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SOME KINDS OF UNCERTAINTY RELATIONS
REPRESENTED BY TRACIAL OR NON-TRACIAL POSITIVE
LINEAR MAPS

KENJIRO YANAGI

ABSTRACT. Uncertainty relations are inequalities representing the im-
possibility of simultaneous measurement in quantum mechanics. The
most well-known uncertainty relations were presented by Heisenberg and
Schrodinger. We aim to replace the usual trace Tr by positive linear map
from M, (C) to M (C) and to replace  and x'~ by functions f and
g under certain conditions. We obtain some extensions of uncertainty
relations represented by tracial or non-tracial positive linear map.

1. INTRODUCTION

In quantum information theory, when the obsearvableA (self-adjoint oper-
ator) is measured under the quantum state p (density operator) , it is known
that the expectation is given by Tr(pA) and the variance Var,(A) := Tr(pA?)—
(Tr(pA))%. Under the quantum state p, the fact that two obsearvables A, B
can’t be measured simultaneously is represented by Heisenberg uncertainty re-
lation

Var,(A)Var,(B) > 1Te(pl4, B]) P,

where [A4, B] = AB — BA is a commutator. The stronger inequality is given by
Schrédinger as follows:

Var, (4)Var,(B) ~ [Re(Cov,(4, B) > 1| Te(o[4, B

where Cov,(A) := Tr(pAB) — Tr(pA)Tr(pB) is a covariance. Yanagi-Furuichi-
Kuriyama [12] defined the one parameter correlation and one parameter Wigner-
Yanase skew information as follows: for a € [0, 1]

Corr() (A, B) = Tr(pA*B) — Tr(p' = A*p*B), I7(A) = Corrjj (A, A).
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And they give the trace inequality

2
I2(A)I2(B) > ‘Re(Corrp(A,B)) .
When a = 1, it is clear that Corrfl)/Q(A, B) = Corr,(A, B) is said correlation
and I,,(A) is said Wigner-Yanase skew information. Luo [10] defined the quality
representing the uncertainty

Uy(A) = \/Var,(4)2 — (Var,(A) — I,(A))2.
and gave the extension of Heisenberg type inequality
1
Up(A)U,(B) > §[Tx(pl4, B

We introduce some notations. M, (C) is the set of all n x n complex matrices,
M, 54(C) is the set of all n x n self-adjoint matrices, M, 4(C) is the set of all
n X n positive semi-definite matrices and M, 1 1(C) is the set of all n xn density
matrices. We remark that the usual trace Tr(A) has the following properties:

(1): Tr(AB) = Tr(BA)

(2): A20=Tr(4) >0

(3): Tr(A*) =Tr(A)

(4): Tr(aA + 8B) = aTr(A) + Tr(B) for all o, 8 € C

(5): Tr(A)Tr(B) = Tr(B)Tr(A)

2. UR FOR NON-TRACIAL POSITIVE LINEAR MAPS

We consider the mapping ® : M,(C) — M,,(C) which is an extension of
usual trace Tr(A) for A € M, (C). We assume that & satisfies the following
conditions:

(1): ®(AB) = ®(BA) (tracial)

(2): A>0= ®(A) > 0 (positive)

(3): ®(A*) = ®(A)* (*-invariant)

(4): ®(aA+ BB) = a®(A) + P(B) for all o, € C (linear).
When @ doesn’t satisfy the condition (1), ® is said to be non-tracial. In this
section we deal with non-tracial positive linear maps. We use the followng
lemma.

Lemma 2.1. Let A, B, X € M,(C) satisfy A > 0,B > 0. Then (1)~(3) are
equivalent.

(A X )s0, @ A4>xB1x", (3) B> X*A-1X
X* B
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Definition 2.2. Let A,B € M,(C), p € M, s,(C) and h be a real-valued
function defined on the interval which includes the spectrum of p. Then we

define
Varl 4 (A) = ®(h/2A* ARY?) — B(h= A*h2)D~ B (h2 AR?),
Cov’ (A, B) = ®(h* A*Bh*) — ®(h* A*h* )~ '®(h% Bh?),
where h(p)? is denoted by hz and ®(h(p))~" is denoted by ®1.
Theorem 2.3. For A,B € M,,(C), p € M, s,(C),

( Vaz;z’{)(A) CO’UZ;(A,B) > > 0.
Cov, (B, A)  Var, 4(B) -

Proof.
hzA* 0 0 AhY BhY K
o< | nzB* 0 0 0 0 0
Rz 0 0 0 0 0
hiA*Ah> h3A*Bh: hiA*h:
= ( h:B*Ah> h:B*Bh> h3B*h: )
ht Ahz h% Bhz h(p)

Since ® has three-positivity property,

®(hz A*Ahz) ®(hzA*Bhz) ®(hzA*h?)
®(hzB*Ahz) ®(h:B*Bhz) ®(h:B*hz) | >0
®(hzAhz)  ®(h2Bh2) ®(h(p))
Then
®(hzA*Ah%) ®(hsA*Bh?)
®(hzB*Ah%) ®(h:B*Bh?)
d(hz A*hz) \ 11 PR
> 1 1 0] 2 2 2 2
> (@(th*h2) ) ( ®(hzAhz) ®(h2Bh3) )
[ ®(h2A*h2)® '®(hzAhz) ®(hzA*h2)d ' ®(h2 Bh?)
~ \ ®(h2B*h2)® " '®(h2 Ah2) ®(h2B*h2)® 1®(hz Bh'/?)
Hence
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Theorem 2.4 (Heisenberg Type). We assume that ®(M,,(C)) is commutative,
that is, ®(A)®(B) = ®(B)®(A) for any A,B € M,(C). Then for A,B €
My, 50(C), p € My, s4(C) and positive real-valued continuous function h defined
on the interval which includes the spectrum of p, we have

1Va7“lﬁ’q,(A)1 1®(nz (A, B]h?) o
—3®(h=[A,Bhz)  Varh4(B) -

Theorem 2.5 (Schrodinger Type). Under the same condition in Theorem 2.4,
we have

Varl 4(A) Re{Cov" (A, B)} + 3®(h[A, B]h?)
Re{C’ovZ’q,(A, B)} — %(I)(h%[A, B]h%) Var;”’q,(B)

> 0.

Proofs of Theorem 2.4 and 2.5. By using the notations for A € M,,(C)
A+ A A A

Re(4) 2 %

, Im(A)
we have
COUZA,(A, B) - CO’UZ"@(B, A)
= ®(h2ABh?) — ®(h? Ah?)® '®(h> Bh?)
—®(h? BAh?) + ®(h? Bh? )&~ '®(h? Ah?)
@(h%[A, B}h%) (by using the commutativity of ®(M,(C)))
= 2iIm{Cov’;’¢,(A, B)}.
Cov;;L’@(A, B) + CO'UZ‘7¢,(B, A) = 2Re{00vg7¢(A, B)}
Then
200v" 4 (A, B) = ®(h%[A, Blh%) + 2Re{Cov" (A, B)}.
By the commutativity of ®(M,,(C)), we have
1 1 1
|Covps(A, B)I* = [Re{Coup (A, B)}? + | ®(h2[A, BJh2)[*.
By Theorem 2.3

Varﬁ’q> (A) > Covff’q)(A B)Varﬁ’q,(B)_IC’ov}';’q> (B, A).
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Since (M, (C)) is commutative,
Var’,}7¢(A) . Varﬁ’q)(B) > |CO'UZ,¢(A7 B)\2
= [RefCoufo(A, B))? + 1 0(h* (A, BA%) .
Therefore
VarZ@(A)
(IRefCovf o BV + 100114, BINE)P ) (Vo))

V
<
e
3

— ((Re(Corfat, B - i(@(h%m B]h%»?) (Varla(B)"
(by using ®(h? [A, B]h%) [A, B]h
= (Re{Cov o(A,B)} + ;<I> h3[A, B]h? ) (Varl,

(Re{C’ov o(A,B)} — %@ hz [A, B]h2) | .(by using ®(M,(C)))

Then
Varl 4 (A) Re{Cov” 4 (A, B)}+ 3®(h3[A, Blh?)
Re{Cov" (A, B)}— 1®(hz[A, B]h?) Varh o (B)
> 0.

Then we get Theorem 2.5. By Theorem 2.3,

B Varpq)(A) —Cov™ pa(B,A)
M= ( COqu)(A B) Varhq,(B) > 2 0.

By the commutativity of ®(M,,(C)),

Therefore

Warl y(A)  ®(hi[A, Blh?)
<M N — L p,® . ’ .
0< M+ ( —®(h3[A,Blhz)  2Varh 4 (B)

Then we get Theorem 2.4.
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3. UR FOR TRACIAL POSITIVE LINEAR MAPS

Let f, g be real valued functions defined on the interval which include the spec-
tral of p € M, 54(C). f, g are said to be monotone pair, if (f(z) — f(y))(g(x) —
g(y)) > 0 for all z,y € D. (see [2, 7])

Definition 3.1. For A, B € M, (C), p € My, s,(C), we difine
IT5(A) = @(£(p)g(p) AT A) — B(f(p)A*g(p)A),

Corrl4(A, B) = ®(f(p)g(p)A*B) — ®(f(p)A*g(p)B).

Theorem 3.2. For A € M, (C), we have Igy’(%(A)—i—Igy’g(A*) > 0. In particular,
I74(A) > 0 for A € M, 4(C).

n
Proof. Let p = Z A E; be the spectral decomposition of p. Since
i=1

Zf M) E; A?
= Zf )E;AE;A
—Zf (N)EAEA+Y " F(A)g(\)EiAE; A
1<J
+3 F)g(N)EAE; A
i>7
—Zf (N)EAE A+ f(\)g(\)EiAE; A
1<J
+ 3 FA)gON)EFAEA,
1<j
we have
o(f(p)g Zf N)E;A%)
Zf DEAE;A) + () f(Ai)g(\)EiAE; A

+Zf

i<j

i<j

;) E;AE; A)
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—2}‘ VB(EAEA) + Y d({f(X)g(N)

i<j

+f( 3)9(A -)}E-AE-A)
>Zf O(F;AE;A)

+§:¢HﬂMwQﬂ+fMﬂﬂ&ﬂ&A&A)

i<j

= ®(f(p)Ag(p)A).

Definition 3.3. For A,B € M,,(C), p € M,, s.(C), we define

’ 1
Corr J§(A,B) = 5{(Jorrgj;g(A, B) + Corrl%(B*, A%)},
IJ#(A) = {If"( )+ Ih9(A%).

Theorem 3.4. For A, B € M, 5,(C), we have

B I/{;‘I’,(A) Re{C’orrZ:g,(A,B)} -0
Re{Corr!4(B, A)} 14(B) =

Proof. U : My, (C) — Ms,,(C) is defined by

It is clear that W is tracial positive linear map. For A € M,,(C), p € M,, ,(C)

0 A p 0
<A* O )a <O p ) 6M2n,sa(©)~
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Therefore we have

O(f(p)g(p)A™A) + 2(f(p)g(p)AA™) > &(f(p)A*g(p)A) + @(f(p)Ag(p)A™).

Hence we get

Corollary 3.5. If ®(M,(C)) is commutative, then for A,B € M, s,(C) we
have

IRe{Corr!% (A, B)}* < I14(A)I14(B).

Theorem 3.6. For A € M, (C), we have

SR (DA% 9(0)4) + B(£ () Ag(p)A°)}

> O(f(p)2g(p) 2 A" f(p)!/2g(p)"/*A)
> O(f(p)A*g(p))®(f(p)g(p)) '@ (f(p)Ag(p)).

Then for A € M,, s,(C) we have

Proof. Let p =Y"1"_| \;E; be spectral decomposition of p. Let \; (i=1,2,...,n)
be real numbers and F;,: i = 1,2,...,n be ortogonal projections satisfying
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St Ei = 1. We denote f()\;), ( ;) by fi, g;. Then we have

( o(f(p)g(p)A?) )
w (f(p
where W = @(f(p)g (P)AB)+<I> f(p)g(p)BA),
_ ( > figi®(EiA?) Y0, figi®(EiAB) )
iy [igi®(E;BA) YL, fi9:9(E;B?)
+< 2oy igi®(EBiA?) 3T, fig:®(EAB) )
>ic1 figi®(EAB) YL figi®(E;B?)
( D [igi®(BACT_ EpA) Y0, figi®(BA(C_, Ej)B) )
Y1 figi®(E:B(C_, E)A) YL, figi®(E:B(X)_, E;)B)
+( D1 Jigi®(BACTT_ ED)A) Y, figi®(BiB(Y,_, Ei)A) )
i1 [igi®(BA(Y_ Ej)B) X, fi9i®(E:B(X;_, Ej)B)

(by using ZEj =1)
j=1

2( i1 figi®(EAEA) 5, fig:®(EBEA) )
>im [i9i®(EBAE;B) 7, fi9:®(E;BE;B)
+ < 2Zi<j figiq)(EiAEjA) Z?:l(figi + fjgj)q)(EiAEjB) )
> i<j [19;®(E;BE;A) 23 <, fi9:®(E;BE; B)
N ( 2> i [igi ®(EAEA) 32, i (figi + f9;)2(E; BE; A) )
>ic; [19i®(E;AE; B) 23 fi9;®(E; BE;B)
- 9 ( Z?:l figiq)(EiAEiA) Ziq fz‘gi(I’(EiBEiA) )
>icr figi®(EAEB) 301, fi9:®(E:BE;B)
n ( 2Zi<j 0;;©(E;AE; A) qu 03 N )
Dicy 0ijAij 23,0 ®(E;BE;B)
(by using thetracial condition of @),
where 6;; = figi + f;95, Aij = ®(E;AE;B) + ®(E;AE;B)

_ < Yooy [igi®(EAEA) Y0 fi9i®(E;BE;A) )
>ic1 figi® (E‘AEiB) > ey fi9i®(E;BE;B)

f (0w ) MR e )

1<J

2( iy figi®(BiAEA) Y0 figi®(BiBE;A) )
iy figi®(E;AEB) " fi9;®(E;BE;B)

v



320 KENJIRO YANAGI

&0 25(E, AE; A) A
+Z( 0 &, >< A, 2<I>(EiB]EjB))

i<j g
(by using the monotone pairness of f, g),
where &; = fig; + [59i
_ < Y1 X figi ®(BABA) Y 3 fig;®(EiBE;A) >
Dict Zj:l fig;®(E;AE;B) 30, Zj:l figj®(E;BE;B)
n ( ZZ:l 22:1 fig; ®(E;AE; A) 22:1 22:1 fi9;®(E;AE;B) )
iz 2jo1 figi®(E:BE;A) >0, >0, [i9;®(E;BE;B)

_ < 20(f(p)g(p)A) 4 >
14 20(f(p)Bg(p)A) )’
where V= ®(f(p)Ag(p)B) + ®(f(p)Bg(p)A).
Then
<<1>(f(p)g(p)A2) W ) S ( @(f(p)Ag(p)A) 3V )
W (f(p)g(p)B?) ) = 3V ®(f(p)By(p)B) )’
Therefore we get
174 (A) Re{Corr] 4 (A, B)} \ _
Re{C’orrZ,’é(A,B)} Ipf;;‘I’,(B) -
O

Corollary 3.7. For p € M, +(C), A€ M, s,(C), we have
I24(A) < IVE(A) < Var, o (A).
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