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ASYMPTOTIC ANALYSIS FOR CONFLUENT
HYPERGEOMETRIC FUNCTION IN TWO VARIABLES
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Abstract. We study an integrable connection with irregular singularities along a nor-
mally crossing divisor. The connection is obtained from an integrable connection of
regular singular type by a confluence, and has irregular singularities along x = oo and
y = o0. Solutions are expressed by a double integral of Euler type with resonances
among the exponents in the integrand. We specify twisted cycles that give main asymp-
totic behaviors in sectorial domains around (oo, 00). Then we obtain linear relations
among the twisted cycles, and get an explicit expression of the Stokes multiplier. The
methods to derive the asymptotic behaviors for double integrals and to get linear
relations among twisted cycles in resonant case, which we developed in this paper,
seem to be new.
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1. INTRODUCTION

Higher dimensional theory of integrable connections with irregular singularities was
first studied in the pioneering work of Gérard-Sibuya [2]. Majima [9] generalized the
notion of asymptotic expansion to several variables case in a natural way, and built
a framework of the theory. Then Majima’s theory was applied in various directions
[3, 6, 8, 13, 14, 18, 22]. Now the general theory is completed by Mochizuki [10-12]
and Sabbah [16, 17].

Together with the general theory, the study of explicit integrable connections is
also important, because it will bring a new viewpoint to the general theory, and will
reveal new relations to other research fields. There are several remarkable studies by
Shimomura [19, 20], where the asymptotic behaviors of several confluent hypergeo-
metric functions in two variables are clarified. We note that, in these studies, the
confluent hypergeometric functions are expressed by single integrals, and asymptotic
behaviors at a single singular locus are studied.
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In the present paper, we study a confluent hypergeometric function in two variables
obtained from Appell’s hypergeometric function Fy by a confluence. Appell’s F; has an
integral representation of double integral, and then our confluent F} is also expressed
by a double integral. We derive an integrable connection for the confluent Fy, which
has irregular singularities at * = oo and y = oo. Then we study the asymptotic
behavior of the integrable connection around (z,y) = (00, 00), and obtain the Stokes
multipliers. Thus, we study a multiple integral, and derive the asymptotic behavior
around an intersection of the singular locus, which seem to be new.

Moreover, in our double integral, resonances of exponents occur, which make the
global analysis difficult. If we have an integral representation of solutions such that
each twisted cycle gives a solution, the connection coefficients including the Stokes
multipliers are obtained by solving linear relations among twisted cycles. A standard
way to get linear relations among twisted cycles is to regard the integrals over a twisted
cycles as iterated integrals of single variables and to apply Cauchy’s theorem for the
integrals of a single variable ([1]). This method works well for non-resonant case,
however, for resonant case we do not have enough number of linear relations by
this method. We overcame this difficulty by a natural idea as follows. By using the
resonance, we may construct a higher dimensional twisted chain. Then the boundary
of the twisted chain makes a new linear relation of twisted cycles. This from the
above method seems to be new, and will become a good tool in the global analysis in
resonant case.

This paper is organized as follows. In Section 2, we derive the integrable connection
for confluent Fj together with its integral representation. In Section 3, we calculate
the formal reduction of the integrable connection, and obtain the main asymptotic
behavior of the confluent Fy at (oo,00) (Proposition 3.2). Section 4 is devoted to
the local analysis. We find twisted cycles which give the main asymptotic behaviors
at (00, 00), and also show that these cycles exhibit the full asymptotic behaviors in
Majima’s sense around (0o, 00). In the last section, we obtain several linear relations
among the twisted cycles, and then get the Stokes multipliers.

2. CONFLUENT F,

The integrable connection which we are going to study in this paper is obtained
by applying the higher dimensional Katz theory ([4]) and confluence. We start with
a Pfaffian system of rank one

du = <a1da: + o du +O¢3d(z _y)) U, (2.1)
T z—1 T —y

where aq, a9, ag are complex parameters. As explained in [4, Example 14.2], we first
operate the middle convolution in z-direction with parameter (3, then operate the
gauge transformation (addition) by = =#(z —1)~*2~# and finally operate the mid-
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dle convolution in z-direction with parameter 8 — as to get the Pfaffian system of
rank four

d d d(z — d d
dU:<A1;+A2xx TICCilt ) P L )U, (2.2)

-1 T —y Y y—1

where A;’s are 4 X 4 constant matrices. Since the middle convolution is realized by an
integral transformation, we get an integral representation of solutions of the last sys-
tem. According to the manner explained in [5], we look at the integral representation
in detail. After the first middle convolution, we have

/ 51 (51— 1) (51 — )™ (51 — 2)°F
A

as an integral representation of solutions, where J is a vector of twisted cocycles

given by
. ds; dsi dsy T
Y =\ .
s1 s1—y s1—1
By operating the second middle convolution, we first get a system of rank nine, whose
solution are expressed by the integral

/ 9 (51— 1)°2(s1 — )% (51 — 52)755 (1 — 89) 702 (s —x)P T3 (2.3)
A

with the vector of cocycles

- L odsy . dsy . dsy \©
§:<<P/\a<ﬂ/\ 750/\
So So— Y s9—1

The Pfaffian system (2.2) is obtained by taking a quotient of the rank nine sys-
tem on the space C°/W, where W is a five dimensional subspace. In order to
get an integral representation of solutions for the quotient system, we take a basis
{w1,wa,...,ws} of W, and extend it to a basis of C? by adding vectors vy, v2,v3, V4.
Set P = (wy,...,ws,v1,...,v4). Then an integral representation of the system after
the second middle convolution is given by the last four entries of P~1¢ as the vector
of twisted cocycles. Temporarily we take

V1 = €2, U2 = €3, U3 = €7, V4 = €3,

where e; denotes the j-th unit vector in CY. Then we have

. dsi N dso B dsi1 N dso
(s1—y)s2 art+as+az+fB (s1—y)(s1—s2)
d81 A d82 ﬂ dSl A d$2

G= : ,
(s1—1)s2  ar+aztaz+B (s1—y)(s1—s2)

C - dSl N d32 ﬁ d81 N d82

’ s1(s2—1) art+axtaz+B (s1—y)(s1—s2)

¢ dsi1 N dso 53 dsy N dsa

4 =

(s1—9)(s2—1) a1 tastaz+h (s1—y)(s1—s2)
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and the integral representation is given by (2.3) with € replaced by ¢ = (C1, G2, G3,G)T.
Note that the choice of vy, ..., v4 determines the explicit forms of the residue matrices
of the Pfaffian system after the middle convolution.

Now we consider the confluence. First we replace

(041,04373779) = (041 - 76_1’76_176$76y)’ (24)

and then take the limit e — 0. By this operation, the integrand of (2.3) is formally
changed as

5?17%71 (51— 1)*(s1 — 6@/)76_1(81 - 52)%27&1”67175(52 — 1) 2 P (sy — ex)5*76_1
et x B—rye !
S1 So

— 89 (51— 1)%2¢7 7R (51— 52) 75, (59 — 1) 702 P,

For the vector 5 of cocycles, we see that (3 and (4 tends to the same limit, which
breaks the independence. Therefore we need a gauge transformation before confluence.
For example, the gauge transformation by the constant matrix

Q1= 1

1
[e5]
1
changes the vector of cocycles to Q;lf, and its result of the confluence becomes

-

C = (617 §2v 537 54)T

with
é; - d81 AN dSQ B dSl AN d82
P sisg ar+az+ B si(s1—s2)
e d81 AN dSQ ,3 d51 A d52
(s1—=1)s2  ar+as+p8 si(s1—s2)

~ dsi N dso

(3= ’Yylm7

~ dsy N dsa I3 dsi N dso
81(52—1) 011+042+ﬁ.81($1—82).

Here we change the variables of integration to (¢1,t2) given by

1 1
S92 51.

Then the integrand is changed to

tgrtez(] —gy)mo2 =B (g 4y)B T2 (] )22,
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Also by a simple calculation, we get

L dt1 N\ dts 153 dt1 A dts

== t1to _041+042+B.151(151*t2)7
. dtl AN dtg B dtl AN dtQ
2T it (l—t) orFas+B ti(t —ty)
: dt1 N dits

(3= —'me7

L dt1 N dts 5] dt1 N dts
G = _tltg(l —tl) B ay +as+ . tl(tl —t2).

Looking at these result, we notice that some linear combinations make these cocycles
simple. For example, we find

~ : dt1 N dts ~ L dt; N dts
G Cl_tl(tg—l)’ @ Cl_i(tl—l)tg'

Moreover, we can express these cocycles in simpler forms by using the help of twisted
coboundaries. If we set

w =dlog (t?l-i-oéz(l _ tl)flxzfﬁe’mn (t, — t2)ﬂt;a1fa2*5(1 _ tQ)oczef'yytz)

:<a1+a2+—a2—6+7x+ B >dt1

t1 t1—1 ty — to
—op—op—f3 Qo B
- dt
+( t2 +t2—1 7y+t2_tl> 2y
the coboundary operator is given by
Vo =d4+wA.
Then we have
dt
- (%)
tq
dt1 A dt dt1 A dt
:(a1+az+ﬁ)< ! 2 p i 2)
tltg a1 + oo +B tl(tl —tg)
dty A\ dtsy dty A dtg
-«
Y t 2t1(t271)’
from which we derive
dt1 N dts

(a1 + B)C1 + asls = vy °

In these ways, we find that the matrix ()2 defined by

ar+p a2 0 0
4| =1 1 000
Q2 - O[1+ﬂ (%) 1 0
-1 0 0 1
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sends ¢ to a simpler vector of cocycles

Q_15_< dtl /\dtQ d?fl/\dtg dtl /\dtg d?fl/\dt2>T
2 0 tl ?tl(t2_1)7’yy tl—l 7(t1_1)t2

Although the twisted cocycles are simple enough, we operate further gauge transfor-
mation in order to make the residue matrices of the Pfaffian system simple. We take

0o -1 0 1
0o —=- 0 0
Q3 = 1 02 -1 0l
1
0 0 artaz+f 0
and then we have
Q3'Qy' (=1,
where 17 = (11, 72, 73, 774)T is given by
— dty A dty dt1 A dto
T D —1) T - D —h)
gy ndts
T2 = 2t1(t2_1),
(2.5)
(a1 + s + B) dt1 A dto
= (« « =
3 1 2 CEDS

dty A dto dtq A dts
t1to ti(ty —t1)"

Ny = (—a1 —az — )

The sequence of the above operations for the vector of cocycles including the conflu-
ence gives a sequence of operations for the Pfaffian systems. As the final result, we
obtain the Pfaffian system

dx d(x —y)

d
dU = (onx + ono dx + Bacy + ByOZy + Byoo dy) Ua (26)
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where
(0% a1 + Qo 0 0
B — —Qg —Q] — Q2 0 0
S () 0 ax+fB agtaxt+p |’
0 0 —ay—f —o1—ax—p
gl g 00 p8
0 0 00 O
Bmoo* /_y 7BZE’y7 O 0 0 0 I
0 g 0 0 B
B 0 — Q9 0 Q9
y0 = -1 — g — 0 ay +as+ 0 ’
0 - — Qg 0 a1 + a2
-
-
Byoo = 0
0

By the above construction, we see that the system (2.6) has an integral representation
of solutions given by

U(m,y) — /t’f1+o‘2(1 _ tl)—az—ﬁe'yxtl (tl _ t2),8t2—a1—az—6(1 _ tz)aze—wytzﬁ*’ (2.7)
A

where the vector of cocycles 77 = (11,72,m3,m4)T is given by (2.5).

The Pfaffian system (2.6) is obtained from the Pfaffian system (2.2) by confluence.
We know that the Pfaffian system (2.2) is also obtained as a pull-back from the Pfaffian
system satisfied by Appell’s hypergeometric function Fy ([7]). Then the system (2.6)
can be regarded as a Pfaffian system for the confluent Fyj.

Now we look at the singular locus. The Pfaffian system (2.2) before confluence is
regular holonomic. The singular locus of the Pfaffian system (2.2) is

{r=0yu{z =1} U{z=oco}Ufy =0} U{y =1} U{y = co} U{z =y}

in P! x P!, and is illustrated in Figure 1.

The process of confluence (2.4) sends {x = 1} = {# = oo} and {y = 1} — {y = o0}
simultaneously. Then the singular locus of (2.6) after confluence becomes

{fz=0tu{y=0tU{z=y}U{z =00} U{y = oo},

where {x = 0o} and {y = oo} have irregular singularities. We illustrate the singular
locus in Figure 2.

We note that the confluence and unfolding of Pfaffian systems are studied in
general by Oshima [15].
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Yy X
y O
y=1
y=0

=0 rz=1 r=

Fig. 1. Singular locus of (2.2); before confluence

y==x
Yy
y=0

z=0 T = 00

Fig. 2. Singular locus of (2.6); after confluence

3. FORMAL REDUCTION

The purpose of this paper is to study the behavior of the Pfaffian system (2.6) around
the intersection of the divisors {# = oo} and {y = oo}. In this section, we operate
a formal reduction to (2.6) so as to obtain the main asymptotic behaviors.

As is seen in Figure 2, the intersection of {z = oo} and {y = oo} is not normal
crossing. Then we first resolve it by a blowing-up. We set

y = za,
and change the variables from (x,y) to (x, z). Then {z = oo} and {z = oo} intersects

normally (see Figure 3). In these new variables, the Pfaffian system (2.6) can be
written as

Bao+ Byy + B
gg[szerBer 0t nyr yO]U,
3.1
U [ L B Buly &y
9. |TTvee z z—1

Next we proceed to the simultaneous block diagonalization. The simultaneous
block diagonalization in two variables case is the operation given in the following
theorem.
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z =00
z=1
z=0

z=0 T =00

Fig. 3. Singular locus after blowing-up

Theorem 3.1. Let A(x,y), B(z,y) be N x N-matrices of holomorphic functions at
(z,y) = (0,0), p,q positive integers and r, s integers. We consider a Pfaffian system

Az, y) B(z,y)
du = (mP”yT dz + Jirigs dy | u, (3.2)

and assume the integrability condition. We set
(oo} oo
A, y) = Y Apna™y", B(z,y)= > Bunz™y"
m,n=0 m,n=0

By the integrability condition, we have [Ago, Boo] = O, and hence may assume that
Ao and Byg are simultaneously of block diagonal form

Al o BY| o
A _ 00 , B — 00
00 < 0 A%%) 00 ( O | B2

partitioned into the same size. We assume that ALy and A32 do not have any common
eigenvalue. Then there exists a unique formal transformation P(x,y) of the form

O | P2
P(z,y) =1+ Z Prnz™y", Ppn = < o1 mr )
m+n>1 Pmn 0

such that the gauge transformation v = P(z,y)v sends (3.2) to

dv = (A(x’y) gz 1 B@v) dy) v

ZL’erlyT yq+1xs

with block diagonalized coefficients

i Ay o0 : By | O




514 Yoshishige Haraoka

We can prove Theorem 3.1 in a similar manner as in one variable case ([21]) by

the help of the integrability condition.
We apply Theorem 3.1 to the Pfaffian system (3.1) (we must rewrite the theorem
to the variables (z7!,y71)). The leading coefficients of both equations in (3.1) are

the same matrix

-
Byoo = - 0 )
0
which is already diagonal. We set
Ba.o + By + B > o
2Byoo + Byoo + 0+ Day + v _ Z Crnz™ 27",
( z m,n=0
B, B =
B oo = Y= Dmn T
TDyoo + . + P xmgzo r Tz

Explicitly we have
Coo = Byso, Co1 = Byoo, C11 = Byo + Bay + Byo, Cin = O (for the others)
and
Doy = Byoo, D11 = Byo + By, Din = Bgy (n > 2), Dy, = O (for the others).
Thanks to Theorem 3.1, there exists a formal transformation

U=P(z,2)V, Plz,z)=1+ Z P mz"

m+n>1
that sends the system (3.1) to the (2,2) x (2, 2)-block diagonalized system

ov = A —-m ,—n
% = (Z WZOCmniE z ) V,

1,n=

ov S I -m _,—n
82—<x Z Dy~ "z >V.
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In particular, we have

L AT
000=D00=B4=( 7 I)’
2

001 = Bg;oo = y DIO = O,
0 a1 + Qo 0 (34)
C, — Q2 —Q] — 2042
ne 0 ar+202+28 art+ax+ B |’
—op — f3 0
—Q9 0
D o 0 —Q9 0
e o a1+ oz + 8 0
0 ay +as+
Moreover, it turns out that
C~1m0 = DOm =0 (m > 1) (35)

In order to get rid of the top terms in the right hand sides of (3.3), we operate the

gauge transformation
—yxz
V= (%) W (3.6)

to the system (3.3). Then we get a (2,2) x (2,2)-block diagonalized system
ow _
Ox
w _
0z

with
E(z,z) = Z Eppz= 27",

m,n=0

o0
F(z,z) = g Fopx ™27,
m,n=0
where

Emn = Um,n+1, an - Dm+1,n

and
E — Ell @EQQ F — Fll @FQQ )
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Note that, thanks to (3.5), the terms of positive powers of x and z disappear. We par-
tition W into (2, 2)-sizes, and set W = (Wy, W5)T. Then we have two systems

8W1 _ ( i Ell —-m, n) W1
Ox « mn ’
m,n=0 (37)
8W1 — Fll —m —n Wl
9z m,n= O
and

aWQ — ( E22 —m —n) W2
O mn ’
6W2 ( F22 7m TL> WQ

Since ELL (resp. F}L) is the (1,1)-block of Epp = Crumi1 (resp. Epp = Dpiin),
we have
1 _ (7 n_( 0 i+ o
EOO - < 0> 9 ElO - (-O[Q —ay — 20{2) )

0 -« 0
mi= (") m=( L)

We can apply Theorem 3.1 again to (3.7), and get a diagonalized system

8W1 . vy 0 -1 T
e (DA GRS e L
8W1 _ 0 —Q2 0 —1 =4

i _K o)+ (o 0)- +..}w1.

Then the systems split into sets of scalar differential equations. By solving the scalar
equations, we get two asymptotic behaviors

— Q2 7a172a227a2

e’zm* x
Similarly, by diagonalizing (3.8), we get the asymptotic behaviors

VT 0 +2as +2[3Zoz1 +2a2+2/3, o +a2+,3.

Combining with (3.6), we obtain the following result.
Proposition 3.2. The Pfaffian system (3.1) exhibits the asymptotic behaviors
e~ VTE VT Lm0
e g2z pman
67w$a1+2a2+2,82a1+(¥2+57

Za1+a2+ﬂ
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at (x,z) = (00,00). In terms of the variables (x,y), these asymptotic behaviors are
written as
1T W o2y —02

—Q1— G2, —Q2

Yy )
VT o2 +Bya1+a2 +5 ,

e Wx

m*a1*a2*ﬁy0¢1+a2+ﬂ.

4. LOCAL ANALYSIS

In this section, we study the asymptotic behaviors of the integrable Pfaffian system
(2.6) around (z,y) = (00, 00). Before proceeding to the analysis, here we recall the
definition of Majima’s asymptotics in two variables case.
Let S = S; x S3 be a polysector centered at (z,y) = (00, 00) € P! x P!, and f(x,v)
a function holomorphic on S. We say that f(x,y) is asymptotically developable on S,
if there exist
fmn €C (myn=0,1,...),
fm(y) € O(S2)  (m=0,1,...),
fin(x) € O(S1) (n=0,1,...)

such that, for any M, N € Zx,

M—-1N-1

M—-1 N—-1
F@y) =3 foe@z™™ =D fen @y 4+ DY e My @My
m=0 n=0

m=0 n=0

is bounded on S. In this case, the following limits exist and are related to the above
data as

lim f(m’o)(:v,y) = m! frn«(y),

00
TES,

hIIl f(O,’ﬂ) (xvy) = n'f*n(x)7

Y300
yES2
lim f(m,n) (z,y) = mlnlfun,
(z,y)—(00,00)
(z,y)€ES

where we use the notation
m-+n

(m.n) _
e y) = 50 oy

f(z,y).

We use the integral representation (2.7) to obtain solutions exhibiting the asymp-
totic behaviors in Proposition 3.2. For simplicity, we remove the cocycle part of the
integral, and consider the scalar function

up = /t‘f‘1+a2(1 —ty) e Berrty a2 =By g o2 0=t (1 1) dty Adty. (4.1)
A
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This integral looks like a coupling of Kummer’s confluent hypergeometric integrals

q

/t“(l —t)be®t dt

P

with the coupling term (#; —#5)%. Note that there are two resonances in the exponents
of the integral (4.1); the sum of the exponents of the factors

tflx1+a2t2—a1—a2—ﬂ(t1 _ t2)[f
is 0, and also the sum of the exponents of the factors
(1 —t1) 727 B(1 — t)22(t; — t)”

is 0. If there is no resonance in the exponents, the rank of the Pfaffian system satisfied
by the integral is greater than four. Then the resonances reduce the rank of the
Pfaffian system for the integral (2.7) to four. In other words, the Pfaffian system
(2.6) can be regarded as an irreducible component of a reducible Pfaffian system of
rank greater than four. Therefore we should choose cycles A such that ua exhibit
the asymptotic behaviors in Proposition 3.2. Then the integrals U(z,y) for these A
become solutions of (2.6).

We use both variables (z,y) and (x, z) so that the descriptions become simple. We
define two sectorial domains in (x,y) space. The first one S is defined by

T 3
-3 <argy targx < §7r,

3
f§ﬂ<arg~y+argy< g, (4.2)
0 <argx —argy < 2,

and the second one S’ is defined by

T < argy +args < 2

—<ar argr < -

2 g7 g 27@
3

fg <argy targy < §7r, (4.3)

0 <argzx —argy < 2.

The reason why we define these sectorial domains will be clarified in the following
analysis. Here we note that, for any (x,y) € S, there exists 0 satisfying

T 3
— <argy+argzr+60 < -,

2 2
—g<argw—i—argy—1—19<g7 (4.4)
0<O<m.

In the following till the end of Section 4.5, we fix (z,y) € S and one such 6.



Asymptotic analysis for confluent hypergeometric function in two variables. .. 519

4.1. CYCLES

For the sake of the convergence of the integral (4.1), we assume
Rlog +az) > -1, R(—az—p) > -1, R(—a1 —az—F) > -1,
R(az) > -1, R(B) > —1.

This assumption will be relaxed by the analytic continuation with respect to
(a1, az, B).

For a,b € CU {oceY™ 1% | o € R} and i = 1,2, we denote by (; : a — b) the open
segment in the complex t;-plane from a to b. We define four 2-chains A;; (¢, j = 0, 1) by

App = (t1:0— ooe‘/jw) X (tg:1— Ooeﬁe);
Ago = (t1: 0 = 00e¥ 1) x (t3: 0 = 1),
Ao = (t; : 1= 0c0eV 1) x (ty 1 0 = ooe¥ %),
A= (t: 1= 00eV ) x (ty 11— 1)

(4.5)

To each of these chains, we attach a branch of the integrand

tortee(] gy e Beyatyenmae=B) _yyazemamta () ¢,)8 (4.6)
as follows:

argty =6,
arg(l—1t;) =0 at t1 =0,

Agy :{ argto =0 at to =1,
arg(l —to) =0+ m,
arg(ty —to) =7 at (t1,t2) = (0,1),
argt, =0,

arg(l—t1) =0 att; =0,
Aqgp : { argty =6,

arg(l—t2) =0 at ity =0,
arg(t; —ta) =6,

argt; =0 at t1 =1,
arg(l—t;) =0+,

A :{ argty =0,

arg(l —t2) =0 at ty =0,
arg(ty —t2) =0 at (t1,t2) = (1,0),
argty =0 at t1 =1,
arg(l —t1) =0+,
Aqq: ¢ argty =0 at to =1,

arg(l —te) =0+,
arg(t; —ta) = 6.
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In this way, the chains A;; become twisted chains. By the choice of # and the assump-
tion (4.5), these chains becomes twisted cycles with respect to the integrand (4.6).
In the following, we often use A instead of ua.

4.2. ASYMPTOTIC BEHAVIOR OF Ay,

We study the asymptotic behavior of the integral Ag;. By the change t5 = 1 — s5 of
an integral variable, we have

OOE\/jle 008\/7716
Agr = / dty / At 15172 (1 — ty) 72 Peroh

0 1
x t2—041—062—5(1 _ t2)a26*’yytz (tl _ tg)ﬁ
sceV/ 10 —ooeV 10
= — / dtl / d82 t?1+a2(1 — tl)iazi’ge’ymtl

0 0
X (1 — sg) 1702 Bgo2e=mw=s2) (4 1 4 5,)8
coeV 10 _ooeV/-10
— ™V 1B+ gy / dt, dss t‘f‘”‘” (1- tl)*"‘zfﬁewt1
0 0
X (1 — s9) " 17027 B2 72 (1 — (¢ + s9))°.
From the well-known formula of Taylor expansion

x

n=1 o(k)
©)=) ! kl(o)xk = i 1)! /(x =)L) dt,
k=0 '

0

we obtain the following lemma.

Lemma 4.1. For any holomorphic function f(z,y) at (z,y) = (0,0) and for any
M,N € Z~q, we have

M-1 N—1 M—-1N-1
_ f(m70) (07y) . f(07n)(m70) i f(m n) () ()
e = 2 T e+ 52 2200 57 5 0.0

11

xMyN M—1 N—1 ¢(M,N)

+ ds | dt(1—s) (1 —t)" = fU9N) (xs, yt).
(Ml)!(Nl)!O/ /

0
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We will apply Lemma 4.1 to the function
gt s2) = (1= t1) 727 (1 = s0) " 727 (1 = (11 + 52))"

in (t1, s2). By rewriting g(t1, s2) as

B
t
g(tl,SQ) = (1 — 82)7(117042(1 — t1)7a275 (1 — 71 > 5

1—82

we get

In a similar way, we have

n!

SO _ :) (_al S B) (?)(1 — )7

By expanding each factor of g, we also get

g0 L)

1=0 j=0

S )

= (_ )7n+nAmn
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Then we can express g as in Lemma 4.1. Putting the expression into the integral, we
obtain

AV
e™V/=1(B+1) g—y

-Sers (7))

m=0 =0
sceV/ 10 CooeV 16
X / t‘f‘1+a2+mewt1 dt, / s92(1 — 52)706170‘277;67?’/82 dso
0 0
Fors ()
n=0 3=0 n=J J
sceV/ 10 CooeV 10
X t(l’”+a2 (1 —ty) "2 gty ng+n6w52 dso
0 0
M-1N-1 coeV/ 10 —ooeV/ 1
- Z Z (—)™*t" A, / torteetmenty g, / 532 TmeYs2 sy

3
I
o
3
I
<]
=]

0
ooe\/jw —ooeV 10 1 1
+ / dt, / dSQ/da/dT(—1)M+Nt?1+a2+MeW1
0 0

0 0

(M-1,N-1) (tla, 82’7')

(M — D)I(N — 1)

x sg2tN s (1 — )M -1 (1 — p)N-14

The integrals in the above summands are evaluated as follows. By the change

~vyxt; = —uq of the integral variable, we have
OOG\/TIQ 1 a;+as+m+1
/ ttll1+a2+m€"/wt1 dt, = (7;{;> I‘(al + o +m+ ]_)
0
By the change yyss = —us of the integral variable, we have
—ooe\/:e

(%) o —a1—a2—1,YYs2
/ $52(1 — s2) €72 dsqy
0

+oo .
1 a1+1 —Q1—Qao—1
= <> / ug? <1 + u2> e " dus.
7Y ) 7Y
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Here we introduce the function
+oo
u\b
G(a,b;x) = / u® (1 + 7> e " du.
z
0
Then we have
7006\/7719
) 1 as+1
592 (1 — 89) M1 TX2 T Y2 gy = <—w) G(ag, —a; —ag — i;7Y).

The other integrals are evaluated in a similar way. We see that, in evaluating the

integrals, the factor
a;+as+1 as+1
(=) ()
yx 7Y

appears in every term. Now we set

1 a;+az+1 1 az+1
gy = ™V LT =y <) <) .
yr Y

Then, finally we get the asymptotic behavior

M-1 m
i7(())11 - Z [(ar +az +m+1) Z (_OQ - ﬁ) (?)G(ag, —ay — g — i yy)(yz) ™™
m=0

m—1 1
i=0

N-1 n
+) Tlaz+n+1)) <_O‘1 2T 6) (f)G(al + oz, —az — jiyx)(vy) "
n=0

=0 m=j
M-1N-1
_ Z Z Apnl(c1 +as +m+ Dl (g +n+ 1) (ya) "™ (vy) ™"
m=0 n=0

+ (v2) M (vy) VRN,

—~

(4.7
where RY% is bounded as (x,y) tends to (oo, 00) in the sectorial domain S, since the
derivative ¢(M~1N=1) grows at most polynomially.

4.3. ASYMPTOTIC BEHAVIOR OF Ay

By the change to = t1s2 of an integral variable, we have

ooe\/je t1
Aoy = / dt; /dt2 toatan (] — gy)mee=Beretiy a2 =h (g yere=ta (4 1,)P
0 0
ooe\/fw

1
= / dtl /d82 tl(l — t1)7a27567zt1827a17a27ﬁ(1 — tlsg)azeivytl‘”(l - Sg)ﬂ.
0 0
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We apply Lemma 4.1 to
h(tl, 82) = (1 — tl)iagiﬁ(l — t182)o¢2(1 — Sg)ﬁ,

and then obtain

e £ () (e ErE ()

m=0 1=0
M—1 N—1min{m,n}
a2 =B\ (a2 B P
. —1)ymtn k ™ + R
22 )Gy e
where
ooe‘/jw 1
I = / dty /d32 t{"“e"mtls;al_ar’gﬂ(l — 59)PeT1Yh152
(] k)
0 0
ooe\/jw 1
[;.‘” — / dtq /dsz t{+1(1 _ tl)—az—ﬁevwhS;mfaszJrne—yytlsz7
0 0
ooe‘/jw 1
e — / dtl /d82 t;n-&-le’ymtl52—(11—0(2—,34-%6—71}151527
0 0
coeV 10 1 1 1
Run = / dtl/dSQ/da/dTt{wﬂewtls;aﬁarﬁJrNe_”ytlSz
0 0 0 0
X (1= g1 = ry-1 A, o)
(M - 1IN —-1)!"
We evaluate the integrals [;"*, 7™, I"™". By the changes yat; = —uy and zs2 = —uo,
we have
+2 —ay —ay—f+itl
IT’L* _ _i m _1 «aq a9 1
¢ ~yx z
+oo —z
X / duq /dU2 u’fl“e_“lu;al_arﬂﬂ (1 + %yj ez,
z
0 0

Here we introduce the function

+oo

H(a,b,c;z) = /dul/dfuqu{fe*ulug (1+%) e UIu2
0 0
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Then we have
1 m-42 1 —ap—as—B+i+1
I = <_) <—) H(m+1,—a1 —az — B+1,5; 2).
yx z

By the changes of integral variables yxt; = —uq, zu1s0 = —v2, we get

1 Jj+2 1 —a1—az—fF+n+1 +oo Zi
0 0

—as—f
« uflx1+a2+ﬁ—n+j (1 + ul) ’ e*ulvz—al—az—ﬂ-‘rnefvz'
vy
Here we note
—zuy
—ap—ax—B+n _—vy __ _ _ _ _
vy e =7(—a; —as — B+n+1,—zuy),
0
where 7(a, ) is the incomplete gamma function of the first kind:
x
v(a,x) = /ta_le_tdt.
0

The asymptotic behavior of the incomplete gamma function is known. The difference
of I'(a) from ~y(a, x) is the incomplete gamma function I'(a, z) of the second kind, and
its asymptotic behavior is given by

I(z,a) = [(a) - 7(a,)

=2 te ™ |14 Z(a —Da-2)---(a—n)z™"

n=1

Therefore, in evaluating asymptotic behaviors, we can replace v(a,x) by I'(a). Thus
we obtain

1 j+2 1 —ay—az—F+n+1
r=() ()

s ) w2 h
% [/u?1+az+ﬂn+J <1+1> e~ duy
YT

0

X T(—a; —ay — B+n+1)+o(e 0

1 Jj+2 1 —a1—az—pf+n+l
270

X [G(oq +az+ B —n+j,—as — Biyx)(—ar —ay — B +n+ 1)+ o(e 012

with some positive constant 9.
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The evaluation of I™" is similar. We get

1 m-+2 1 —a1—az—LB+n+1
(2
v z

x {F(O‘l+0‘2+5_n+m+1)r(—0¢1—042—5+n+1)+0(e_5‘z‘)}.

In a similar way, we can evaluate Rj;n. Summing up the results, we obtain the
following asymptotic behavior. We set

1 2 1 —a1—az—fB+1
O
Yx z

Then we have

B _ 3 <_a2 ) 5) (az)fﬂm Tl -0 — s — B, B 2)(—2) " (—yw)
(I)OO . . 5 1 2 s My

- m —1 7
m=0 =0

N-1
+ (=172 N P (g —ag — B+ 1)
n=0

X ]Z::)(l)j (Cf) <n ? j) Glon +ag+ B —n+j,—ay — fBiyz)(—yx) 7 (—2) ™"

M-1N-1
- Z ZF(a1+a2+ﬁ—n+m+1)F(—a1—ag—ﬁ—i—n—I—l)

m=0 n=0

B (e

k=0
+ (=) (=) N R,
(4.8)
where R%%, is bounded.

4.4. ASYMPTOTIC BEHAVIORS OF A9 AND Ay

In a similar argument, we can evaluate the integrals Ajg and Aq.
For the integral Aig, we set

1 —az—[(+1 1 —ai—az—fB+1
e ()T
T 7Y
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Then we have

(4.9)
where R}\f} n is bounded.
For the integral Aj1, we set

1 2
@11 = (—1)ﬁ6’yz€7’yy () Zﬁo@il.
Yyxr

Then we have

M-1 m
%1111 Y (al . 0‘2) (‘O‘l e ﬂ) H(m+ 1,00 +1i,8;—2)2 " (yz) ™™

m=0 i—o \ T !

N—1
+ (=1)"T(a2 +n1)

n=0

" —ay — a2 — B B . ) —j —n
x Z 0 G(—ag —n+j, a1 + ag; —yz)(yz) ™/ (—2)
j=0
M-1N-1
ZF —as+m—n+1l(as+n+1)
m=0 n=0
min m,n}
a1 + Qo ﬂ —Q] — Q2 — B —-m —n
T () L)

k=0

= ()™M (=2)" R},
(4.10)
where R}y is bounded.
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4.5. RESULT OF THE LOCAL ANALYSIS IN S
To summarize the above analysis, we have the following result.

Proposition 4.2. For each i,j = 0,1, the function A;;/®;; is asymptotically de-
velopable on S. The explicit evaluations are given by (4.7), (4.8), (4.9) and (4.10).
The integrals A1, Doo, D10, A11 correspond to the asymptotic behaviors

e—7y$—a1—azy—a2’ (y/x)o‘1+°‘2+ﬁ, e'yzxaz+ﬁya1+a2+ﬁ7 ewe_'yy(y/x)_”,

respectively, obtained in Proposition 3.2.

Remark 4.3. According to the definition in [3, Definition 3], the functions A;;/®;;
are (1, 1)-Gevrey strongly asymptotically developable in S.

4.6. ASYMPTOTIC BEHAVIORS IN THE SECTORIAL DOMAIN S’

Next we consider the asymptotic behaviors in the sectorial domain S’ which is defined
by (4.3). We fix (z,y) € S’. Then we can take 0’ satisfying

T , 3
§<arg'y+arggc+0 < =,

2
—g <argy+argy +0' < g, (4.11)
-r <0 <0.

We define 2-chains A}, (4, j = 0,1) by

AL = (t; 10— 00eV 1) x (1 1 — ooe¥ 1),
Ay =(t1 10— 00eV 1) x (tg: 0 — t1),
Ay =(t1 11— 00eV 1) x (3 : 0 — coe¥ 1),
A =(t; 1= 00eV ) % (tg 11— )
with the branches
argt, = 6,
arg(l —¢1) =0 at t; =0,
Ap; i} argta =0 at ty =1,
arg(l —t9) = 0"+,
arg(ty —to) =7 at (t1,t2) = (0,1),
argt, = 6,

App i argty =0,
arg(l — tg) =0 at t2 = 07
arg(ty —ta) =6,
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argt; =0 at t; =1,
arg(l—t1) =0+,
Al 4 argty =0,

arg(l —t2) =0 at to =0,
arg(t; —t2) =0 at (t1,t2) = (1,0),
argty =0 at t1 =1,
arg(l —t1) =60+,
Al ¢ argty =0 at to =1,

arg(l —t3) =0 +m,
arg(t; —tz) = 0'.

It is shown in a similar manner that each A;j has the same asymptotic behavior
as A;j. Namely the following holds.

Proposition 4.4. For each i,j = 0,1, the function A’ij/i)ij is asymptotically devel-
opable on S'. The explicit evaluations are the same as those for A;;. The integrals
Ay, Afy, Ay, Al correspond to the asymptotic behaviors

e—vyx—al—agy—az, (y/x)al+a2+ﬁ’ e'vzmoz2+/3ya1+az+ﬁ’ e'“ze_'yy(y/x)_"?

)

respectively, obtained in Proposition 3.2.

5. GLOBAL ANALYSIS AND STOKES PHENOMENON

Lastly in this section, we study the Stokes phenomenon. Since we have obtained the
fundamental systems of solutions {A;;} and {A};} which have the same asymptotic
behaviors in S and S’, respectively, the linear relations among these two fundamental
systems give the Stokes multipliers. We shall obtain the linear relations by deforming
the twisted cycles.

We first take (z,y) in S, and then move it continuously to S’. We denote this contin-
uous movement of (z,y) by o. Then we should move 6 continuously to #’, which makes
the deformation of the cycles A;;. We denote the results of the deformation by . A;;.

First we consider the analytic continuation o,Ap;. Since the direction 6 to oo
is decreased to ¢, 1-chains (t; : 0 — ocoeV™1%) and (t; : 1 — ocoeV~1?) rotate.
The 1-chain (t5 : 1 — oceY 1) simply moves to (5 : 1 — ooe¥~1¢") =: Ty, while the
1-chain (¢1 : 0 — ooe‘/jw) should avoid the point £; = 1, and then takes the form as
in Figure 4. Then we deform the latter 1-chain as in Figure 5, and divide it into three

1-chains )
A= (t:0— ooeV 1),

B = (tl : ooe‘/jw/ — 1),
C = (tl 11— ooe‘/jw/)

as described also in Figure 5.
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0 1
o
ty
ta
ooe\/jG’
Fig 4. O'*A()l
0 1
51
A B C
to
ooe\/?w’

Fig. 5. Deformation of o,Aq;

Thus, at this moment, we have
O’*Aol :AXT2+BXT2+C><T2.

On the chains B x Ty and C x T5, there is the point t; = t5. Then we divide B and C
into two parts as

B=(t;: coeV 1 to) + (t1 : ta — 1),
C = (tl 1= tg) + (tl ity — ooe‘/jw/).

Therefore we obtain

0+Ao1 = Io1 + o1 + o1 + Vo1 + Vo,
where
( ) x (t1:0— ooe‘/jw,),
( ) x (t1 2 00e¥ ™I = ),
Mgy = (tg: 1 — ooe\/jw/) X (t1 :ty — 1),
( ) X (t1 11— ta),
( ) % (ty : ty — coeV 1Y),
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We can get the branch on each component by the continuation from the branch on Ay .
The results are the following:

argty =0,
arg(l —t1) =0 at t1 =0,

Tp1 : ¢ argteo =0 at to =1,
arg(l —t3) =0 + m,
arg(ty —to) =7 at (t1,t2) = (0,1),
argt; =0 at t; =1,
arg(l—t1) =60+,

IIp; : ¢ argta =0 at to =1,

arg(l —to) =0 + m,
arg(t1 — tg) = 9/ + 27'('7

argt; =0 at t1 =1,
arg(l —t1) =6+,
gy :  argta =0 at to =1,

arg(l —t3) =0 + m,
arg(t1 — tg) = 9/ + ,

argt; =0 at t1 =1,
arg(l —t1) =6 —m,
IVgy : ¢ argta =0 at to =1,

arg(l —t) =0 + m,
arg(t; —ta) =0+,

argt; =0 att1 =1,
arg(l—t1) =6 —m,
Vo1 :4 argto =0 at to =1,

arg(l —t3) =0 + m,
arg(t; —tz) = 6'.

In a similar way, we can describe the analytic continuations o.Agg, Q10
and 0,A1;1. For 0,Aqg, we deform o,Aqy as in Figure 6, and divide the result into
seven chains:

00 = Ioo + g + gy + IVgg + Voo + VIgg + VI,
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where
Too = (t1 : 0 = coe¥ 1) x (ta: 0 — t1),

Iy = (1 : coeV 1 1) X (t2: 0 — ooe\/jw/),
o = (t1 : 00e¥ 10" = 1) x (tg : coe¥ 1" = ty),
Wop=(1:1— ooe‘/jw') X (ty: 0 — ooe\/jw/),

Voo = (t1 11— 00y 1) x (ty : c0eV ™1 5 1),
VIgp=(t1:1 — ooe‘/jw’) X (tg 1 t1 — 1),

VIl = (£ : 1 — 00e¥ 1) x (ta: 1 = t).
0 1
o
ty
&

’
006\/_19

Fig. 6. Deformation of o,Aqg

The branches of these chains are given by

Io() :

IIO() :

IIIOO :

argt, = 6,

arg(l—t1) =0 att; =0,
argty = 0,

arg(l —t2) =0 at to = 0,
arg(ty —ta) =0/,

argt; =0 at t1 =1,
arg(l —t1) =6+,

argty =0,

arg(l —t2) =0 at to =0,
arg(ty —t2) =0 at (t1,t2) = (1,0),
argt; =0 at t1 =1,
arg(l —t1) =6+,

argte =0 at to =1,

arg(l —t2) =60+,
arg(t; —tz2) =6+,
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IVOO :

V()o :

VIOO :

VIIOU :

argt; =0

arg(l —t1) =6 —m,
argty = 6,

arg(l —t2) =0

arg(ty —t2) =0

argt; =0
arg(l—t1) =60 —m,
argto =0
arg(l —ty) =0 +m,
arg(ty —to) = 0’ +m,

argt; =0

arg(l —t1) =6 —m,
argto =0

arg(l —ty) =0+,
arg(ty —t2) =6/,
argt; =0

arg(l —t;) =6 —m,
argto =0

arg(l —ty) =0 —m,
arg(t; —ta) = 6'.

These chains are illustrated in Figure 7.

Too

oo oo

o

at tlz].,

at to = 0,
at (tl,tz) = (1,0)7

at {1 :].7
at t2=1,
at t1:1,
at t2=1,
at {1 :1,
at t2=1,

ig. 7. 2-chains I()()*VH()O
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The analytic continuation o, A1q is very similar to 0,Ag;. Then we omit the figures,
and give only the result:

0x 10 = L0 + 1o + 119 + IV19 + Vo,

where

to: 0 — ooe‘/jw,),

Lo = (t1 ) % (
Mig=(t1:1— ooe‘/jw/) X (tg ooeV 1 t1),
o= (t; : 1 — o0V 10) x (ty 1t — 1),
IVig = (t; : 1 — o0e¥ 1) x (ty : 1 — 1),
Vip = (t1 : 1 — 00e¥ 1) x (ty : t; — coeV 1)

with the branches given by

110 :

1110 :

IIIlO :

IVIO :

argt; =0

arg(l —t1) =6+,
argty = 6,

arg(l —t9) =0

arg(ty —t2) =0

argt; =0

arg(l —t1) =6+,
argto =0

arg(l —tz) = 0"+,
arg(t; —tz) =0’ +,
argt; =0

arg(l —t1) =6+,
argto =0

arg(l —tz) =0+,
arg(t; —ta) =0,

argt; =0

arg(l —t1) =6+,
argty =0

arg(l —tz) =0 —m,
arg(t; —ta) =6,

at tl = ].7
at t2 = O7
at (thtz) = (1,0),
at t1 = 1,
at to = 1,
at t1 = 17
at to = 17
at tl = 17
at t2 = 17
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argty =0 at t;1 =1,
arg(l —t1) =60+,
VlO : argtg =0 at t2 = ].,

arg(l —t3) =0 —m,
arg(t; —ty) = 0" — .

The analytic continuation o,A1; is simple. We have only to rotate the direction

from 6 to #’. Thus the result is given by
0 A1 = (t i1 — 00V 1) X (ty 11— ty)

with the branch given by

argty =0 at t1 =1,
arg(l —t1) =0+,
argto =0 at to =1,

arg(l —ty) = 0" +m,
arg(t; —ta) = 6'.

The results 0. A;; of the analytic continuation will be described by the cycles Aj;

defined in Section 4.6, however at this moment, we need one extra cycle A’ defined by

A =(t; 11— 00e¥ 1) x (ty : t; — coe¥ 17"

with
argt; =0 at t1 =1,
arg(l—t1) =60+,
argto =0 at to =1,

arg(l —t3) =0 + m,
arg(t1 — tg) = 9/ + .

!

By using this together with A};, we can describe the result. We set

el _ 67271’\/71042.

— 6277\/71(a2+5)’ e

Then we have
0. Ao1 = Al +e1(1 —ex) Al + (e1 — DA/,
U*AQO = A60 —+ (61 — 1)A/10 —+ (1 — 61)A/ —+ 61(62 — ].)A/ll,
0. Ao = Ao+ (e = 1A + (e2 — 1)AYy,
U*Au = Alu

On the other hand, we can show the following.
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Proposition 5.1. We have
A = eV

Proof. We construct a twisted 3-chain in the complex (¢1, t2)-space. First we construct
a 2-chain in the complex t¢i-plane. Let L be the half line in the ¢;-plane from 1 to
o00eV=1 . Draw a simple loop C' with base point ooeV 1 surrounding L in the
positive direction. Take any 0 < 6 < 1. For each s € C, let {5, € L be the point on
L such that the distance d(s, L) is equal to the distance d(s, {s). Let ss be the point
on the segment sfy such that d(ss,fs) = dd(s,£s). Then the points ss (s € C) make
a loop Cs surrounding L and located inside C. Then the union

U o

0<5<1

becomes a locally finite 2-chain. We illustrate this 2-chain in Figure 8.

O

OOG\/TIQ/
Fig. 8. L,C,Cs in t;-plane

Next, for each t; € Cs, we draw a path B, from ooeV =1 0 1 in the complex
to-plane in the following way. We copy L and Cjs to the to-plane, and denote them by
L’ and Cf, respectively. We regard as t; € Cy, and let Cj, be the part of C from

ooeV=1 0 t,. Deform L' in a way to avoid C,St so that C’ét is contained in the
domain surrounded by L and the result of the deformation. We denote by B, the
result of the deformation. The path By, is illustrated in Figure 9.

In this way, we obtain the 3-chain

A= {(tlatQ)’tl € U Cs, 1o € Btl}

0<6<1

in (t1,t2)-space. The 3-chain A becomes a twisted 3-chain by the following reason.
Take t,t] € Cjs close each other on the opposite sides of L such that ¢} is on the part
of Cs before encircling 1. Also take t;, € By, (resp. t; € Byy) closer to 1 than the copy
of t{ (resp. t7) in the to-plane.
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ooV 1Y
Fig. 9. B, in ty-plane
We assume that t, and ¢} are close each other. See Figure 10. Then it follows

arg(l —t/) ~ arg(1 — t}) — 2,
arg(l —ty) ~ arg(1 — t) — 2,
arg(t] —ty) ~ arg(t] — t5) — 2.

Therefore, thank to the resonance of the exponents, the branches of
(1—t1)7 227 P(1 = tp)%2(t; — to)?

at (t},t5) and (t/,tY) coincide. This implies that the branches of the both sides of L
coincide, which means that the 3-chain A becomes a twisted 3-chain. Moreover, by
assuming R(5) > 0, we may fill up the gap {(t1,t2) € A|t; € L,ty € L'} in A.

Fig. 10. ¢}, t), ¢!,/

Hence the boundary 0A as a twisted chain is homologous to 0. Note that
0A = {(tl,tg) €A | t, € C}

We illustrate 0A in Figure 11; Figure 11(a) shows the state where ¢; is on the part of
C before encircling 1, and Figure 11(b) shows the state after encircling 1. We define
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twisted 2-chains 11y, I, II3, 14 as in Figure 11. Topologically, the chains I3 and II,
coincide with +IT5. Then we look at the branches on these chains. On II3, arg(1 — 1)
and arg(l — to) are decreased by 27 from those on IIy, and then the branch on II3 is
obtained from that on ITy by multiplying

e*ZW\/fl(fagfﬁ)ef%r\/71042 — 627r\/71ﬁ.

The orientations of t; and ¢, are both inverse, and then the signature of Il3 coincides
with II5. Therefore we obtain

H3 = ezﬂﬁﬂﬂg.
On I14, the arguments of (1 —¢1) and (1 — ¢3) are the same as on II3, and arg(t; — t2)
is decreased by 2m. Then, taking the orientation into account, we have

H4 _ _6—27T\/—71[3627T\/—71ﬂ1—[2 — —HQ.

Therefore we obtain
814 = H1 + H2 + 627r\/jlﬂH2 - H2 = H1 + 627“/?151_[2.
Since 0A is homologous to 0, we get

H1 = —627“/?1[31_.[2‘

t1-plane
1

1 coeV =10’ coeV =10

to-plane
t
1 t1 ooeV 1Y oo o ooeV 1Y
o o o) o o o)
n, 1, "/

Fig. 11. 2-chains II;-Tl4

Comparing with the definitions of Af; and A’, we have

A, =1, A =T1,.

Thus we arrive at the assertion of the proposition. O
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Applying Proposition 5.1 to (5.1), we get the final result.
Theorem 5.2. The analytic continuations 0.0;; (i,7 = 0,1) are written in terms of
Al (i, =0,1) as

11>

0.D01 = Ag; + Va2 t6) (1 _ 2V =TI A
0. Aoy = A60 + (627r\/jl(a2+5) _ 1)A/10 + e27r\/jl(a2+ﬁ)(e27r\/flﬁ . 1) /117 (5.2)
0. Mg = Ay + (2™ —1)A],

!/
O'*All = All'

The coefficients in the right hand side of (5.2) that are different from 1 are the
Stokes multipliers. The existence of the Stokes multipliers tells that the formal so-
lutions of (2.6) actually diverge, which is not derived from Gérard—Sibuya theorem
[2, Theorem 2.1].

It is worth noting that the asymptotic behaviors are described for solutions in
sectorial domains S and S’, which are not polysectors. Gérard—Sibuya [2], Majima [9]
and several other people (including the author [3]) considered asymptotic analysis on
a polysector. However, even in our simple case, we should take not a polysector but
a sectorial domain. This will bring a new issue to the asymptotic analysis in several
variables.

As mentioned in Introduction, existence of resonances makes the global analysis
difficult in general. Actually in the above argument for our Pfaffian system, we come
to a difficulty in describing the result of analytic continuations of A;;; we have to
introduce an extra cycle A Usually in non-resonant case, relations among twisted
cycles can be obtained from Cauchy’s theorem for 1-chains ([1]). This is the method
from below. We used this method in deforming o,Ag; as in Figures 5.2 and 5.3. How-
ever, in our resonant case, Cauchy’s theorem does not supply a sufficient number of
relations. Then we use the idea to make a 3-chain and to derive a relation among
2-chains as the boundary of the 3-chain. This is the method from above. This method
is possible in our case owing to the resonances. The method from above may become
a useful tool in the global analysis in general resonant case.
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