)eik“/cp’*>
+ (1= 6;.1)ikp oy R(k)e™ vy,
and
aj’1u|x1=a_0 = 5j,1ikp,cp’,Tp(k)e_ik“/CP’* —&—(1—5j’1)ikp,cs’,Ts(k)e_“m/c&*17,,]-7
for j =1,2,3. The boundary condition (3) implies that
(13) P+Cp + ((fﬂm/ci"’+ + Rp(k)eika/cp'+) = p_cp7_Tp(k)efika/CS’*,

(19 preps Ra(R)e/ens {’“’2} T o Tu(k)e kol [’7—2} 0.
+.3 n-3

From (11) and (13), we have

|: eika/cp‘_'_ e*ika/cp‘_ :| |:Rp(]€):| _ |:€ika/cp,+:|
p+Cp,+€Zka/Cp’+ _p_cpv_efzka/cpy_ Tp(k)
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Solving this equation, we obtain (7) and (8). From (12) and (14), we have

e—ika/cs,,Ts(kj) (1 + pCs,> |:77—,2:| —0.

P+Cs,+ /) LT-3

Recalling [n— 2,m7- 3] € S1, we obtain T,(k) = 0. Plugging T;(k) = 0 to (12), we
see Rs(k) = 0. O

For the case where we take an incident S-wave, we seek the solution to Hov =
k2v of the form

(15) v(z) = e kmi/esng 4 R (k)eh T/t 4+ Ry(k)eth v 0/ ety
for z € Q4 4 where 7o = [0,70,2,70,3]" € §?, and

(16) v(z) = T, (k)™ <~/ p—w_ + Ty(k)e 0=/ —y_,

for z € Q, _.

PROPOSITION 2.4. Let k > 0. We have for (15) and (16)

(17) R, (k) [’“2] — e~2ika/cp  P+CPA — P=Cp— {77072} ’
"+.3 P+Cp,+ + p—Cp,— |M0,3
: ; 2
(18) T (k) [m’ﬂ — e—ika/ep g gikafey . PHCpt {770,2] ,
3 P+Cp,+ + p—Cp,— 10,3

and R, (k) =T,(k) =0.

PRrROOF. The proof is similar to Proposition 2.3. We derive a sketch of the proof.
In view of the boundary conditions v|;, —q+0 = V|z,=a—0, we have

_ e_ika/65’+770 + (Rp(k)eikwar/cp,erJr + Rs(k)eikm'0+/65’+77+)

Tr1=a

’
Tr1=a

for any (a,2’) € S, with 2’ € R?. Since e?*®w+/ev.x |, _, and e*®0+/csx |, _, are
analytic with respect to 2/, we see (10). We obtain

(19) R, (k)eikalent 4+ T, (k)e~ka/ent =,

(20)  Ry(k)ee/cor [77*2} — Ty (k)e*ka/cat {"—72} = —ethe/eot [’7072} :
+.3 -3 0,3
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The boundary condition 0} 1V|z,=¢+0 = 0,1V|z,=a—0 implies
(21) p+cp,+Rp(k)eika/Cpx+ = pfcp,pr(k)e_ik“/CP#’

p+cp7+Rs(k)eika/Cs,+ |:n+,2:| + p_C_75Ts(k')€7ika/cs’+ |:
(22) N+.3
= pics e ihalent [no,z} .

70,3

The equalities (19) and (21) imply R, (k) = T, (k) = 0. Plugging (20) with (22),

we obtain (17) and (18).

Proposition 2.3 and (10) imply the following fact.

O

COROLLARY 2.5.  The solution u given by (5) and (6) depends only on x1, is

of the form

Ty(k)e~ther/en= g < a,

N efikxl/cp,+ + Rp(k)eikml/cp,‘F’ T > a,
uy(z1) =

and satisfies the ODE

—cf,u’ll(zl) = kzul(xl) in R\ {a},

with the boundary condition

u1 r1=a+0 = u1|w1:a—0’ ( r1=a+0

Mg+ 204 )uf | = (A= + 2 )ui |

r1=a—0"

PRrROOF. In view of Lemma 2.2, we have 011U)z,2a+0 = 01,1U|z,=a—0. We also

have

0'1,1u|z1:a+0 = i]{}p+cp,+(e—ika/cp,+ + Rp(k)eika/cp’_'_)’

011Uy —a0 = ikp_cy _Tp(k)e~*/en

Then the boundary condition follows from (7) and (8).

O

Similarly, Proposition 2.4 and its proof imply the following one dimensional

problem.

COROLLARY 2.6.  The solution v given by (15) and (16) depends only on x;
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and satisfies the ODE
—covj (1) = K*vj(z1) in R\{a}, j=2,3,
with the boundary condition

— ' o
Uj ‘x1=a+0 = |w1=a—0’ /j,+’l)] |:c1=a+0 /Jf/UJ |3:1=a—0'

3. Scattering theory for stratified media with thin bond layers

3.1. Wave equations in stratified cylinders

Due to the arguments in the previous section, we reduce the problem to the
one-dimensional wave equation in stratified media with thin bond layers. In the
setting of an experiment for elastic wave velocity measurements, the medium is a
cylinder. Thus, we give a remark for the elastic wave equation on the cylindrical
domain (Figure 3).

Suppose that I > 6, > 0. Let I = Iy UI; Ul UI3U I4 where

Iy = (—OO7 —51,), I = (—(51,,0), I, = (0,1), I3 = (lJ + (51,), Iy = (l + (51,700).

The cylindrical domain Q := I x B? with B? = {2’ € R? ; |2/| < 1} is decomposed
into five subdomains and four interfaces as follows. Let

(23) Q;=1;xB* j=0,1,2,34.
Then there are four interfaces

S 5, ={—6} x B? So={0}xB? S, ={l}xB?* S5 ={l+d&}xB%

bond bond
sample
x 3
T Iy I

Figure 3. The cylindrical domain €2 with thin bond layers.
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In the context of the experiment, )y is the pressure maker, 2; and Q3 are thin
bond layers of a same material, {25 is the sample, and €24 is the buffer rod. Here
we assume that the pressure maker and the buffer rod are sufficiently longer than
the sample.

We assume that every part is an isotropic elastic continuum. Let p, A\, u €
L () be the density and the Lamé coefficients on 2. Suppose that

(A-2) p, X and p are piecewise positive constant functions, i.e.,
alz)=a; for z€Q;, a=pApy,

where o, j =0, 1,2, 3,4, are positive constants. We assume that a; = asz.

The elastic wave equation in €2 is given by

3
1
ﬂ Z@wkaj’kwl on R xQ,
P = j=1,2,3

(24) Ofw = [—

for the displacement w(t, z) = [wy (¢, x), wa(t, x), w3(t,z)]T. Thus, letting w(t, ) =
é(t)u(x), we have Hu = k?u for a constant k > 0 where H is defined by

1 3
Hu=|-—= ) 0;0jxu
e

Jj=1,2,3

The Hilbert space H = L?(£2; C?, pdx) and the Sobolev space H™(£); C?) is
defined in the similar way for 2, in §2.1. Then the operator H is self-adjoint on H
with the free boundary condition on the boundary 9 := {z € Q ; |2/| = 1}. For
the proof, see [17] and [4].

LEMMA 3.1.  Let v(z) be the exterior unit normal at © € 9. The operator H
has the self-adjoint extension with the domain

(25) D(H)={uc HYQ;C?); Huc H, u satisfies (26)},

3
(26) [Z aj,ku|l_emyk] =0,
k=1

Jj=1,2,3
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in the sense of

3
(Hu,v>7-[:/ Adivadwvv+ 20 S ¢ e | do
Q .
J,k=1

for any v € HY(Q; C3). The operator H is nonnegative.

The continuity of u € D(H) across each interface can be seen in the similar way
for Lemma 2.2.

LEMMA 3.2. Leta € {—6,,0,l,1+ d}. If u e D(H), we have

z1=a+0 = u|w1:a—0’ 0j71u|w1:a+0 = 0j71u|w1:a—0’

forj=1,23.

The generalized eigenfunction satisfying Hu = k?u for k > 0 is complicated in
general due to so many reflections on the boundary 0€). However, we restrict the
incident P- and S-wave to the case where they are perpendicular to the interfaces.
As has been seen in Propositions 2.5 and 2.6, it is natural to reduce the equation
Hu = k?u in Q to the ODE

(27) —Zv" =k on R\ {=8,0,I,l+ 3},
with the boundary condition at every interface

2 2
(28) v|11:a—0 = U’x1:a+0’ pC’Yaa:U’zlza—O = pc"/awv|m1:a+0’

for a € {—6,0,1,1 4+ &} where v € {p,s}, 5 = (\+2u)/p, and 2 = p/p. As
a consequence, we reduce the wave equation (24) to the one-dimensional wave
equation

Otw(t,z) = ci@iw(t, xz) for (t,z) e R x (R\{=06,0,0,1+}),
(29)  w(0,z) = f(z), Ow(0,z)=g(z), =€R,

w(t,a+0) =w(t,a—0), (mydyw(t,))| = (m,Opw(t,))|

r=a+0 r=a—0’

for a € {—8,,0,1,1 + &} and a suitable pair f,g of the initial conditions where
mp = A+ 2u, and ms = p.
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3.2. Impulse responses of the wave equation

In the remaining part of this paper, we restrict the argument to the case of
the P-wave. For the S-wave, the argument is parallel. We consider a scattering
theory for the wave equation (29). Recall that our aim is to apply our arguments
to a justification of a reconstruction of elastic wave velocity of the sample from the
measurement of the travel time of elastic waves. In order to construct a simple
model of this problem, we consider the impulse response problem associated with
(29). Namely, we study

Fw(t,x) =c2ow(t,z) for (t,x) € Rx R\ {=0,0,1,1+6}),
(30)  w(0,z) =cpo(r — ), Ow(0,z) = cﬁcS’(x —a), a>1+0,

w(t,a+0) =w(t,a—0), (mpow(t,-))| = (mpd,w(t,))|

r=a+0 rx=a—0’

for a € {—8,0,1,1+ 6} where §(- — ) is Dirac’s measure. Since ¢, is piecewise con-
stant, the (weak) solution w(t, x) is represented by the translations in the medium
and the reflection and the transmission at every interface of Dirac’s measure with
a suitable intensity (see [2] and [1]).

Let us consider the transmission coefficient and the reflection coefficient for w
at every interface. In order to do this, we consider the auxiliary problem
Ov(t,x) = ci@f.v(t,x) for (t,z) e R x (R\ {a}),
(31)  w(0,2) =co(x —B), Ow(0,x) =8 (x—p), B>a,

v(t,a+0)=v(t,a—0), (mpov(t, ))| = (mp0zvu(t, ))|

z=a+0 z=a—0’

where x = a is an interface and

cp(T) =

m_=X_+2u_, z<a,

cy, T>a, my = A + 244, x> a,
my(z) =
c—, z<a,

Then we seek the solution v of the form

u(t,x) = {6(C+l(w — ) 1) = Ri(ei @ —a) = (=), @ >a

1 t>t,
Té(ci (x—a)+(t—1t1)), z<a,

with #; = ¢! (8 — a). Due to the boundary condition v(t,a + 0) = v(t,a — 0), we
have

0(t—t1) —RO(—(t—t1)) =T6(t —t1),
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where we have used ¢} '(a — 8) = —t;. We apply §(—7) = (1) for 7 € R to the
above equality, we obtain

(32) 1-R=T.

The boundary condition my,0,v(t, ) |z=q+0 = MpOzv(t, -)|z=a—o implies that
micit (0'(t —t1) — RO (—(t — t1))) = m_cZ T8 (t — t1).

Now we use §'(—7) = —¢'(7) for 7 € R. Thus, we obtain

(33) p+c+(1+R) = p_c_T.

Solving the equations (32)-(33), we can see

(34) R= Pt pres 2picy
p+Ct t+ pC p+Cy + p—C

Applying the above arguments to the reflection and the transmission at every
interface, we obtain the following lemma.

LEMMA 3.3.  Let R}, and T} 1, be the coefficient of reflection and the coefficient
of transmission for the case where the singularity hits the interface between I; and
Iy, from I;, respectively. Then we have
2y — 7 2Z;

R. Y
ik T Zev 2y

’ _Z;<;-|-Zj7

for the acoustic impedance Z; = pjcy j where p; = plr, and cpj = cplr,. Ry and
T} 1 satisfy the following properties.

1. Rj,k + Tj,k =1.

2. |Rj7k| < 1.

3. Rjr=—Ry ;.

4 TjxThj — RjxBRij = 1.

3.3. Model of pulse echoes via back scattering measurements

Let us return to the problem (30). Here we construct a model of the pulse echoes
in view of the measurement at z = «, t > 0. Namely, we take w(0, z) = cpd(z — @)



138 H. MoRIOKA and S. GREAUX

and dyw(0,z) = 20'(x — @) as the input, and we consider the measurement of
reflected singularities w(t, o) for ¢ € [0, T] with suitable T > 0.

Since the bond layers are sufficiently thin, there are so many reflections and
transmissions of singularities. In this paper, we adopt a combinatorial approach
via a path counting method for the solution w(¢, ). Actually, w(t, x) is represented
by a sum of moving Dirac’s measures since the coefficient ¢, is piecewise constant,
ie., cplr; = ¢py for j =0,1,2,3,4. Recall that ¢, = ¢, 3 due to the assumption
(A-2). Thus, the process of scattering can be identified with a set of paths. See
Figure 4. Let us split the pulse echoes into some clusters. In particular, we focus
the first cluster W; and the second cluster W5 of echoes. Namely, W, is the set of
signals at * = a which occur by the reflections at the interfaces x =1+, or x =1
without penetrations into the sample layer Is. On the other hand, W is the set of
signals at © = « which occur by the reflections at the interfaces x = 0 or z = —d

»
’

/
)

i
Y

Iy I I 1.

w

Figure 4. This is a diagram of the propagation of the singulari-
ties. We split the observation at £ = « into two clusters. The first
cluster Wj of pulse echoes is the set of reflected singularities which
occur by the reflections on the I3-1; interface or the I>-I3 inter-
face. The second cluster Ws of pulse echoes is the set of reflected
singularities which occur by the reflections on the I;-I5 interface
or the Iy-I; interface
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through the sample layer I5.

LEMMA 3.4. Let W,gj) form=0,1,2,..., and j = 1,2, be the signed intensity
of the n-th signal in Wj. Wél) is given by

W(l) R4,3a n= Oa
" T3’4T473R§;1 3)2, n Z 1.

For the case Ry0 # R3.4, Wéz) is of the form
Wéz) =T3 4T, 3T 3132 1,

and
w2 =13 4Ty 375373
1 — Ry Ry,

N\ T oTo 1 Ry oRy IRy g —
( 1,242,1411,0413 4 1143 1—R1,0R3;41;

+ (TL + ].)RQJRQQR;AL) .
with n > 1. For the case R10 = R34, W£2) is of the form

w2 —

n

T54T4 3715 3T32R21, n=0,
T3,4T473T2’3T372 (TLTLQTQJR?’OR?El + (TL + 1)R271R272R?70), n Z 1.

Consequently, |W,(L1)| and |W,(L2)| are exponentially decreasing as n — oo.

PROOF. The 0-th signal of the first cluster W; comes from the interface z = [ 4 dy.
Due to Lemma 3.3, we have Wo(l) = Ry 3. For n > 1, the n-th signal of the first
cluster W; is the singularity which reflects n times between the interfaces x = [
and x = [ 4 0. In view of Lemma 3.3, we have

W =Ty 4Ty 3Ry R s, n> 1.

In the similar way, we can see the formula of Wéz).

Suppose Ry, # Rs4. For the second cluster, we note that the length of the
bond layer I coincides with that of another bond layer I3. Thus, the n-th signal
with n > 1 of the second cluster consists of the sum of some singularities. Actually,
every singularity for the n-th signal has its path with the length 2(I+d,+(a—1—0dy)).
Such a propagation consists of (i) a singularity which passes through I3 2m times
with 0 < m < n—1, passes through I; n —m times, and passes through the sample
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layer I two times, (ii) a singularity which passes through I3 2n times and passes
through the sample layer I two times. Note that there exists n + 1 paths in the
latter case. Then we have

W,SQ) =T54T4 3T 3139

n—1
: (Z Ty 2To 1 R R RE ™ RES™ ! + (n+ 1)32,13?,233,4>

m=0

for n > 1. It follows from R; 2 = R332 that

n—1 —-n
m pm p—m p—m 1- iLOR34
Z RYWR5R; 4 Ry 5 = 1R Rl - Ril .
m=0 — 0134
We obtain the formula of W,EZ) for n > 1 with Ry 9 # R3 4.

For the case R; o = R34, the situation of the propagation is same as above.
Then we have

n—1

W) =Ty 4Ty 5T 5T (Z Ty oTo RS RES 4 (n+ 1)R2,1R§72R§_’4> :
m=0

Thus we obtain the formula of W,S?) for n > 1 with Ry 9 = R3 4.

In view of the assertion 2 in Lemma 3.3, |W7g1)| and |W,§2)| are exponentially
decreasing as n — . O

Finally, we derive a reconstruction formula of ¢, » from a measurement of pulse

echoes in view of the travel time of singularities. Actually, we can see that the n-th
(1)

signal in W, is observed at t = ) where
) O el R BT U
Cp,4 Cp,1
and n-th signal in Ws is observed at t = tg) where
20 21 20
(36) e A S }
1 Cp3 p,1
Here we choose téQ) — t(()l) as the measurement of the travel time. Then we can see

an application to an inverse back scattering problem via bond correction method
as follows.
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THEOREM 3.5.  Suppose that [, 0y and c,; with j = 0,1,3,4 are known. If
the difference of the travel time tél) — téQ) 18 given, we obtain the reconstruction
formula for c, 2 as

25, \ "
(37) Cpo =21 (t}f) —— b) .

Cp,1

PROOF. In view of (35)-(36), we have

20 21
(38) ¢ -4l = 2 4 2
Cp,1 Cp,2
The reconstruction formula (37) follows from (38) immediately. O

3.4. Example and concluding remarks

Finally, let us see a typical example of an experimental setting. We consider
the following situation: the backing material (Iy) is NaCl, the buffer rod (1) is
Alumina, the bond (Iy, I3) is Au, and the sample (I5) is MgO. In this case, the
wave velocities and the acoustic impedances introduced in Lemma 3.3 are given by
Table 1. By using this data, the coefficients of reflections are computed as in Table
2.

For the case where the length of the bond layer is d, = 2.5 (pm), the time shift
is

20,  2-2.5- 1076

o = 3o 1.52-1077 (s) = 1.52 (ns).
N .

Medium Backing material ~ Buffer rod Bond Sample
Material NaCl Alumina Au MgO
Velocity (s) 4.536 x 103 10.88 x 103 3.288 x 103 9.698 x 103
Z (Pa-s/m?) 0.98 x 107 4.33 x 107 6.34 x 107 3.47 x 107

Table 1. An example of a real experiment by P-wave.

Rig Rip=R32 Rizga
P-wave | 0.73 0.29 0.19

Table 2. R;j of a real experiment by P-wave.
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Figure 5. Left: The numerical results of the intensities |W,§1)|
and \W,EQ)\ for n = 0,1,2,..., for the example Table 1. Right:
The numerical results of the signed intensities of signals W,(Ll) and
W,SQ) forn =0,1,2,..., for the example Table 1.

Then the reconstruction formula in the bond correction method is given by

—1
cp2 =21 (t((]z) - t(()l) - 1.52) (pm/ns).

As a conclusion of this note, we reproduced a model of the bond correction
method by using the impulse response for the one-dimensional wave equation. Our
construction is based on the propagation of singularities. In order to determine
cp,2 which is the wave speed of the sample, we have to pick up appropriate echoes.
Theoretically, the perturbations by the thin bond layers are exponentially decreas-
ing in time (see Figure 5). One of the measurements is to pick up the time between
the O-th signal in W, and the 0-th signal in W,. Moreover, we derived a formula
of the reconstruction of ¢, » from the data of the travel time and the length of the
sample layer.

We have established a framework for modeling the bond related time delay
of waves propagated in a medium. Such models are important for correcting the
arrival time of experimentally measured P- and S-wave echoes, which are subse-
quently used to derive bulk elastic wave velocities and interpret seismic observa-
tions. Direct comparison of modeling and experimental measurements however
require treatment of noise, which will be addressed in future works.
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