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Locally homogeneous Kaehler manifolds and Transformation groups
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The following were the subjects of my research. I.Structure of Isometry
groups with radical,and aspherical Riemannian manifolds with large symmetry. Classification of
infra-solv tower of fiber bundles.

(Isometry groups with radical,and aspherical Riemannian manifolds with large symmetry.ll.lIsometric
classification of compact locally homogeneous aspherical

Kaehler, Sasaki manifolds. We proved every compact aspherical Riemannian manifold admits a canonical
series of orbibundle structures with infra-solv fibers which is called an infra-solv tower. Its
length and the geometry of its base measure the degree of continuous symmetry of an aspherical
Riemannian manifold. We show that the manifold has large local symmetry if it admits a tower of
orbibundle fibrations with locally homogeneous fibers infra-solv tower whose base is a locally
homogeneous space. We constructed examples of aspherical manifolds with large local symmetry, which
do not support any locally homogeneous Riemannian metrics.
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Let X be a contractible Riemannian
manifold, and suppose there exists a dis-
crete group I' of isometries of X such
that the quotient space X/T" is compact.
Then X is said to be divisible. If in
addition T' is torsion-free, the quotient
space is a compact aspherical manifold.
Let Iso(X) denote the group of isome-
tries of X. The action of the continuous
part G = Iso(X)" of the isometry group
on the space X may be seen as describ-
ing the local symmetry of the quotient
metric space X/I', which is a Riemann-
ian orbifold. Under the assumption that
X/T is a manifold, Farb and Weinberger
(Ann. of Math. 168) proved the funda-
mental fact that X/Isom(X)? is again a
contractible manifold, and is giving rise
to an Riemannian orbibundle X/T' —



2

X/(T' Isom(X)?) where the fibers are lo-
cally homogeneous spaces modelled on
Xe = G/K7 with K a maximal compact
subgroup of G. In this setup, a basic
observation is the fact, that the contin-
uous part of the isometry group of the
Riemannian quotient X/ Isom(X)° may
be non-trivial, and thereby reveals “hid-
den” local symmetries of the space X
and its quotient X/I'. From this point
of view, the local symmetry of X/T" will
be encoded in an ensuing tower of orb-
ifold fibrations with locally homogeneous
fibers. And we can say that X/I" has
“mazximal” local symmetry if the tower
finally stops over a locally homogeneous
orbifold. This motivates the following
formal definition:

Definition 1. We say that M = X/T
has large local symmetry if there exists a
tower of Riemannian orbibundles M —
locally homogeneous fibers.

The purpose of this project is to ini-
tiate the study of the local symmetry of
aspherical spaces in terms of their nat-
urally associated towers of Riemannian
orbifold fibrations. Our first step will be
to associate to any compact aspherical
Riemannian manifold a canonical Rie-
mannian orbifold fibration whose fibers
are modeled on a Riemannian homoge-
neous space of a solvable Lie group. As a
starting point, we are concerned with the
action of the maximal connected normal
solvable subgroup R < G = Isom(X)?,
which is called the solvable radical of G.
We then call the quotient space ¥ =
X/R the radical quotient of X. As our
first main result we show that the radi-
cal quotient is a contractible Riemannian
manifold, and that it is divisible by the
image of I in Isom(X/R).

Theorem 1. The radical quotient X/R
is a contractible Riemannian manifold,
and the image © of T in Isom(X/R) acts
properly discontinuously on X/R with
compact quotient.

Note that Theorem 1 shows that the
radical quotient gives rise to an associ-
ated Riemannian orbibundle of the form

(0.1) X/T = Y/©

and this orbibundle has locally homoge-
neous fibers modeled on R. In the follow-
ing, we will study the geometry of this
fibration in more detail. Before doing so,
let us mention the following topological
result, which is of independent interest,
and is used as a basic tool for the proof
of Theorem 1. It asserts that there are
no compact Lie group actions normal-
ized by properly discontinuous actions
on acyclic smooth manifolds with com-
pact quotient:

Theorem 2. Let X be an orientable
acyclic manifold and T’ a group which
acts smoothly and properly discontinu-
ously on X with compact quotient. Let k
be a compact Lie group acting faithfully
and smoothly on X, such that the action
is normalized by T'. Then k= {1}.

The proof of Theorem 2 is based mainly
on cohomology of groups acting on acyclic
complexes and application of the Smith
theorem. The first geometric application
of Theorem 2 is the following.

Corollary 1. Let X be a contractible
Riemannian manifold which is divisible.
Then Isom(X) has no non-trivial com-
pact normal subgroup.

Based on the proof of Theorem 1 and
Theorem 2, we carry out a detailed anal-
ysis of the interaction of the smooth prop-
erly discontinuous action of the discrete



group I' on a manifoldX with the rad-
icals of Isom(X)?. Some of the addi-
tional results, which we obtain, are sum-
marized in the following structure theo-
rem:

Theorem 3. Let X be a contractible Rie-
mannian manifold and T < Isom(X) a
discrete subgroup such that X /T is com-
pact. Let R denote the solvable radical
of Isom(X)°. Then there exists a unique
Riemannian metric on the quotient X /R
such that the map X—X/R is a Rie-
mannian submersion. It follows further
that:

(1) Isom(X)/R acts properly on X/R.
(2) The kernel of the action (1) is the
mazimal compact normal subgroup of
Isom(X)/R. (3) The image of Isom(X)°
in Isom(X/R) is a semisimple Lie group
S of non-compact type without finite sub-
groups in its center. Moreover, it is a
closed normal semisimple subgroup of
Isom(X/R)°?. And therefore normal in a
finite index subgroup of Isom(X/R).

(4) Moreover, © NS is a uniform lattice
in S.

A Riemannian orbibundle X/T'—Y/©
will be called an infrasolv bundle if its
fibers are compact infrasolv orbifolds
(with respect to the induced metric)
which are all modeled on the same Lie
group R. We can then state our main re-
sult on the geometry of the Riemannian
orbibundle (0.1) which is associated to
the radical quotient of X. Recall that R
denotes the solvable radical of Isom(X).

Theorem 4. There exists a simply con-
nected solvable normal Lie subgroup Rg
of R, such that X/T" has an induced struc-
ture of Riemannian infrasolv fiber space
(modeled on Rg) over the compact as-
pherical Riemannian orbifold Y/©.
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Corollary 2. Every aspherical Riemann-
ian orbifold X /T gives rise to a canonical
infrasolv tower

X/ T—X/T1— - —X, /Ty,

where the solvable radical of Tsom(Xy) is
trivial.

We can then state our main result on
the geometry of the Riemannian orbi-
bundle (0.1) which is associated to the
radical quotient of X. Recall that R de-
notes the solvable radical of Isom(X).

Theorem 5. There exists a simply con-
nected solvable normal Lie subgroup Ry
of R, such that X/T" has an induced struc-
ture of Riemannian infrasolv fiber space
(modeled on Rg) over the compact as-
pherical Riemannian orbifold Y/O.

According to Theorem 1, the radical
quotient Y = X/R is a contractible Rie-
mannian manifold and it is divisible by
the image of I" in Isom(Y'). In general,
the isometry group Isom(Y’) will have
a non-trivial continuous part Isom(Y)?,
and also the radical of Isom(Y)" can be
non-trivial. (We discussed several types
of examples.) We introduce now a gen-
eral method to construct infrasolv bun-
dles, starting from abstract group exten-
sions of the form 1 - A - T' - 6—1
where the group A, in general, will be
a virtually polycyclic group, and O is a
discrete group which is dividing a con-
tractible Riemannian manifold Y. The
basic construction is partially based on
the notion of injective Seifert fiber spaces
(as developed by Lee-Raymond). As an
application of this method, we can de-
rive:

Theorem 6. Let © be a torsion free
uniform lattice in the hyperbolic group
PSO(n,1). Suppose 1-Z*F =T — ©—1
is a central group extension which has



infinite order. Then there exists a com-
pact aspherical manifold X/T' such that
(1) X/T' admits a metric of large sym-
metry with length £ = 1.

(2) Forn >3, X/T does not admit a lo-
cally homogeneous Riemannian metric.

In particular, T does not embed as a uni-
form lattice into a connected Lie group.
(3) For n = 2, X/T' admits the struc-
ture of a locally homogeneous Riemann-
ian manifold. In particular, T embeds
as a uniform lattice into a connected Lie

group.

It will inherit a Riemannian orbifold
bundle structure over the compact hy-
perbolic manifold H"/© with typical fiber
a k-torus T* and exceptional fiber a Eu-
clidean space form.

The space X/T is referred to a Seifert
fibering which is developed by Lee and
Raymond. This construction can be ap-
plied to any compact locally homogeneous
symmetric manifold ©\G/K of real rank
1 such that H?(©,Z*) has an element of
infinite order.

We obtained the following supporting
exmaple.

Corollary 3. There exists a compact as-
pherical Riemannian manifold X /T of di-
mension four that admits a complete in-
frasolv tower of length one, which is fiber-
ing over a three-dimensional hyperbolic
manifold. Moreover, the manifold X/T
does not admit any locally homogeneous
Riemannian metric.
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